JOURNAL OF
COMPUTATIONAL AND
APPLIED MATHEMATICS

Journal of Computational and Applied Mathematics 66 (1996) 571-584

Numerical methods for generalized least squares problems

Jin Yun Yuan*!

Departamento de Matematica, Universidade Federal do Parana, Centro Politéecnico, CP: 19.081, Curitiba,
CEP: 81531-990, Brazil

Received 27 July 1994; revised 30 June 1995

Abstract

Usually generalized least squares problems are solved by transforming them into regular least squares problems which
can then be solved by well-known numerical methods. However, this approach is not very effective in some cases and,
besides, is very expensive for large scale problems. In 1979, Paige suggested another approach which consists of solving
an equivalent equality-constrained least squares problem by the orthogonal decomposition, the BNP algorithm or the
James’ implicit nullspace iterative methods. In this paper, we present some new developments of the numerical methods,
for example, 2-cycle SOR method and preconditioned conjugate gradient method, for generalized least squares problems.
Some numerical comparisons are included as well.
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1. Introduction

The generalized least squares problem

min (Ay — b)T W~ Y(4y — b), (1.1)

yeR”

where be R™ is a given vector, Ae R™*" a given matrix and W e R"*™ a known symmetric and
positive-definite matrix, is equivalent to a regular least squares problem with respect to a general
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elliptic norm, rather than the Euclidean one. Usually problem (1.1) is transformed into a regular
least squares problem

min [| B~ (4y — b)], (1.2)

yeR"
where W = BB, solved by well known numerical methods as the SVD method, the orthogonal
transformation methods, the block SOR method, the block AOR method, the conjugate gradient
method and so on. However, this approach does not work very well in some cases, and is also very
expensive for large scale problems. Hence Paige [ 14, 15] has proposed another approach to change
problem (1.1) into an equality-constrained least squares problem with the same solution, and then
to solve the new problem by the direct methods given in [12, 16], and the iterative methods, such as
the algorithm of Barlow et al. [2] (which we will call BNP) and the implicit nullspace method of
James [10, 11, 13].

Since the BNP algorithm and James’ implicit nullspace method have some limitations for
solving problem (1.1), we presented the 2-cyclic SOR method and the preconditioned conjugate
gradient method.

As regard to the requirement of preconditioned matrix A; about all block iterative methods for
least squares problems and problem (1.1), Bjorck and Yuan [4] present some algorithms to get
preconditioned matrix 4; by LU factorization.

In this paper, we first summarize Paige’s method and James’ method in Section 2, and then
present the 2-cyclic SOR method and the preconditioned conjugate gradient method for (1.1),
respectively, in Sections 3 and Section 4, and some numerical results, remarks, and open problems
are given in the last section. Here A4 is always assumed to be of full rank.

2. Paige’s method and James’ method
2.1. Paige’s method

Suppose that W e R™*™ has a factorization

W = BB", (2.1)
where Be R™** and rank(B) = rank(W) = k. Therefore, problem (1.1) is equivalent to
minx,u “U H 2
(2.2)
st. Ax+ Bv=b»

where x € R" and ve R*. This is a more general formulation and even allows for a rank deficient B.
By the QR decomposition of A, problem (2.2) becomes

min v, st Clv=c,, (2.3)

v, X
and

Rx=c¢, — Clo, (2.4
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where
R
0'b = <0>, 0 = (Q,, Q,) orthogonal, (2.5)
R is nonsingular upper triangular, and
N CT
Th=(") and Q"B={"! .
0 (CZ and Q"B =((r) 26)
c R, C,eR** and | = rank(R). For solving (2.3), obtain an orthogonal matrix P e R*** such that
0 Uy
P'C, = <ST> and PT = (u2>’ (2.7)
where P = (P,, P,) and S is nonsingular upper triangular. Hence, the final solution is given by
uy =0,
Uy = N 102,
(2.8)
b= P2u29

x =R Yc; — Clo).
The algorithm for (1.1) is as follows.

Algorithm 2.1, Paige’s Algorithm.

(1) Factorize W into W = BBT by (incomplete) Cholesky decomposition where B is upper
triangular matrix;

(2) Apply orthogonal transformation to (4, B, b) such that

R CT ¢
T _ 1 1y,
Q (A7 Ba b) - <0 C':Il' C2>7

(3) Apply orthogonal transofrmation P to C; such that

0
PTC2 = (ST>,

(4) Solve Su, = c,;
(5) Solve Rx = ¢, — CT P,u,, where P = (P, P,).

It follows from perturbation analysis result given in [15] that Paige’s algorithm is numerically
stable.

2.2. James’ method

Based on (2.3) and (2.4), the BNP algorithm [2] and the implicit nullspace iterative methods of
James [13] for equality-constraints least squares problem

min||Gy — ¢/,

2.9
st. Ey=b, 29)
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can be applied to solve (1.1) with special matrices G =(0 I), E=(4 B)and

_ X
y= v/
Then we can establish the James’ algorithm for (1.1) as follows.

Algorithm 2.2.

(1) Use Gauss elimination or orthogonal reduction on (4 B) and b to replace (4 B) by its
staircase form E;

(2) Choose a convenient augmentation matrix M, e R"+*k=mx®+h 454 store the interlacing

information in a a permutation vector;
(3) Form

E, b
B1=P<M1>s b0=P<0)9 P=[PL’PR]3

where P is a permutation matrix such that, with the staircase matrix E, it satisfies
EsP = [EsPLs EsPR = ELa ER] = Eta

E, is the trapezoidal matrix obtained from E by Gauss elimination (or orthogonal reduction) with
column pivoting, and E; is upper triangular and nonsingular;
(4) Initialization

,VO=O,

4o=E0 B (e~ (5 Joo)

So = do, where B, consists of last k rows of By !;

(5) Iteration for k =0, 1, 2, ... ,until df d« < tolerance

- 0
qdk = P{B1 T<B )Pksk,
2

_did,

oy = T >

Ye+1 Yk Sk
= + o X
<dk+ 1) (dk> k( - 61k>
; =dkT+1dk+1
k+1 d;{dk ’

Skvr = e 1 + P15k

(6) Recover

x = By ' (Pry = bo).
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Remark. We mention that the matrix B, consists of the submatrix of 4 and submatrix of B in
Algorithm 3.1. The augmentation matrix M, can be chosen as simple as possible such that

is nonsingular, for example, M, consisting of the identity matrix and zero matrix.

However, we will meet some unnecessary numerical degradation and difficulties for analysis of
the practical problem when Algorithm 2.2 is applied to solve (1.1) because in this case, James’
method deals with (1.1) by combining the matrices 4 and B but not considering them separately

[16].

3. SOR-type methods

In order to utilize the original data in problem (1.1) and to overcome difficulties in the end of last
section, the preconditioned block, SOR-type methods and preconditioned conjugate gradient
method are considered in next two sections (also see [21-24]). Suppose that A has the following
splitting:

Ay
A= 3.1
( Az), XY
where A, € R"*" is nonsingular and 4, e R™~™*" W and b have corresponding splittings:
Wll W12 bl)
W = and b= , 32
(WIz W22> (bz (-2

where W, eR"™" and W,,eR™ "*m~" are symmetric and positive-definite because W is
symmetric and positive definite, and W,,e R"™*™~"_ Here we assume that the submatrix A4, is
given. For general case, some idea of obtaining the nonsingular submatrix 4, and A by LU-
decomposition is presented in [4]. In terms of the block structures of (3.1) amd (3.2), the normal
equation of (1.1) is

Ay Wi Wy X b,
A, Wi, W¥2 r2|=1|by |, (3.3)
0 A AT | \r 0
where
r=W Yb—Ax)= <r1>
r

is weighted residual vector, corresponding to splitting form (3.1) of 4. Premultiplying (3.3) by D!
where

A, 0 Wy

0 W, 0O
0 0 Al

K
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we obtain the 2-cyclic system

I AT (W, — W PT) 0 X A{lby
WiilA, I W W | ra|=(Withs |, (3.4)
0 PT 1 r 0

where P = A,A7 . We apply the SOR method to solve (3.4), and get the 2-cyclic SOR algorithm
for problem (1.1) as follows.

Algorithm 3.1 (2-cyclic block SOR Algorithm).
(1) Factorize A; and W,,, x® =0, r'® = (;
(2) Select a relaxation parameter w;
(3) Iterate for k =0, 1, ..., until “convergence”

x*D =(1 - w)x(k) + wA7 ' [by — (W — W PHY],
A = (1 — o) + oW 5 [by — Wl — Apx®+D),
FEED = (1 — )r® — PTrEHY),

For system (3.4), the associated Jacobi matrix J is given by

0 — A7 (W iy — Wy, PT) 0
J = W;ZIAZ 0 - W;21W-{‘2 . (35)
0 - PT 0

It is easy to show the following lemma.

Lemma 3.1. The eigenvalues u of the associated Jacobi matrix J of the 2-cyclic SOR method are
either real numbers or pure imaginary numbers (i.e. u? € R) such that
(a) if W is symmetric and positive definite, then

we<l1
(b) if W is symmetric and positive semidefinite and W 5, is symmetric and positive definite, then

,u2 <1
Proof. Suppose that

X

y
z

u and
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are an eigenpair of J. It follows from (3.5) and

X X
Jly|=n\yi (3.6)
z z
that
W 2 [PW, + W1, PT— PW PT]y = p?y. (3.7)
Since

Wit [PWy, + W, PT— PW PT]

is similar to
W32 [PW, + W1, PT — PW PTIW 3,2,

whose eigenvalues are real, the eigenvalue u? of the matrix
Wi [PW,, + WIL,PT — PW,PT]

is real. Therefore, u is pure real if 4> <0, and u is pure imaginary if u? < 0. Also y # 0 is real.
Adding — y to both sides of (3.7), we get

{W{zl[PW12+szpT—PWIIPT]—I}y=(ﬂ2—1)y (38)
It follows from (3.8) and (3.2) that

PT
(P, = 1) W( i I)y = (1= )W . (39)
Premultiplying (3.9) by y, there is
W, = (1 — p2)y" W sy, (3.10)
where
T
oz (7 )yee
Hence,
T
w
—p2=22= 3.11
Y Wa G0

(a) has been shown because of (3.11) and positive definiteness of W,, and W. Since W ,, is positive
definite, and W is positive semi-definite, (b) follows from (3.11) immediately. []

From Varga’s p-cyclic theory for SOR method [18, 19] and Lemma 4.1, we obtain the following
convergence result of 2-cyclic SOR method for problem (1.1).
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Theorem 3.2. For problem (1.1), the 2-cyclic block SOR method of Algorithm 3.1 converges for
2
O<w<———,
S T300)

where p(J) is the spectral radius of the associated Jacobi matrix J . The optimum factor w, is given by

2 a+ﬁ 2
= = 3.12
@ 1+ /1 +a® -2 and (L) <+\/1+<x2——ﬂ2>’ 12

where = max|Re(u)|, « = max|Im(u)| and u is any eigenvalue of the associated Jacobi matrix J.
Moreover, the behavior of p(¥£,) is given by

[wﬂ+\/‘m2—w)+w2ﬁ2}2 if 0 <<,

[a)cx+\/‘@)2— 1)+a)2a2}2 i on < <21 4+ ),

where £, is the iterative matrix of Algorithm 3.1.

p(&La) = (3.13)

Proof. By Lemma 3.1, all the eigenvalues of J are either real or pure imaginary. Since the method in
Algorithm 3.1 is 2-cyclic and consistently ordered, the first part of the theorem follows from
Theorem 4.1 of Young in [20]. The optimal parameter w, and p(%,,) in (3.12) is a straight
extension of Young’s result in [20]. Yuan [21] and Yuan and Tusem [23] give different proofs for
this part.

By Varga’s eigenvalueship [18, 19], for each eigenvalue 4 of ¥, there exists an eigenvalue u of J,
such that

A+ o —1)?=p*w? (3.14)

The last part of the theorem is obtained by analysis of (3.14). For details see [21, Chapter 5,
23]. O

4. Preconditioned conjugate gradient method

Premultiplying (3.3) by D~! and using r; = — P"r,, we get two systems
(Wi, + PW PT—PW,, — WI,P"]r, =b, — Pb,, 4.1)
Aix=by — (Wi, — W1 PDr,, 4.2)
where
A, 0 0
D=4, I 0| and P=A,4;'.

0 0 AT
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Since

PT
Wiy + PW PP~ PWy, —WLPT=(P — I)W< - 1)’
and W is symmetric and positive definite, (4.1) is symmetric and positive-definite system because of
x"(P —)W(P —D"x=y"Wy>0,wherey=(P —1I)" x #0, for all x # 0. So we can apply
the Hestenes and Stiefel’s conjugate gradient method [9] to solve system (4.1), and get the
preconditioned conjugate gradient algorithm for (1.1).

Algorithm 4.1 (CG-algorithm for GLSP).
(1) Factorize A4, set rY =0, v\ = b, — Pby, p'9 = v,

(2) Iterate for k =0, 1, ..., until v**1 =0 (or |v** V| < tolerance),
PT
q=(@P — I)W< B I>p"",
A= 1013
p%, gy

pEHD = g _ g
k+1 _ ok o g ik
ritt =15 + 4p®,

e )3
Herr =T wyz

p(k+1) — U(k+l) + Cxk+1p(k);
(3) Solve the extra subsystem
Aix = by + (W PT — Wip)ry,

where r{ is the solution obtained in step 2.

The standard errors bounds based on the Chebyshev polynomials for the CG method applied to
problem (1.1) is given by

[ 1+a?)p—1 ]"
A — xO) -, L1+ /(0 +a?)p)
TAG* =X = [ A+ o)p—1 ]2"’
1+ /(1 +o?)p)?
where o = [Pl = [[4,A47 2, B = k(W) = pmax(W)/timin( W) is the spectral condition number of
W, x'9 is a vector corresponding to arbitrary initial vector r$’ and x* is the solution of problem

(1.1).

4.3)
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It follows from (4.1) that the sequence xg‘é generated by Algorithm 4.1 is in the Krylov sub-
space x@ + AT YW, — W, P)K,_,(v'Y; E), where v'? is a vector dependent of x® and E =
W;zl [P(W12 - W11PT) + W¥2PT] If we take

B _<~A1'1(W12 — W PT)
L=

_pT ) and B, = —(W3'A, Wil W)

for (3.4) in Freund’s Lemma [6], we know that x(s’?,k generated by Algorithm 3.1 is in the same
Krylov subspace as x*.. By the minimal property of the conjugate gradient method in Krylov
subspace, we can get theoretical comparison result about the 2-cyclic SOR method and the
pre-conditioned conjugate gradient method for problem (1.1), which confirms Bjorck’s conjecture
[3] that Freund’s result for least squares problems is also true for problem (1.1).

Theorem 4.1. Ifthe 2-cyclic SOR Algorithm 3.1 and the preconditioned conjugate gradient Algorithm
4.1 are all started with the same vector x'© e R", then kth iterates satisfy

1b — AxE, I+ < Ib — AxERV w1, k=0,1, ... (4.4)

where x{ and x®. are generated by the conjugate gradient Algorithm 4.1 and 2-cyclic SOR
Algorithm 3.1 respectively.

Similarly, for problem (1.1), between the preconditioned conjugate gradient Algorithm 4.1 and
the generalized SO algorithms [21, 23], there are analog comparison results (cf. [21]). Therefore,
the preconditioned conjugate gradient Algorithm 4.1 is better than the SOR-type methods for
problem (1.1). The numerical experiments also verify the conclusion (cf. [21, 22]).

5. Numerical results, remarks and conclusions
5.1. Numerical results

We give numerical experiments for dense cases and sparse cases in UNIX SUN workstation and
IBM4081, respectively, in FORTRAN 77. For m = 125 and n = 50, Algorithms 4.1 and 3.1 obtain
the same accurate solution as the Paige’s method (see Table 1). But the CPU time of Algorithms 3.1
and 4.1 is much less than that of the Paige’s method even if A and W are dense matrices. For sparse
cases, Algorithm 4.1 is much better than Algorithms 2.1 and 4.1 (Table 2). We also considered rank
deficient of W for Algorithm 4.1 and different parameters w for Algorithm 3.1 (see [21, 22]). All
experiments have shown that the pre-conditioned conjugate gradient Algorithm 4.1 is one of the
most efficient, even for some rank(W) < m — n cases (cf. [21, 22]). It follows from (4.1) that the
algorithm just needs A7 !, but neither W ~! nor inverse of some submatrix of W. The experiments
in [21,22] have shown that Algorithm 4.1 is much better than others in the sense of CPU time,
accuracy, and storage requirements (cf. [22]). Of course, the numerical stability of the Paige’s
method is better than of Algorithm 4.1 (see Table 3). In all tables, IT is the number of iterations,
m and n are numbers of rows and columns, respectively, of 4. The CPU time does not include the
time of computing the optimal parameter w,. In Table 1, case 1 means all matrices A and W are
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Table 1
Dense cases for m = 125 and n = 50
Method Case 1 Case 2
CPU e(107'%) IT CPU e(1071%)
Paige 32.388 0.252 34.740 0.279
SOR 3.982 0.093 19 4.732 0.100
CcG 2.684 0.092 15 2.749 0.101
Note: e = |[ATW ~}(b — Ax)|; and the SOR method is with w,.
Table 2
Sparse cases
m n CG SOR
IT TIME IT TIME
400 250 25 0.342 22 0.386
550 250 32 0.351 21 0.447
650 250 33 0.386 21 0.453
850 250 33 0.461
Note: TIME is all user time.
Table 3
A and W are Hilbert matrix
m n IT CG Paige
CPU e CPU e
6 4 3 0.39043 0.195234E — 09 0.78130 0.205795E — 09
7 6 0 0.00500 0.930158E — 08 0.78130 0.575991E — 08
8 7 1 0.00555 0.149882E — 07 (.01055 0.160000E — 07
9 7 4 0.00550 0.555993E — 07 0.78130 0.532440E — 07
10 7 2 0.78125 0.177156E + 46 0.78130 0.728930E + 36

Note: 0.195234E — 09 means 0.195234 x 10™°.

dominant, and case 2 does not. All matrices were generated by random numbers. All data in the
tables are statistic data based on more than 25 examples. The tolerance for all iterative methods is
£=10"15

We should also point out that all results in Sections 3 and 4 will reduce to the well-known results
for least squares problems when W = I.
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5.2. Remarks and conclusions

The Paige’s method is numerically stable method and can work for any deficient problem. The
method needs to decompose the weight matrix W if W is given, but not B. The Paige’s method is
not convenient for large sparse problems because it is a direct method.

Algorithm 2.2 is a combination of direct method and iterative method, such as the Gauss
elimination and the conjugate gradient method. In principle, Algorithm 2.2 can also work for rank
deficient problems. However, Algorithm 2.2 sometimes fails because the full rank condition of the
matrix (A B)and m < n + k < m + k cannot be guaranteed by rank (W) < m. Also we first need
to decompose the matrix W into W = BB" which will destroy the sparsity pattern of W. Algorithm 2.2
still requires the inverse of some submatrix of matrix (A4, B) or itself which in general is hard to compute.

In fact, for sparse full rank problems, another good approach is the Lanczos based SYMMLQ
method given by Paige and Saunders in [17]. Here we will not say more about this method. Based
on system (3.4), the QMR method [7] can be applied to solve full rank problem (1.1) with
rank(A4) = n.

Like James’ method, p-cyclic SOR method, AOR method, and other methods for linear
equality-constraints least squares problems also can be applied to solve problem (1.1). But they are
not the same as the preconditioned SOR-type methods in Section 3 and the preconditioned
conjugate gradient method in Section 4. The size (3m + n for full rank) of p-cyclic SOR method and
AOR method for (1.1) is much bigger than the size (here m + n) of preconditioned SOR-type
method. And preconditioner A;eR"*" for (3.4) is different from the preconditioner
A, e Rm+m>xm+n which combines the matrices A4 and B, for those methods in the sense of the size,
structure and elements.

All block iterative methods for least squares problems and generalized least squares problems
require the preconditioner matrix 4, . In general, we just know the matrix 4, but not 4,. Up to now
there is little literature to discuss how to get the preconditioner matrix 4;. Recently Bjorck and
Yuan [4] suggested some algorithms to handle the problem by LU decomposition. How to effectively
get the preconditioner matrix A4, is still one open problem especially for large sparse problems.

Algorithms 3.1 and 4.1 just work for full rank problems. Rank deficient problem is unsolved yet
by direct iterative methods. For this open problem, Golub has one conjecture [8] that the QMR
method may be applied to solve problem (1.1) with rank(4) <n. Suppose that
rank(W) = rank(W ) = n, it follows from (3.3) and preconditioned matrix

W, 0 0
W{z I 0
AT 0 1
that
I Wil Wi, Wi A, r W ib,
0 Wy —WLWIIW,, A, —WLWHA| [y |=|by— WLW b (5.1)
0 A — AW ' Wy, — AW ' 4, X — AW 11'b,

is reducible, and can be solved by the methods given in [1, 5, 7].
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From Theorem 4.1, we know that two different systems are equivalent in the sense that the
sequences generatedby the conjugate gradient method and the SOR method are in the same Krylov
subspace. There is one question: if one system for one method is given, how to get the equivalent
system for another given method such that the approximate solution sequences generated by these
two methods are in the same Krylov subspace? For example, we know one symmetric and
positive-definite system with ill-conditioning to which conjugate gradient method can be applied.
In fact we cannot obtain the desired solution effectively because of ill-conditioning when we apply
the conjugate gradient method. Now we want to look for equivalent system on which the SOR
method or other methods can work very well. It is also one interesting problem.
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