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Îá îäíîì ñïîñîáå âîññòàíîâëåíèÿ ôóíêöèé ïî ñðåäíèì çíà÷åíèÿì íà ðàâíîìåðíîé ñåòêå.
À.À.Ëèãóí, À.À.Øóìåéêî

Ðàçâèòèå êîìïüþòåðíûõ ñåòåé, êàê ëîêàëüíûõ, òàê è ãëîáàëüíûõ, â ÷àñòíîñòè Internet, ñòèìóëèðîâàëî
áîëüøîé èíòåðåñ ê çàäà÷àì êîäèðîâàíèÿ è ñæàòèÿ äàííûõ. Äëÿ ðàáîòû ñ ìóëüòèìåäèéíûìè ïðèòîæåíè-
ÿìè, â ÷àñòíîñòè çâóêîâûìè äàííûìè, â êà÷åñòâå êîäèðóþùèõ ôóíêöèîíàëîâ ÷àñòî âûáèðàþò ñðåäíèå
çíà÷åíèÿ ïî ðàâíîìåðíîìó ðàçáèåíèþ. Â êà÷åñòâå âîññòàíàâëèâàþùåãî àïïàðàòà â ïîñëåäíåå âðåìÿ ÷àñòî
èñïîëüçóþòñÿ ìåòîäû ýëåìåíòàðíûõ âîëí (âñïëåñêîâ) (ñì. [1]), èíòåðïîëÿöèîííûé â ñðåäíåì òðèãîíî-
ìåòðè÷åñêèé è àëãåáðàè÷åñêèé ìíîãî÷ëåí, îáîáùåíûõ èíòåðïîëÿöèîííûõ â ñðåäíåì ñïëàéíû (ñì. [2]) è
äð.

Â äàííîé ðàáîòå ðàññìîòðåí îäèí ìåòîä, êîòîðûé îñíîâàí íà èäåå áèíàðíîãî ïîïîëíåíèÿ äàííûõ è ñ
îäíîé ñòîðîíû ïðèìûêàåò ê âñïëåñêàì, à ñ äðóãîé ñòîðîíû ïîçâîëÿåò ïîëó÷àòü âîññòàíîâëåíèå ôóíêöèè
ïîñðåäñòâîì ëèíåéíûõ êîìáèíàöèé áàçèñíûõ ôóíêöèé ñ ìèíèìàëüíûì íîñèòåëåì èñïîëüçóÿ èíôîðìàöèþ
î ñðåäíèõ çíà÷åíèÿõ.

Îïðåäåëåíèÿ è ïîñòàíîâêà çàäà÷è. Ïóñòü h > 0 è
{xi}i∈Z = {xi,0}i∈Z = {ih}i∈Z

- ðàâíîìåðíîå ðàçáèåíèå îñè ñ øàãîì h.
Ïóñòü `∞(R) - ëèíåéíîå ïðîñòðàíñòâî âñåõ îãðàíè÷åííûõ ïîñëåäîâàòåëüíîñòåé

f̂ = {f̂i,0}i∈Z = {f̂i}i∈Z
ñ íîðìîé

‖f̂‖`∞(R) = sup
i∈Z

|f̂i|.

Ïóñòü E åñòü èëè îñü R èëè ïåðèîä T (â äàëüíåéøåì âñåãäà áóäåì ñ÷èòàòü ïåðèîä ðàâíûì 2π) èëè
ïðîìåæóòîê [a, b].

×åðåç C(E) îáîçíà÷èì ëèíåéíîå ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ îãðàíè÷åííûõ íà E ôóíêöèé f̂ ñ
íîðìîé

(1) ‖f̂‖C(E) = sup
x∈E

|f(x)|,

Lp(E) (p ∈ [1,∞)) � ïðîñòðàíñòâî âñåõ èçìåðèìûõ ñóììèðóåìûõ íà E â p-é ñòåïåíè ôóíêöèé ñ íîðìîé

(2) ‖f‖p(E) =
(∫

E
|f(x)|pdx

)1/p

.

Ïóñòü çàäàíà ïîñëåäîâàòåëüíîñòü f̂ è îïåðàòîð P- îòîáðàæàþùèé ìíîæåñòâî ïîñëåäîâàòåëüíîñòåé f̂ â
ïàðó ïîñëåäîâàòåëüíîñòåé f̂+ =

{
f+

i

}
è f̂− =

{
f−i

}
. Îïðåäåëèì íîâóþ ïîñëåäîâàòåëüíîñòü f̂1 = f̂1(P) ={

f̂i,1

}
i∈Z, ãäå f̂2i,1 = f̂+

i , f̂2i−1,1 = f̂−i , (i ∈ Z)

Ïîëàãàÿ f̂k = f̂k(P) = f̂1(f̂k−1), ïîëó÷àåì ìåòîä áèíàðíîãî ðàññëîåíèÿ äàííûõ.
Â ðàáîòå [4] ðàññìîòðåí îïåðàòîð P1 ïðèâîäÿùèé ê ôîðìóëàì ðàññëîåíèÿ

(3)
x2i,k = xi,k−1 + h

2k+1 , f̂2i,k = f̂i,k−1 +
1
8

(
f̂i+1,k−1 − f̂i−1,k−1

)
;

x2i−1,k = xi,k−1 − h
2k+1 , f̂2i−1,k = f̂i,k−1 − 1

8

(
f̂i+1,k−1 − f̂i−1,k−1

)
.

Ïîëîæèì
f̃i+1/2,k =

9
16

(
f̂i,k + f̂i+1,k

)
− 1

16

(
f̂i+2,k + f̂i−1,k

)
=

=
f̂i,k + f̂i+1,k

2
− 1

8
∆2

(
f̂i,k + f̂i+1,k

2

)
.
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Êàæäîé ïîñëåäîâàòåëüíîñòè f̂k ïîñòàâèì â ñîîòâåòñòâèå êóñî÷íî-ëèíåéíóþ ôóíêöèþ

(4) ψk,h(f̂ , x) =
∑

i∈Z

(
f̃i+1/2,k −

1
6
∆2f̃i+1/2,k

)
B

(
1
h

(
x−

(
i +

1
2

)
h

))
,

ãäå B(x)- B-ñïëàéí ïåðâîãî ïîðÿäêà, òî åñòü

B(x) =





x− 1, x ∈ [−1, 0],
1− x, x ∈ [0, 1],
0, x /∈ [−1, 1].

Îòìåòèì íåñêîëüêî ñâîéñòâ ôóíêöèè ψk,h(x), êîòîðûå áóäóò íàì íåîáõîäèìû â äàëüíåéøåì.
Ïðîâîäÿ íåïîñðåäñòâåííûå âû÷èñëåíèÿ, ïîëó÷àåì

2k

h

∫ xi+1,k

xi,k

ψk,h(f̂ , x)dx = f̃i+1/2,k −
1
48

∆2(f̃i+1/2,k + f̃i−1/2,k),

òî åñòü ψk,h(f̂ , x) àñèìïòîòè÷åñêè ñîâïàäàåò ñ ëîìàíîé èíòåðïîëèðóþùåé ñðåäíèå çíà÷åíèÿ f̃i+1/2,k.
Ïîëîæèì

∆ψk,h(f̂ , x) = ψk,h(f̂ , x + xi,k)− ψk,h(f̂ , x)
è

∆kψk,h(f̂ , x) = ∆
(
∆k−1ψk,h(f̂ , x)

)
k ≥ 2

è
∆f̂i,k = f̂i+1,k − f̂i,k,

∆kf̂i,k = ∆
(
∆k−1f̂i,k

)
k ≥ 2.

Ëåììà 1. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè f̂ ∈ `∞(R) è ïðîèçâîëüíîãî k ∈ N èìååò ìåñòî íåðàâåíñòâî

(5) ‖∆2f̂k+1‖`∞(R) ≤
1
2
‖∆2f̂k‖`∞(R).

Äîêàçàòåëüñòâî. Âíà÷àëå ðàññìîòðèì âåëè÷èíó
∆2f̂2i,k+1 = ∆2f̂+

i,k = f̂−i+1,k − 2f̂+
i,kf̂−i,k =

= f̂i+1,k − 1
8

(
f̂i+2,k − f̂i,k

)
− 2f̂i,k − 2

1
8

(
f̂i+1,k − f̂i−1,k

)
+ f̂i,k − 1

8

(
f̂i+1,k − f̂i−1,k

)
=

=
1
8

(
3∆2f̂i,k −∆2f̂i+1,k

)
≤ 1

2
‖∆2f̂k‖`∞(R).

Ïðîâîäÿ àíàëîãè÷íûå ïîñòðîåíèÿ óáåæäàåìñÿ â òîì, ÷òî

∆2f̂2i+1,k+1 ≤ 1
2
‖∆2f̂k‖`∞(R).

Ëåììà 2. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè f̂ ∈ `∞(R) è ïðîèçâîëüíîãî k ∈ N èìååò ìåñòî íåðàâåíñòâî

(6) ‖ψk+1,h(f̂)− ψk,h(f̂)‖∞(R) ≤
23
48
‖∆2f̂k‖`∞(R).

Äîêàçàòåëüñòâî. Òàê êàê ôóíêöèè ψk+1,h(f̂ , x) è ψk,h(f̂ , x) ëèíåéíûå, òî ðàçíèöà ìåæäó íèìè äîñòè-
ãàåò ýêñòðåìóìà â óçëàõ xi,k èëè xi+1/2,k. Òàêèì îáðàçîì ïðåæäå âñåãî íåîáõîäèìî âû÷èñëèòü çíà÷åíèÿ
ψk+1,h(f̂ , xi,k), ψk,h(f̂ , xi,k) è ψk+1,h(f̂ , xi+1/2,k), ψk,h(f̂ , xi+1/2,k).

Íåñëîæíî óáåäèòüñÿ â ñïðàâåäëèâîñòè ñëåäóþùèõ ñîîòíîøåíèé.

(7) ψk,h(f̂ , xi+1/2,k) = f̃i+1/2,k −
1
6
∆2f̃i+1/2,k =

=
f̂i,k + f̂i+1,k

2
− 1

8
∆2

(
f̂i,k + f̂i+1,k

2

)
−

−1
6
∆2

(
f̂i,k + f̂i+1,k

2

)
+

1
48

∆4

(
f̂i,k + f̂i+1,k

2

)
=
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=
f̂i,k + f̂i+1,k

2
− 7

24
∆2

(
f̂i,k + f̂i+1,k

2

)
+

1
48

∆4

(
f̂i,k + f̂i+1,k

2

)
.

Êðîìå òîãî,

(8) ψk,h

(
f̂ , xi,k

)
=

f̃i+1/2,k + f̃i−1/2,k

2
− 1

6
∆2

(
f̃i+1/2,k + f̃i−1/2,k

2

)
=

=
f̂i+1,k + 2f̂i,k + f̂i−1,k

4
− 7

24
∆2

(
f̂i+1,k + 2f̂i,k + f̂i−1,k

4

)
+

1
48

∆4

(
f̂i+1,k + 2f̂i,k + f̂i−1,k

4

)
.

Èç ìåòîäà ðàññëîåíèÿ è ñîîòíîøåíèÿ (4), ïðîâîäÿ ïðîñòûå íî ãðîìîçäêèå ïðåîáðàçîâàíèÿ, ïîëó÷àåì
ψk+1,h(f̂ , xi+1/2,k) =

=
f̂i,k + f̂i+1,k

2
− 5

64

(
∆2f̂i+1,k + ∆2f̂i,k

)

è, êðîìå òîãî,
ψk+1,h(f̂ , xi,k) =

= f̂i,k +
1

128

(
∆2f̂i+1,k − 6∆2f̂i,k + ∆2f̂i−1,k

)
.

Îòñþäà ñðàçó ïîëó÷àåì ∣∣∣ψk,h(f̂ , xi+1/2,k)− ψk+1,h(f̂ , xi+1/2,k)
∣∣∣ =

=
∣∣∣∣

1
64

(
∆2f̂i+1,k + ∆2f̂i,k

)∣∣∣∣ ≤
1
32
‖∆2f̂k‖`∞(R).

Äàëåå, ∣∣∣ψk,h(f̂ , xi,k)− ψk+1,h(f̂ , xi,k)
∣∣∣ =

=
1

384

∣∣∣∆2
(
−31f̂i+1,k + 58f̂i,k − 31f̂i−1,k

)∣∣∣ +

+
1
96

∣∣∣∆4
(
f̂i+1,k + 2f̂i,k + f̂i−1,k

)∣∣∣ ≤ 23
48
‖∆2f̂k‖`∞(R).

Ëåììà 3. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè f̂∈`∞(R), è k,m∈N èìååò ìåñòî íåðàâåíñòâî

(9)
∥∥∥ψk,h(f̂)− ψk+m,h(f̂)

∥∥∥
C(R)

≤ 23
48
‖∆2f̂k‖`∞(R) ≤

23
48

(
1
2

)k

‖∆2f̂0‖`∞(R).

Äîêàçàòåëüñòâî.
∥∥∥ψk,h(f̂)− ψk+m,h(f̂)

∥∥∥
C(R)

≤
m−1∑

i=k

∣∣∣ψi+1,h(f̂)− ψi,h(f̂)
∣∣∣ .

Èç ëåììû 2 ñëåäóåò
∥∥∥ψk,h(f̂)− ψk+m,h(f̂)

∥∥∥
C(R)

≤ 1
16

m−1∑

i=k

‖∆2f̂k‖`∞(R) ≤

≤ 23
48

(
‖∆2f̂k‖`∞(R) + ‖∆2f̂k+1‖`∞(R) + . . .

)
.

Ïðèìåíÿÿ ëåììó (1) ïîëó÷àåì
∥∥∥ψk,h(f̂)− ψk+m,h(f̂)

∥∥∥
C(R)

≤ 23
48

(
‖∆2f̂k‖`∞(R) +

1
2
‖∆2f̂k‖`∞(R) + . . .

)
=

=
23
48
‖∆2f̂k‖`∞(R)

(
1 +

1
2

+
1
22

+ . . .

)
=

=
23
48
‖∆2f̂k‖`∞(R) ≤

23
48

(
1
2

)k

‖∆2f̂0‖`∞(R).

Ëåììà äîêàçàíà.
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Èç ëåììû 3 ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü {ψk,h(f̂ , x)}∞k=0 ñõîäèòñÿ â ñåáå. Íåòðóäíî âèäåòü, ÷òî îíà

îãðàíè÷åíà. Îòñþäà ñëåäóåò, ÷òî ïîòî÷å÷íûé ïðåäåë ψk,h(f̂ , x) ïðè k → ∞ ñóùåñòâóåò. Îáîçíà÷èì ýòîò
ïðåäåë ÷åðåç ψh(f̂ , x).

Òàê êàê äëÿ ëþáîãî k ∈ N îïåðàòîð ψk,h(f̂) åñòü ëèíåéíûé îïåðàòîð, îòîáðàæàþùèé ïðîñòðàíñòâî
`∞ â ïðîñòðàíñòâî îãðàíè÷åííûõ íà âñåé ïëîñêîñòè êóñî÷íî-ëèíåéíûõ ôóíêöèé, òî ψh åñòü ëèíåéíûé
îïåðàòîð, îòîáðàæàþùèé ïðîñòðàíñòâî `∞ â ïðîñòðàíñòâî C(R) (ýòî ñëåäóåò èç (3)).

Ïåðåõîäÿ ê ïðåäåëó ïî m →∞ â (9), íåìåäëåííî ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Äëÿ ëþáîãî ôèêñèðîâàííîãî k∈N è ëþáîé ïîñëåäîâàòåëüíîñòè f̂ ∈ `∞ âåðíî íåðàâåíñòâî
∥∥∥ψh(f̂)− ψk,h(f̂)

∥∥∥
C(R)

≤ 23
48
‖∆2f̂k‖`∞(R) ≤

23
48

(
1
2

)k

‖∆2f̂0‖`∞(R).

Èç ìåòîäà ïîñòðîåíèÿ ÿñíî, ÷òî ôóíêöèÿ ψk,h(f̂ , x) íåïðåðûâíàÿ è êóñî÷íî-äèôôåðåíöèðóåìàÿ. Ñëå-
äóþùàÿ òåîðåìà óòâåðæäàåò, ÷òî ïðåäåëüíàÿ ôóíêöèÿ ψh(f̂ , x) îáëàäàåò ëó÷øèìè äèôôåðåíöèàëüíûìè
ñâîéñòâàìè � îíà íåïðåðûâíî-äèôôåðåíöèðóåìà.

Òåîðåìà 2. Ïóñòü f̂ ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü èç `∞, òîãäà ψh(f̂) ∈ C1(R).

Äîêàçàòåëüñòâî. Åñëè, êàê îáû÷íî
ω(g, t) = sup

|τ |≤t

‖g(·+ τ)− g(·)‖C(R)

ðàâíîìåðíûé ìîäóëü íåïðåðûâíîñòè ôóíêöèè g ∈ C(R) â òî÷êå t, òî

ω

(
ψh(f̂),

h

2k

)
= sup
|τ |≤ h

2k

∥∥∥ψh(f̂ , ·+ τ)− ψh(f̂ , ·)
∥∥∥

C(R)
=

= sup
|τ |≤ h

2k

max
i∈Z max

{∣∣∣ψh(f̂ , xi,k + τ)− ψh(f̂ , xi,k)
∣∣∣ ,

∣∣∣ψh(f̂ , xi+1,k)− ψh(f̂ , xi+1,k − τ)
∣∣∣
}

=

2. Áàçèñíàÿ ôóíêöèÿ è åå ñâîéñòâà. Äàëåå íàì ïîíàäîáèòñÿ îäíà ôóíêöèÿ ñïåöèàëüíîãî âèäà,
êîòîðàÿ â äàëüíåéøåì áóäåò èãðàòü ðîëü áàçèñíîé ôóíêöèè.

Ïóñòü h = 1 è ïîñëåäîâàòåëüíîñòü f∗ = {f̂∗0,i}i∈Z, ãäå f̂∗0,i = δ0,i è δν,µ� ñèìâîë Êðîíåêåðà.
Ïîëîæèì

Ψk(x) = ψk(f∗, x) Ψ(x) = ψ(f∗, x).

ßñíî, òî
ψk,h(f∗, x) = Ψk

(x

h

)

è åñëè f∗i ñäâèã ïîñëåäîâàòåëüíîñòè f∗, òî

ψk,h(f∗i , x) = Ψk

(x

h
− i

)
.

Îòñþäà è èç ëèíåéíîñòè îïåðàòîðà ψk,h ñëåäóåò

ψk,h(f̂ , x) = ψk,h


∑

i∈Z
f̂i,0f∗i , x


 =

(10) =
∑

i∈Z
f̂i,0ψk,h (f∗i , x) =

∑

i∈Z
f̂i,0Ψk

(x

h
− i

)
,

ñëåäîâàòåëüíî, äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè f̂ ∈ `∞, ëþáîãî x ∈ R è h > 0 èìåþò ìåñòî ðàâåíñòâà

(11) ψk,h(f̂ , x) =
∑

i∈Z
f̂i,0Ψk

(x

h
− i

)
.

Èç ïîñòðîåíèÿ ôóíêöèè Ψk(x), âûòåêàåò, ÷òî îíà èìååò êîíå÷íûé íîñèòåëü [− 1
2−

∑k−1
ν=0

(
1
2

)ν
, 1

2+
∑k−1

ν=0

(
1
2

)ν ],
à ôóíêöèÿ Ψ(x) èìååò êîíå÷íûé íîñèòåëü [− 5

2 , 5
2 ]. Èñõîäÿ èç ýòîãî ñëåäóåò, ÷òî äëÿ x ∈ [xi− 1

2
, xi+ 1

2
], i ∈ Z
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â ðàâåíñòâàõ (11) è (10) ëèøü ïÿòü ñëàãàåìûõ îòëè÷íû îò íóëÿ. Òàêèì îáðàçîì äëÿ x ∈ [xi− 1

2
, xi+ 1

2
]

âûïîëíÿþòñÿ ðàâåíñòâà

(12) ψk,h(f̂ , x) =
i+2∑

ν=i−2

f̂νΨk

(x

h
− ν

)
.

è

(13) ψh(f̂ , x) =
i+2∑

ν=i−2

f̂νΨ
(x

h
− ν

)
.

Îòìåòèì, ÷òî â ñèëó åäèíñòâåííîñòè ïðåäåëà ïîñëåäîâàòåëüíîñòè, áàçèñíàÿ ôóíêöèÿ Ψ ñîâïàäàåò ñ
áàçèñíîé ôóíêöèåé ïîëó÷åííîé â ðàáîòå [4].

Â ñëó÷àå, êîãäà çàäàíà ôóíêöèÿ f ∈ C(R) è çíà÷åíèÿ f̃i,0 îïðåäåëåíû ðàâåíñòâàìè

f̃i,0 =
2k

h

∫ (i+1/2)h2−k

(i−1/2)h2−k

f(x) dx,

è ìíîæåñòâî ýòèõ çíà÷åíèé îáîçíà÷èì ÷åðåç fk (f = f0 = f̂). Êðîìå òîãî, âìåñòî ψk,h(f̂ , x) áóäåì ïèñàòü
ψk,h(f, x).

Èç ìåòîäà ïîñòðîåíèÿ îïåðàòîðà ψh ñëåäóåò, ÷òî

(14) ψh2−k

(
ψh2−m(f̂ , ·), x

)
= ψh2−k

(
f̂ , x

)
,

(15) ψh2−k

(
f̂k, x

)
= ψh

(
f̂ , x

)

è
(16) ψh2−k (fν , x) = ψh2−k

(
f̂ , x

)
.

Ïðèâåäåì íåêîòîðûå ñâîéñòâà ìåòîäà âîññòàíîâëåíèÿ ψk, ïîëó÷åííûå ðàíåå.
Òåîðåìà 3. Äëÿ âñåõ x ∈ [− 1

2 , 1
2 ] èìååò ìåñòî ðàâåíñòâî

(17) Ψ(x) = Ψ(2x + 1) + Ψ(2x− 1) +
1
8

(Ψ(2x + 3) + Ψ(2x− 3))− 1
8

(Ψ(2x + 5) + Ψ(2x− 5)) .

Ïóñòü f ∈ C(R) è ‖ψ‖C(R)→C(R) � íîðìà îïåðàòîðà ψ, òî åñòü
‖ψh‖C(R)→C(R) = sup

‖f‖
C(R)

≤1

‖ψ(f)‖C(R)

Ïîëîæèì

N(x) =
∑

i∈Z

∣∣∣Ψ
(x

h
− i

)∣∣∣

Òåîðåìà 4. Äëÿ ëþáîãî h > 0 ñïðàâåäëèâî ðàâåíñòâî
(18) ‖ψh‖ = ‖ψh‖C(R)→C(R) = ‖N‖C(R).

Ïîäñ÷åò íà ÝÂÌ ïîêàçàë, ÷òî
(19) ‖ψh‖ = ‖N(x)‖C[− 1

2 , 1
2 ] ≈ 1.33333

Ïîëîæèì äëÿ x ∈ [− 1
2 , 1

2 ]

(20) K(x) = x3 −
2∑

i=−2

∫ 2i+1
2

2i−1
2

t3dt Ψ(x− i)

Òåîðåìà 5. Ïóñòü ôóíêöèÿ f òàêîâà, ÷òî fν ∈ C(R), ν=0, 1, ..., 4, òîãäà äëÿ x ∈ [
(i− 1

2 )h, (i+ 1
2 )h

]
ðàâíîìåðíî ïî i ∈ Z âûïîëíÿåòñÿ ñîîòíîøåíèå

(21) f(x)− ψh(f, x) =
h3

3!
f

(3)
i K

(x

h
− i

)
+ O(h4).
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Ïåðåäà÷à èíôîðìàöèè î ôóíêöèè ïî åå ñðåäíèì çíà÷åíèÿì øèðîêî èñïîëüçóåòñÿ â ïðàêòè÷åñêèõ ïðè-

ëîæåíèÿõ. Ïðåæäå âñåãî ýòî ñâÿçàíî ñ òåì, ÷òî ëþáûå èçìåðåíèÿ ñíèìàþò íå òî÷íûå, à óñðåäíåííûå
çíà÷åíèÿ. Ðåçóëüòàòû òåîðåìû 5 ãîâîðÿò, ÷òî èñïîëüçîâàíèå ïðåäëîæåííîãî ìåòîäà ðàññëîåíèÿ äàñò ïî-
ãðåøíîñòü âîññòàíîâëåíèÿ ïîðÿäêà h3 è ïðè ýòîì (ñîãëàñíî òåîðåìå 4) îøèáêà èçìåðåíèÿ âûðàñòåò íå
áîëåå ÷åì â 4/3 ðàçà.

Ñ äðóãîé ñòîðîíû, â ñèëó ëîêàëüíîñòè ðàññìîòðåííîãî ìåòîäà ðàññëîåíèÿ, ìîæíî åãî èñïîëüçîâàòü
ïî øàãîâî � âíà÷àëå îïðåäåëèòü çíà÷åíèÿ h è òå çíà÷åíèÿ àðãóìåíòà, ïðè êîòîðûõ ìåòîä ðàññëîåíèÿ
äàåò òðåáóåìóþ òî÷íîñòü âîññòàíîâëåíèÿ ε. Äàëåå ðàññìàòðèâàòü ëèøü òå ó÷àñòêè ôóíêöèè, êîòîðûå
âîññòàíàâëèâàþòñÿ ñ òî÷íîñòüþ ε ïðè çíà÷åíèè h/2 è ò.ä., ïîêà íå íàéäåòñÿ ïîñëåäíèé ó÷àñòîê, äëÿ
âîññòàíîâëåíèÿ êîòîðîãî òðåáóåòñÿ øàã h2−m.

Ïîêàæåì, ÷òî èñïîëüçîâàíèå ýòîãî àëãîðèòìà äàåò òîò æå ðåçóëüòàò, ÷òî è ïðèìåíåíèå ìåòîäà ñ øàãîì
h2−m êî âñåé ôóíêöèè öåëèêîì.

Äåéñòâèòåëüíî, ïóñòü ε > 0 çàäàííàÿ ïîãðåøíîñòü âîññòàíîâëåíèÿ è fk − f̂k = δk, ãäå δk = δk,0 + δk,1 è

δk,0 =

{
δi,k, |δi,k| > ε

0, |δi,k| ≤ ε
, δk,1 =

{
δi,k, |δi,k| ≤ ε

0, |δi,k| > ε
.

Ïîëîæèì

σk(x) = f(x)− ψh(f, x)−
k∑

ν=1

ψh2−ν (δν , x).

Îòñþäà è èç ñâîéñòâà (15) ïîëó÷àåì

σk(x) = f(x)− ψh(f, x)−
k∑

ν=1

ψh2−ν (fν − f̂ν , x) =

= f(x)− ψh(f0, x)− ψh2−1(f1, x) + ψh2−1(f̂1, x)− ψh2−2(f2, x) + ψh2−2(f̂2, x) + . . . + ψh2−k(f̂k, x) =
= f(x)− ψh(f0, x)− ψh2−1(f1, x) + ψh(f̂0, x)− ψh2−2(f2, x) + ψh2−2(f̂2, x) + . . . + ψh2−k(f̂k, x) =

= f(x)− ψh2−k(f , x).
Ñ äðóãîé ñòîðîíû,

σk(x) = f(x)− ψh(f, x)−
k∑

ν=1

ψh2−ν (δk,0 + δk,1, x) =

= f(x)− ψh(f, x)−
k∑

ν=1

ψh2−ν (δk,0)−
k∑

ν=1

ψh2−ν (δk,1, x).

Ñëåäîâàòåëüíî, îòñþäà èìååì

f(x)− ψh(f, x)−
k∑

ν=1

ψh2−ν (δk,0) = f(x)− ψh2−k(f , x) +
k∑

ν=1

ψh2−ν (δk,1, x).

Îòñþäà è èç òåîðåìû 4 ñðàçó ïîëó÷àåì∣∣∣∣∣f(x)− ψh(f, x)−
k∑

ν=1

ψh2−ν (δk,0)

∣∣∣∣∣ ≤ |f(x)− ψh2−k(f , x)|+ k‖N‖C[− 1
2 , 1

2 ]ε.

Òàêèì îáðàçîì âìåñòå ñ (19) èìååì
∣∣∣∣∣f(x)− ψh(f, x)−

k∑
ν=1

ψh2−ν (δk,0)

∣∣∣∣∣ ≤ |f(x)− ψh2−k(f , x)|+ 4
3
kε.
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