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Ëèíåéíûé ìåòîä óòî÷íåííîãî âîññòàíîâëåíèÿ ôóíêöèé
îñíîâàííûé íà áèíàðíîì ïîïîëíåíèè äàííûõ.

À.À.Ëèãóí, À.À.Øóìåéêî

1. Îïðåäåëåíèÿ è ïîñòàíîâêà çàäà÷è. Îäíîé èç êëàññè÷åñêèõ çàäà÷
òåîðèè àïïðîêñèìàöèè ôóíêöèé ÿâëÿåòñÿ âîññòàíîâëåíèå ôóíêöèé ïî åå çíà÷åíèÿì
â ðàâíîîòñòîÿùèõ óçëàõ. Èçâåñòíî áîëüøîå ÷èñëî ìåòîäîâ âîññòàíîâëåíèÿ ôóíêöèè
ïî åå çíà÷åíèÿì â ðàâíîîòñòîÿùèõ óçëàõ. Ýòî èíòåðïîëÿöèîííûå òðèãîíîìåòðè÷åñêèå
ïîëèíîìû è ïåðèîäè÷åñêèå ñïëàéíû äëÿ ñëó÷àÿ ïåðèîäè÷åñêèõ ôóíêöèé, äëÿ
ôóíêöèé çàäàííûõ íà îòðåçêå ýòî êëàññè÷åñêèå èíòåðïîëÿöèîííûå ïîëèíîìû
èëè èíòåðïîëÿöèîííûå ñïëàéíû, ñïëàéíû àñèìïòîòè÷åñêè ñîâïàäàþùèå ñ èíòåðïîëÿöèîííûìè
è ò.ä. (ñì. [1]).

Â ïîñëåäíåå âðåìÿ øèðîêîå ðàñïðîñòðàíåíèå ïîëó÷èëè ìåòîäû, îñíîâàííûå
íà âû÷èñëèòåëüíîì àñïåêòå, òàêèå êàê wavelets (ñì. [2]) èëè áèíàðíîå ïîïîëíåíèå
(ñì. [3], [4]).

Îäíîìó èç ìåòîäîâ âîññòàíîâëåíèÿ ôóíêöèé, îñíîâàííîìó íà áèíàðíîì ïîïîëíåíèè
äàííûõ è ïîñâÿùåíà ýòà ðàáîòà.

Ââåäåì îáîçíà÷åíèÿ, íåîáõîäèìûå íàì â äàëüíåéøåì. Ïóñòü h > 0 è
{xi}i∈Z = {xi,0}i∈Z = {ih}i∈Z

� ðàâíîìåðíîå ðàçáèåíèå îñè ñ øàãîì h.
Ïóñòü `∞(R)− ëèíåéíîå ïðîñòðàíñòâî âñåõ îãðàíè÷åííûõ ïîñëåäîâàòåëüíîñòåé

f = {fi,0}i∈Z = {fi}i∈Z
ñ íîðìîé

‖f‖`∞(R) = sup
i∈Z

|fi|.

Ïóñòü E åñòü èëè îñü R èëè ïåðèîä T (â äàëüíåéøåì âñåãäà áóäåì ñ÷èòàòü
ïåðèîä ðàâíûì 2π) èëè ïðîìåæóòîê [a, b].

×åðåç C(E) îáîçíà÷èì ëèíåéíîå ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ îãðàíè÷åííûõ
íà E ôóíêöèé f ñ íîðìîé
(1) ‖f‖C(E) = sup

x∈E
|f(x)|,

Lp(E) (p ∈ [1,∞)) � ïðîñòðàíñòâî âñåõ èçìåðèìûõ ñóììèðóåìûõ íà E â p-é
ñòåïåíè ôóíêöèé ñ íîðìîé

(2) ‖f‖p(E) =
(∫

E
|f(x)|pdx

)1/p

.

Ðàññìîòðèì îäèí ìåòîä ïîïîëíåíèÿ äàííûõ. ×åðåç êàæäûå øåñòü òî÷åê
(xν , fν) (ν = i− 3, i− 2, i, i + 1, i + 3, i + 4; i ∈ Z) ïðîâåäåì èíòåðïîëÿöèîííûé
ïîëèíîì Áåññåëÿ ïÿòîãî ïîðÿäêà è âû÷èñëèì åãî çíà÷åíèå â òî÷êå xi+1/2 =
xi + h/2. Ýòî ïðèâîäèò ê ôîðìóëå

f̂i+1/2,0 =
3

256
(fi−2,0 + fi+3,0)−

− 25
256

(fi−1,0 + fi+2,0) +
75
128

(fi,0 + fi+1,0) =
1



2

(3) =
fi+1,0 + fi,0

2
− 1

8
∆2

(
fi+1,0 + fi,0

2

)
+

3
128

∆4

(
fi+1,0 + fi,0

2

)
,

ãäå ∆2zi âòîðàÿ, à ∆4zi ÷åòâåðòàÿ öåíòðàëüíàÿ ðàçíîñòü zi.
Ïîëîæèì

(4) x2i,1 = xi,0, f2i,1 = fi,0 (i ∈ Z),

(5) x2i+1,1 =
xi,0 + xi+1,0

2
, f2i+1,1 = f̂i+1/2,0 (i ∈ Z).

Òàêèì îáðàçîì ìû ïîëó÷èì çíà÷åíèÿ ôóíêöèè fi,1 â òî÷êàõ xi,1 (i =∈ Z).
Ïîëó÷åííûé íàáîð áóäåì èñïîëüçîâàòü â êà÷åñòâå èñõîäíîãî è ïîâòîðÿåì

ïðîöåäóðó ïîïîëíåíèÿ äàííûõ, ÷òî ïðèâîäèò ê ðåêêóðåíòíûì ôîðìóëàì
(6) x2i,k = xi,k−1, f2i,k = fi,k−1 (i ∈ Z, k ∈ N),

è
(7) x2i+1,k =

xi,k−1 + xi+1,k−1

2
,

f2i+1,k =
fi+1,k−1 + fi,k−1

2
−1

8
∆2

(
fi+1,k−1 + fi,k−1

2

)
+

3
128

∆4

(
fi+1,k−1 + fi,k−1

2

)
,

i ∈ Z, k ∈ N.

Ìåòîä, îñíîâàííûé íà ïîïîëíåíèè ïî ÷åòûðåì òî÷êàì ðàññìàòðèâàëñÿ â
ðàáîòàõ [3], [4].

Äëÿ êàæäîãî ôèêñèðîâàííîãî k ïîñòðîèì ëîìàíóþ gk,h(f , x), ïðèíèìàþùóþ
çíà÷åíèÿ fi,k â óçëàõ xi,k.

Ðàâíîìåðíûé ïðåäåë ïðè k →∞ ïîñëåäîâàòåëüíîñòè ëîìàíûõ {gk,h(f , x)}∞k=1

ñóùåñòâóåò. Îáîçíà÷èì åãî ÷åðåç gh(f , x). Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ýòîãî ïðåäåëà ïðèâåäåíî íèæå. Áîëåå òîãî, ïîëó÷åíà îöåíêà
ñêîðîñòè ñõîäèìîñòè {gk,h(f , x)}∞k=1 ê íåìó.

Ðàññìîòðèì äðóãîé ïîäõîä, ïðèâîäÿùèé ê ýòîé æå çàäà÷å áèíàðíîãî ïîïîëíåíèÿ.
Äëÿ ïîñëåäîâàòåëüíîñòè f áóäåì èñêàòü âîññòàíîâëåíèå f â òî÷êå xi+1/2 =

xi + h/2 â âèäå ëèíåéíîé êîìáèíàöèè
(8) f̂i+1/2,0 = fi+1/2 ≈ αifi−2,0 + βifi−1,0 + γifi,0 + δifi+1,0 + εifi+2,0 + ξifi+3,0,

ãäå êîýôôèöèåíòû αi, βi, γi, δi, εi, ξi âûáåðåì èç óñëîâèÿ íàèâûñøåé àëãåáðàè÷åñêîé
òî÷íîñòè. Òî åñòü òàê, ÷òîáû ñîîòíîøåíèå (8) îáðàùàëîñü â ðàâåíñòâî äëÿ
ôóíêöèé f(x) = 1, x, x2, x3, x4, x5. Ýòî ïðèâîäèò ê ñèñòåìå øåñòè ëèíåéíûõ
óðàâíåíèé ñ øåñòüþ íåèçâåñòíûìè



αi + βi + γi + δi + εi + ξi = 1,

αi(i− 2) + βi(i− 1) + γii + δi(i + 1) + εi(i + 1) + ξi(i + 2) = i + 0.5,

αi(i− 2)2 + βi(i− 1)2 + γii
2 + δi(i + 1)2 + εi(i + 1)2 + ξi(i + 2)2 = (i + 0.5)2,

αi(i− 2)3 + βi(i− 1)3 + γii
3 + δi(i + 1)3 + εi(i + 1)3 + ξi(i + 2)3 = (i + 0.5)3,

αi(i− 2)4 + βi(i− 1)4 + γii
4 + δi(i + 1)4 + εi(i + 1)4 + ξi(i + 2)4 = (i + 0.5)4,

αi(i− 2)5 + βi(i− 1)5 + γii
5 + δi(i + 1)5 + εi(i + 1)5 + ξi(i + 2)5 = (i + 0.5)5.

Ðåøåíèåì ýòîé ñèñòåìû áóäóò ÷èñëà

(9) αi = ξi =
3

256
, βi = εi = − 25

256
, γi = δi =

75
128

.

Ñëåäîâàòåëüíî, ýòîò ìåòîä ïðèâîäèò ê ôîðìóëàì ïîïîëíåíèÿ (6) � (7).
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Ðàññìîòðèì åùå îäèí ïîäõîä ê çàäà÷å ïîïîëíåíèÿ äàííûõ. Áóäåì ñ÷èòàòü,
÷òî fi = f(ih) è f (ν) ∈ C(R) ν = 0, . . . , 4. Ñíîâà ïîïîëíåíèå áóäåì èñêàòü
â âèäå ëèíåéíîé êîìáèíàöèè (8), íî êîýôôèöèåíòû αi, βi, γi, δi, εi, ξi âûáåðåì
èç ñëåäóþùåãî óñëîâèÿ: ãëàâíûé ÷ëåí àñèìïòîòèêè ðàçíîñòè ëåâîé è ïðàâîé
÷àñòåé (8) äîëæåí èìåòü êàê ìîæíî áîëåå âûñîêèé ïîðÿäîê òî÷íîñòè. Èñïîëüçóÿ
ôîðìóëó Òåéëîðà, ïîëó÷àåì

f̂i+1/2,0 − fi+1/2 = (αi + βi + γi + δi + εi + ξi − 1)fi+1/2+

+f ′i+1/2

h

2
(−5αi − 3βi − γi + δi + 3εi + 5ξi)+

+
1
2!

f ′′i+1/2

(
h

2

)2

(25αi + 9βi + γi + δi + 9εi + 25ξi)+

+
1
3!

f ′′′i+1/2

(
h

2

)3

(−125αi − 27βi − γi + δi + 27εi + 125ξi)+

+
1
4!

f
(4)
i+1/2

(
h

2

)4

(625αi + 81βi + γi + δi + 81εi + 625ξi)+

+
1
5!

f
(5)
i+1/2

(
h

2

)5

(−3125αi − 243βi − γi + δi + 243εi + 3125ξi) + O(h6).

Âûïîëíåíèå óñëîâèÿ, ÷òî ãëàâíûé ÷ëåí àñèìïòîòèêè ðàçíîñòè ëåâîé è ïðàâîé
÷àñòåé (8) äîëæåí èìåòü êàê ìîæíî áîëåå âûñîêèé ïîðÿäîê òî÷íîñòè, ýêâèâàëåíòíî
òîìó, ÷òî ÷òî êîýôôèöèåíòû ïðè hν (ν = 0, 1, 2, 3, 4, 5) äîëæíû îáðàòèòüñÿ â
íîëü. Ýòî óñëîâèå ïðèâîäèò ê ñèñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé





αi + βi + γi + δi + εi + ξi = 1,

−5αi − 3βi − γi + δi + 3εi + 5ξi = 0,

25αi + 9βi + γi + δi + 9εi + 25ξi = 0,

−125αi − 27βi − γi + δi + 27εi + 125ξi = 0,

625αi + 81βi + γi + δi + 81εi + 625ξi = 0,

−3125αi − 243βi − γi + δi + 243εi + 3125ξi = 0.

Ðåøåíèÿìè ýòîé ñèñòåìû ÿâëÿþòñÿ ÷èñëà (9). Òàêèì îáðàçîì ìû ñíîâà ïðèøëè
ê ôîðìóëàì ïîïîëíåíèÿ (6) � (7).

2. Áàçèñíàÿ ôóíêöèÿ è åå ñâîéñòâà.Äàëåå íàì ïîíàäîáèòñÿ îäíà ôóíêöèÿ
ñïåöèàëüíîãî âèäà, êîòîðàÿ â äàëüíåéøåì áóäåò èãðàòü ðîëü áàçèñíîé ôóíêöèè,
ÿâëÿþùåéñÿ àíàëîãîì B-ñïëàéíîâ è ôóíäàìåíòàëüíûõ ñïëàéíîâ â òåîðèè ñïëàéí-
àïïðîêñèìàöèè.

Ïóñòü h = 1 è ïîñëåäîâàòåëüíîñòü f∗ = {f∗0,i}i∈Z, ãäå f∗0,i = δ0,i, ãäå

δν,µ =

{
1, ν = µ

0, ν 6= µ

� ñèìâîë Êðîíåêåðà.
Ïîëîæèì

Gk(x) = gk,1(f∗, x)

è
G(x) = g1(f∗, x).
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Äëÿ ëþáîãî k ∈ N îïåðàòîð gk,h(f) åñòü ëèíåéíûé îïåðàòîð, îòîáðàæàþùèé
ïðîñòðàíñòâî `∞(R) â ïðîñòðàíñòâî îãðàíè÷åííûõ íà âñåé îñè ëîìàíûõ ñ óçëàìè
â òî÷êàõ xi,k, à gh(f) åñòü ëèíåéíûé îïåðàòîð, îòîáðàæàþùèé ïðîñòðàíñòâî
`∞(R) â ïðîñòðàíñòâî C(R). Êðîìå òîãî

gk,h/2(f , x) = gk,h(f , 2x).

Ïîýòîìó äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè f∈ `∞(R), ëþáîãî x ∈ R è h > 0 èìåþò
ìåñòî ðàâåíñòâà

(10) gh(f, x) =
∑

i∈Z
fiG

(x

h
− i

)

è
(11) gk,h(f, x) =

∑

i∈Z
fiGk

(x

h
− i

)
.

Èç ïîñòðîåíèÿ ôóíêöèè Gk(x) (k ≥ 2), âûòåêàåò, ÷òî îíà èìååò êîíå÷íûé
íîñèòåëü [−5+ 1

2k−2 , 5− 1
2k−2 ], à ôóíêöèÿ G(x) èìååò êîíå÷íûé íîñèòåëü [−5, 5].

Îòñþäà ñëåäóåò, ÷òî äëÿ x ∈ [xi, xi+1], i ∈ Z â ðàâåíñòâàõ (10) è (11) ëèøü
äåñÿòü ñëàãàåìûõ îòëè÷íû îò íóëÿ. Òàêèì îáðàçîì äëÿ x ∈ [xi, xi+1] âûïîëíÿþòñÿ
ðàâåíñòâà

(12) gh(f, x) =
i+5∑

ν=i−4

fνG
(x

h
− ν

)

è

(13) gk,h(f, x) =
i+5∑

ν=i−4

fνGk

(x

h
− ν

)
.

Îòìåòèì, ÷òî äëÿ ëþáîãî k ∈ N ôóíêöèè Gk(x) ÷åòíûå, ñëåäîâàòåëüíî, è
ôóíêöèÿ G(x) ÷åòíàÿ.

Òåîðåìà 1. Äëÿ x ∈ [0, 1] è ν = 0, 1, 2, 3, 4, 5 ñïðàâåäëèâû ðàâåíñòâà

xν =
5∑

i=−4

iνG(x− i).

Äîêàçàòåëüñòâî. Ïóñòü h = 1 è f̃0 = {f̃i,0}i∈Z, ãäå f̃i,0 = 1, i ∈ Z. ßñíî,
÷òî â ýòîì ñëó÷àå

gh(f̃0, x) = 1.

Ñ äðóãîé ñòîðîíû, êàê ñëåäóåò èç (12), äëÿ x ∈ [0, 1]

gh(f̃0, x) =
5∑

i=−4

G(x− i).

Òåîðåìà 1 äëÿ ν = 0 äîêàçàíà.
Ïóñòü, òåïåðü, ν = 1, 2, 3, 4, 5 è f̃ν = {f̃i,ν}i∈Z, ãäå f̃i,ν = iν , i = −4, . . . , 5 è

f̃i,ν = 0, i ∈ Z\{−5,−4,−3,−2,−1, 0, 1, 2, 3, 4}. Òîãäà â ñèëó ïîñòðîåíèÿ ìåòîäà
g, äëÿ x ∈ [0, 1] âûïîëíÿåòñÿ ðàâåíñòâî

gh(f̃ν , x) = xν .
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Çàìå÷àÿ, ÷òî èç (12) ñëåäóåò ðàâåíñòâî

gh(f̃ν , x) =
5∑

i=−4

iνG(x− i),

ñðàçó ïîëó÷àåì äîêàçàòåëüñòâî òåîðåìû.
Åñëè f ∈ C(R2), òî ïîëîæèì

gk,h(f) = gk,h(f , x),

ãäå
f = {fi}i∈Z = {f(ih)}i∈Z.

Êàæäîé ëîìàíîé gk,h(f , x) ïîñòàâèì â ñîîòâåòñòâèå ïîñëåäîâàòåëüíîñòü åãî
çíà÷åíèé fk â óçëàõ ðåøåòêè.

Çàìå÷àíèå 1. Äëÿ ëþáûõ k, ν = 0, 1, 2, . . . èìååò ìåñòî ðàâåíñòâî

(14) gk,h2−ν (fν , x) = gk,h2−ν (gν,h(f).x) = gk+ν,h(f , x).

Ïåðåõîäÿ ê ïðåäåëó ïðè k →∞, ïîëó÷àåì

gh2−ν (fν , x) = gh(f , x).

Êðîìå òîãî, èìååò ìåñòî ðàâåíñòâî

gk,h(fν , xν,k) = fν,k

è
gk,h(fν , xν,0) = fν,0,

ñëåäîâàòåëüíî,
gh(f , x) = gh(gh(f), x),

òî åñòü îïåðàòîð g ÿâëÿåòñÿ ðåòðàêòîì.

Èç òîãî ôàêòà, ÷òî

G

(
1
2

)
= G

(
−1

2

)
=

75
128

è

G

(
3
2

)
= G

(
−3

2

)
= − 25

256
,

G

(
5
2

)
= G

(
−5

2

)
=

3
256

,

ó÷èòûâàÿ (14), ñðàçó ïîëó÷àåì

Òåîðåìà 2. Äëÿ âñåõ x ∈ [0, 1] èìååò ìåñòî ðàâåíñòâî

G(x) = G(2x) +
75
128

G(2x + 1) +
9
16

G(2x− 1)− 25
256

G(2x + 3)− 25
256

G(2x− 3)+

+
3

256
G(2x− 5) +

3
256

G(2x + 5).
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Ýòî ðàâåíñòâî â êàêîé-òî ìåðå îáúÿñíÿåò ôðàêòàëüíûé õàðàêòåð ôóíêöèè
G(x).

3. Î íîðìå îïåðàòîðà gh(f). Â ýòîì ðàçäåëå ìû ðàññìîòðèì íåêîòîðûå
âçàèìîñâÿçè ìåòîäîâ âîññòàíîâëåíèÿ gk,h(f) è gh(f), ïîçâîëÿþùèå îöåíèòü íîðìó
îïåðàòîðà g ÷åðåç íîðìó gk,h è èõ ðàçíîñòè.

Ïóñòü

∆gk,h(f , x) = gk,h(f , x + xi,k)− gk,h(f , x) = gk,h

(
f , x +

h

2k

)
− gk,h(f , x),

∆kgk,h(f , x) = ∆
(
∆k−1gk,h(f , x)

)
k ≥ 2.

Ëåììà 1. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè f ∈ `∞(R) è k ∈ N èìåþò ìåñòî
íåðàâåíñòâà

(15) ‖∆gk+1,h(f)‖C(R) ≤
23
32
‖∆gk,h(f)‖C(R),

(16) ‖∆2gk+1,h(f)‖C(R) ≤
7
16
‖∆2gk,h(f)‖C(R),

(17) ‖∆3gk+1,h(f)‖C(R) ≤
5
16
‖∆3gk,h(f)‖C(R),

(18) ‖∆4gk+1,h(f)‖C(R) ≤
1
4
‖∆4gk,h(f)‖C(R).

Äîêàçàòåëüñòâî. Òàê êàê ∆gk+1,h(f , x) åñòü ëîìàíàÿ ñ óçëàìè â òî÷êàõ
xν,k+1, ïðèíèìàþùàÿ çíà÷åíèÿ fν,k+1 â óçëàõ, òî äëÿ äîêàçàòåëüñòâà (15) äîñòàòî÷íî
ïîêàçàòü, ÷òî äëÿ ëþáîãî ν ∈ R âûïîëíÿåòñÿ íåðàâåíñòâî

|∆gk+1,h(f , xν,k+1)| ≤ 23
32
‖∆gk,h(f)‖C(R).

Ïóñòü, âíà÷àëå, ν = 2µ + 1, òîãäà
|∆gk+1,h(f , x2µ+1,k+1)| = |gk+1,h (f , x2µ+2,k+1)− gk+1,h (f , x2µ+1,k+1)| ≤

≤ 1
16
|gk,h (f , xµ+2,k)− 9gk,h (f , xµ+1,k) + 7gk,h (f , xµ,k) + gk,h (f , xµ−1,k)|+

+
3

128

∣∣∣∣∆4

(
1
2

(gk,h (f , xµ+1,k) + gk,h (f , xµ,k))
)∣∣∣∣ ≤

≤ 5
8
‖∆gk,h(f)‖C(R) +

3
128

‖∆4gk,h(f)‖C(R) ≤
23
32
‖∆gk,h(f)‖C(R).

Äëÿ ν = 2µ äîêàçàòåëüñòâî íåðàâåíñòâà (15) ïðîâîäèòñÿ àíàëîãè÷íî.
Äîêàæåì íåðàâåíñòâî (16). Êàê è ðàíåå, ïóñòü, âíà÷àëå, ν = 2µ + 1, òîãäà

∆2gk+1,h(f , x2µ+1,k+1) =

= gk+1,h(f , x2µ,k+1)− 2gk+1,h(f , x2µ+1,k+1) + gk+1,h(f , x2µ+2,k+1) =

= gk,h(f , xµ,k) + gk,h(f , xµ+1,k)− 2
(

gk,h(f , xµ,k) + gk,h(f , xµ+1,k)
2

−

−1
8
∆2

(
gk,h(f , xµ,k) + gk,h(f , xµ+1,k)

2

)
+

3
128

∆4

(
gk,h(f , xµ,k) + gk,h(f , xµ+1,k)

2

))
≤

≤ 1
4
‖∆2gk,h(f)‖C(R) +

3
64
‖∆4gk,h(f)‖C(R) ≤

7
16
‖∆2gk,h(f)‖C(R).
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Ïóñòü, òåïåðü, ν = 2µ, òîãäà
∆2gk+1,h(f , x2µ,k+1) =

= gk+1,h(f , x2µ−1,k+1)− 2gk+1,h(f , x2µ,k+1) + gk+1,h(f , x2µ+1,k+1) =

=
gk,h(f , xµ−1,k) + gk,h(f , xµ,k)

2
−2gk+1,h(f , x2µ,k+1)+

gk,h(f , xµ+1,k) + gk,h(f , xµ,k)
2

−

− 1
16

∆2 (gk,h(f , xµ−1,k) + 2gk,h(f , xµ−1,k) + gk,h(f , xµ+1,k))+

+
3

256
∆4 (gk,h(f , xµ−1,k) + 2gk,h(f , xµ−1,k) + gk,h(f , xµ+1,k)) =

= − 1
16

∆2 (gk,h(f , xµ−1,k)− 6gk,h(f , xµ−1,k) + gk,h(f , xµ+1,k))+

+
3

256
∆4 (gk,h(f , xµ−1,k) + 2gk,h(f , xµ−1,k) + gk,h(f , xµ+1,k)) ≤

≤ 1
4
‖∆2gk,h(f)‖C(R) +

3
64
‖∆4gk,h(f)‖C(R) ≤

7
16
‖∆2gk,h(f)‖C(R).

Ïåðåéäåì ê äîêàçàòåëüñòâó íåðàâåíñòâà (17).
∆3gk+1,h(f , x2µ,k+1) =

= gk+1,h(f , x2µ−2,k+1)− 3gk+1,h(f , x2µ−1,k+1)+
+3gk+1,h(f , x2µ,k+1)− gk+1,h(f , x2µ+1,k+1) =

= gk,h(f , xµ−1,k)− 3
gk,h(f , xµ−1,k) + gk,h(f , xµ,k)

2
+

+3gk,h(f , xµ,k+1)− gk,h(f , xµ+1,k) + gk,h(f , xµ,k)
2

+

+
1
16

∆2 (3gk,h(f , xµ−1,k) + 3gk,h(f , xµ,k) + gk,h(f , xµ,k) + gk,h(f , xµ+1,k))−

− 1
256

∆4 (3gk,h(f , xµ−1,k) + 3gk,h(f , xµ,k) + gk,h(f , xµ,k) + gk,h(f , xµ+1,k)) =

=
1
16

∆2 (3gk,h(f , xµ−1,k)− 4gk,h(f , xµ,k) + gk,h(f , xµ+1,k))−

− 1
256

∆4 (3gk,h(f , xµ−1,k) + 4gk,h(f , xµ,k) + gk,h(f , xµ+1,k)) ≤

≤ 1
4
‖∆3gk,h(f)‖C(R) +

1
32
‖∆4gk,h(f)‖C(R) ≤

5
16
‖∆3gk,h(f)‖C(R).

Íàêîíåö, äîêàæåì íåðàâåíñòâî (18).
∆4gk+1,h(f , x2µ+1,k+1) =

= gk+1,h(f , x2µ−1,k+1)− 4gk+1,h(f , x2µ,k+1) + 6gk+1,h(f , x2µ+1,k+1)−
−4gk+1,h(f , x2µ+2,k+1) + gk+1,h(f , x2µ+3,k+1) =

=
gk,h(f , xµ−1,k) + gk,h(f , xµ,k)

2
−

−1
8
∆2

(
gk,h(f , xµ−1,k) + gk,h(f , xµ,k)

2

)
+

3
128

∆4

(
gk,h(f , xµ−1,k) + gk,h(f , xµ,k)

2

)
−

−4gk,h(f , xµ,k) + 6
gk,h(f , xµ+1,k) + gk,h(f , xµ,k)

2
−

−6
1
8
∆2

(
gk,h(f , xµ+1,k) + gk,h(f , xµ,k)

2

)
+6

3
128

∆4

(
gk,h(f , xµ+1,k) + gk,h(f , xµ,k)

2

)
−
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−4gk,h(f , xµ+1,k) + 4
gk,h(f , xµ+1,k) + gk,h(f , xµ+2,k)

2
−

−1
8
∆2

(
gk,h(f , xµ+1,k) + gk,h(f , xµ+2,k)

2

)
+

3
128

∆4

(
gk,h(f , xµ+1,k) + gk,h(f , xµ+2,k)

2

)
=

=
1
2

(gk,h(f , xµ−1,k)− gk,h(f , xµ,k)− gk,h(f , xµ+1,k) + gk,h(f , xµ+2,k))−

− 1
16

∆2 (gk,h(f , xµ−1,k) + 7gk,h(f , xµ,k) + 7gk,h(f , xµ+1,k) + gk,h(f , xµ+2,k))+

+
3

256
∆4 (gk,h(f , xµ−1,k) + 7gk,h(f , xµ,k) + 7gk,h(f , xµ+1,k) + gk,h(f , xµ+2,k)) =

=
1
16

(gk,h(f , xµ−2,k)− 3gk,h(f , xµ−1,k) + 2gk,h(f , xµ,k)+

+2gk,h(f , xµ+1,k)− 3gk,h(f , xµ+2,k) + gk,h(f , xµ+3,k))+

+
3

256
∆4 (gk,h(f , xµ−1,k) + 7gk,h(f , xµ,k) + 7gk,h(f , xµ+1,k) + gk,h(f , xµ+2,k)) =

=
1

256
∆4 (3gk,h(f , xµ−1,k) + 5gk,h(f , xµ,k) + 5gk,h(f , xµ+1,k) + 3gk,h(f , xµ+2,k)) ≤

≤ 1
16
‖∆4gk,h(f)‖C(R).

Íàêîíåö,
∆4gk+1,h(f , x2µ,k+1) =

= gk+1,h(f , x2µ−2,k+1)− 4gk+1,h(f , x2µ−1,k+1) + 6gk+1,h(f , x2µ,k+1)−
−4gk+1,h(f , x2µ+1,k+1) + gk+1,h(f , x2µ+2,k+1) =

= gk,h(f , xµ−1,k)− 4
gk,h(f , xµ−1,k) + gk,h(f , xµ,k)

2
+

+4
1
8
∆2

(
gk,h(f , xµ−1,k) + gk,h(f , xµ,k)

2

)
−4

3
128

∆4

(
gk,h(f , xµ−1,k) + 6gk,h(f , xµ,k)

2

)
+

+6gk,h(f , xµ,k)− 4
gk,h(f , xµ+1,k) + gk,h(f , xµ,k)

2
+

+4
1
8
∆2

(
gk,h(f , xµ+1,k) + gk,h(f , xµ,k)

2

)
−4

3
128

∆4

(
gk,h(f , xµ+1,k) + gk,h(f , xµ,k)

2

)
+

+gk,h(f , xµ+1,k) =

= −gk,h(f , xµ−1,k) + 2gk,h(f , xµ,k − gk,h(f , xµ+1,k)+

+
1
4
∆2 (gk,h(f , xµ−1,k) + 2gk,h(f , xµ,k) + gk,h(f , xµ+1,k))−

− 1
64

∆4 (gk,h(f , xµ−1,k) + 2gk,h(f , xµ,k) + gk,h(f , xµ+1,k)) =

=
1
4
∆2 (gk,h(f , xµ−1,k)− 2gk,h(f , xµ,k) + gk,h(f , xµ+1,k))−

− 1
64

∆4 (gk,h(f , xµ−1,k) + 2gk,h(f , xµ,k) + gk,h(f , xµ+1,k)) =

= − 1
64

∆4 (gk,h(f , xµ−1,k)− 14gk,h(f , xµ,k) + gk,h(f , xµ+1,k)) ≤

≤ 1
4
‖∆4gk,h(f)‖C(R),

÷òî è äîêàçûâàåò óòâåðæäåíèå ëåììû.
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Ëåììà 2. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè f ∈ `∞(R) è ïðîèçâîëüíûõ ôèêñèðîâàííûõ
k, µ ∈ N èìååò ìåñòî íåðàâåíñòâî

(19) ‖gk+µ(f)− gk,h(f)‖C(R) <
49
288

‖∆2gk,h(f)‖C(R).

Äîêàçàòåëüñòâî. Ïóñòü, âíà÷àëå, µ = 1. Ïî ïîñòðîåíèþ, gk+1,h(f , x) åñòü
ëîìàíàÿ ñ óçëàìè â òî÷êàõ xν,k+1, ïðèíèìàþùàÿ çíà÷åíèÿ fν,k+1 â óçëàõ, à
gk,h(f , x) åñòü ëîìàíàÿ ñ óçëàìè â òî÷êàõ xν,k ñ çíà÷åíèÿìè â óçëàõ, ðàâíûìè
fν,k. Îòñþäà è èç òîãî ôàêòà, ÷òî f2ν,k+1 = fν,k, ñðàçó ñëåäóåò ÷òî ðàçíîñòü
gk+1,h(f , x) − gk,h(f , x) åñòü ëîìàíàÿ ñ óçëàìè â òî÷êàõ xν,k+1, îáðàùàþùàÿñÿ
â íîëü â òî÷êàõ xν,k = x2ν,k+1. Òàêèì îáðàçîì äëÿ äîêàçàòåëüñòâà íåðàâåíñòâà
(19) ïðè µ = 1 äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ âñåõ ν ∈ Z

|gk+1,h(f , x2ν+1,k+1)− gk,h(f , x2ν+1,k+1)| ≤ 49
288

‖∆2gk,h(f)‖C(R).

Äåéñòâèòåëüíî,

gk+1,h(f , x2ν+1,k+1) =
gk,h(f , x2ν+2,k+1) + gk,h(f , x2ν,k+1)

2
−

−1
8
∆2

(
gk,h(f , x2ν+2,k+1) + gk,h(f , x2ν,k+1)

2

)
+

+
3

128
∆4

(
gk,h(f , x2ν+2,k+1) + gk,h(f , x2ν,k+1)

2

)
.

Ñ äðóãîé ñòîðîíû, òàê êàê äëÿ x ∈ [x2ν,k+1, x2ν+2,k+1] ôóíêöèÿ gk,h ÿâëÿåòñÿ
îòðåçêîì ïðÿìîé, òî

gk,h(f , x2ν+1,k+1) =
gk,h (f , x2ν+2,k+1) + gk,h (f , x2ν,k+1)

2
.

Òàêèì îáðàçîì,
gk+1,h(f , x2ν+1,k+1)− gk,h(f , x2ν+1,k+1) =

(20) = −1
8
∆2

(
gk,h(f , x2ν+2,k+1) + gk,h(f , x2ν,k+1)

2

)
+

+
3

128
∆4

(
gk,h(f , x2ν+2,k+1) + gk,h(f , x2ν,k+1)

2

)
.

Ñëåäîâàòåëüíî,
|gk+1,h(f , x2ν+1,k+1)− gk,h(f , x2ν+1,k+1)| ≤

≤ 1
8
‖∆2gk+1,h(f)‖C(R) +

3
128

‖∆4gk+1,h(f)‖C(R) ≤
7
32
‖∆2gk+1,h(f)‖C(R).

Îòñþäà è èç ëåììû 1 ñðàçó ïîëó÷àåì

|gk+1,h(f , x2ν+1,k+1)− gk,h(f , x2ν+1,k+1)| ≤ 49
512

‖∆2gk,h(f)‖C(R),

÷òî è äîêàçûâàåò (19) ïðè µ = 1.
Ïóñòü, òåïåðü, µ > 1, òîãäà

‖gk+µ(f)− gk,h(f)‖C(R) ≤ ‖gk+1,h(f)− gk,h(f)‖C(R)+

+‖gk+2(f)− gk+1,h(f)‖C(R) + . . . ‖gk+µ(f)− gk+µ−1(f)‖C(R) ≤

≤ 49
512

‖∆2gk,h(f)‖C(R) +
49
512

‖∆2gk+1,h(f)‖C(R) + . . . +
49
512

‖∆2gk+µ−1(f)‖C(R) ≤
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≤ 49
512

‖∆2gk,h(f)‖C(R)+
49
512

7
16
‖∆2gk,h(f)‖C(R)+. . .+

49
512

(
7
16

)µ−1

‖∆gk,h(f)‖C(R) =

=
49
512

‖∆gk,h(f)‖C(R)

(
1 +

7
16

+
(

7
16

)2

+ . . . +
(

7
16

)µ−1
)

<

<
49
512

· 16
9
‖∆gk,h(f)‖C(R) =

49
288

‖∆2gk,h(f)‖C(R).

Ëåììà äîêàçàíà.
Ïåðåõîäÿ ê ïðåäåëó ïî µ →∞ èç ëåììû 2 íåìåäëåííî ïîëó÷àåì ñëåäóþùåå

óòâåðæäåíèå.

Òåîðåìà 3. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè f ∈ `∞(R) è k ∈ N èìååò ìåñòî
íåðàâåíñòâî

‖gh(f)− gk,h(f)‖C(R) ≤
49
288

‖∆2gk,h(f)‖C(R).

Òåîðåìà 3 äîêàçûâàåò ñóùåñòâîâàíèå ôóíêöèè gh(f , x) (êàê ïðåäåëà gk,h(f , x)),
è âìåñòå ñ ëåììîé 1 ïîçâîëÿåò îöåíèòü ñêîðîñòü ðàâíîìåðíîé ñõîäèìîñòè gk,h(f)
ê gh(f).

Òåîðåìà 4. Ïóñòü p ∈ [1,∞), ÷èñëà k ∈ N è a < b. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè
f∈ `∞(R) èìåþò ìåñòî íåðàâåíñòâà

(21)
∣∣‖gh(f)‖p[a,b] − ‖gk,h(f)‖p[a,b]

∣∣ ≤ (b− a)1/p 49
288

‖∆2gk,h(f)‖C(R)

è

(22) ‖gk,h(f)‖C[a,b] ≤ ‖gh(f)‖C[a,b] ≤ ‖gk,h(f)‖C[a,b] +
49
288

‖∆2gk,h(f)‖C(R).

Ñîîòíîøåíèå (22) âåðíî è äëÿ ñëó÷àÿ, êîãäà a = −∞ è b = ∞.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, èç òåîðåìû 3 ñðàçó ñëåäóåò, ÷òî äëÿ âñåõ
x ∈ R
(23)
|gk,h(f , x)| − 49

288
‖∆2gk,h(f)‖C(R) ≤ |gh(f , x)| ≤ |gk,h(f , x)|+ 49

288
‖∆2gk,h(f)‖C(R).

Îòñþäà è èç î÷åâèäíûõ íåðàâåíñòâ (ñëåäñòâèÿ íåðàâåíñòâà òðåóãîëüíèêà) âåðíûõ
äëÿ ëþáûõ p ∈ [1,∞) è g, c ∈ Lp[0,1]

‖gh‖p[0,1] − ‖c‖p[0,1] ≤ ‖g − c‖p[0,1]

è
‖g − c‖p[0,1] ≤ ‖gh‖p[0,1] + ‖c‖p[0,1],

ñðàçó ïîëó÷àåì äëÿ p ∈ [1,∞) ñëåäóþùèå íåðàâåíñòâà

‖gk,h(f)‖p [a,b] − (b− a)1/p 49
288

‖∆2gk,h(f)‖C(R) ≤ ‖gh(f)‖p [a,b] ≤

≤ ‖gk,h(f)‖p [a,b] + (b− a)1/p 49
288

‖∆2gk,h(f)‖C(R),

÷òî è äîêàçûâàåò ñîîòíîøåíèå (21).
Îöåíêà ñâåðõó â (22) ïîëó÷àåòñÿ àíàëîãè÷íî. Îöåíêà ñíèçó â (22) âûòåêàåò

èç òîãî ôàêòà, ÷òî íîðìà èíòåðïîëÿöèîííîé ëîìàíîé gk,h(f , x) íå ïðåâûøàåò
íîðìû èíòåðïîëèðóåìîé ôóíêöèè gh(f , x).
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Ïóñòü f ∈ C(R) è ‖gh‖C(R)→C(R)− íîðìà îïåðàòîðà gh, òî åñòü
‖gh‖C(R)→C(R) = sup

‖f‖
C(R)

≤1

‖gh(f)‖C(R).

Ïîëîæèì
N(x) =

∑

i∈Z
|G (x− i)|

è äëÿ k ∈ N
Nk(x) =

∑

i∈Z
|Gk (x− i)| .

Çàìåòèì, ÷òî òàê êàê N(x) íåïðåðûâíàÿ 1-ïåðèîäè÷åñêàÿ ôóíêöèÿ, òî
‖N‖C(R) = ‖N‖C[0,1].

Òåîðåìà 5. Ñïðàâåäëèâî ðàâåíñòâî
(24) ‖gh‖C(R)→C(R) = ‖N‖C[0,1].

Êðîìå òîãî, äëÿ ëþáîãî k ∈ N
(25) ‖Nk‖C[0,1] ≤ ‖gh‖C(R)→C(R) ≤ ‖N‖C[0,1] +

245
288

‖∆2Nk‖C[0,1].

Äîêàçàòåëüñòâî.Ïóñòü f ïðîèçâîëüíàÿ ôóíêöèÿ èç C(R), òàêàÿ, ÷òî ‖f‖C(R) ≤
1, òîãäà èç (10) âûòåêàåò

‖f‖C(R) ≤
∥∥∥∥∥∥
∑

i∈Z
fiG

(
(·)
h
− i

)∥∥∥∥∥∥
C(R)

= sup
x∈R

∣∣∣∣∣∣
∑

i∈Z
fiG

(x

h
− i

)
∣∣∣∣∣∣
≤

≤ sup
x∈R

∑

i∈Z

∣∣∣fiG
(x

h
− i

)∣∣∣ = sup
x∈R

∑

i∈Z
|fiG (x− i)| ≤ sup

x∈R

∑

i∈Z
|G (x− i)| = sup

x∈R
N(x).

Òàê êàê N(x) íåïðåðûâíàÿ 1-ïåðèîäè÷åñêàÿ ôóíêöèÿ, òî ñóùåñòâóåò òî÷êà x0

òàêàÿ, ÷òî
N(x0) = max

x∈R
N(x).

×åðåç f0(x) îáîçíà÷èì íåïðåðûâíóþ ôóíêöèþ, ïðèíèìàþùóþ çíà÷åíèÿ

sgnG
(x0

h
− i

)

â òî÷êàõ x0
h − i è ëþáûå çíà÷åíèÿ f0(x) (|f0(x)| < 1) â îñòàëüíûõ òî÷êàõ èç R.

Òîãäà
‖gh‖C(R)→C(R) = sup

x∈R

∑

i∈Z
|G (x− i)| .

Ðàâåíñòâî (24) äîêàçàíî. Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû çàìåòèì,
÷òî èç (23) è (12) ñðàçó ñëåäóåò ñîîòíîøåíèå

‖Nk‖C[0,1] ≤ ‖N‖C[0,1] ≤ ‖Nk‖C[0,1] +
245
288

‖∆2Nk‖C[0,1].

4. Î ïîãðåøíîñòè ïðèáëèæåíèÿ. Ïîëîæèì äëÿ x ∈ [0, 1]

K(x) = x6 −
5∑

i=−4

i6G (x− i)
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è

Kk(x) = x6 −
5∑

i=−4

i6Gk (x− i) .

Òåîðåìà 6. Ïóñòü ôóíêöèÿ f òàêîâà, ÷òî f (ν) ∈ C(R), ν = 0, 1, . . . , 6, òîãäà
äëÿ x ∈ [ih, (i + 1)h] ðàâíîìåðíî ïî i ∈ Z âûïîëíÿåòñÿ ñîîòíîøåíèå

(26) f(x)− gh(x) =
h6

6!
f

(6)
i K

(x

h
− i

)
+ O(h7),

êðîìå òîãî,

‖Kk‖C(R)−
245
288

‖∆2Kk‖C(R) ≤
1
h6

sup
f∈W 6

C(R)

‖f−gh‖C(R) ≤ ‖Kk‖C(R)+
245
288

‖∆2Kk‖C(R)

è

‖Kk‖p[0,1]−
245
288

‖∆2Kk‖C(R) ≤
1
h6

sup
f∈W 6

C[0,1]

‖f−gh‖p[0,1] ≤ ‖Kk‖p[0,1]+
245
288

‖∆2Kk‖C(R).

Äîêàçàòåëüñòâî.Èñïîëüçóÿ ðàçëîæåíèÿ ïî ôîðìóëå Òåéëîðà â îêðåñòíîñòè
òî÷êè ih ðàâåíñòâî (12) ïåðåïèøåòñÿ â âèäå

gh(f, x) =
i+5∑

ν=i−4

6∑
µ=0

((ν − i)h)µ

µ!
f (µ)

ν G
(x

h
− ν

)
+ O(h7).

Îòñþäà ñðàçó ïîëó÷àåì

f(x)− gh(f, x) =
i+5∑

ν=i−4

6∑
µ=0

hµ

µ!
f (µ)

ν

(
x(ν) − (ν − i)µG

(x

h
− ν

))
+ O(h7).

Îòñþäà è èç ëåììû ñðàçó ïîëó÷àåì (26).
Èç (22) ñëåäóåò

‖Kk‖C(R) ≤ ‖K‖C(R)→C(R) ≤ ‖Kk‖C(R) +
245
288

‖∆2Kk‖C(R)

è

‖Kk‖p[0,1] −
245
288

‖∆2Kk‖C(R) ≤ ‖K‖p[0,1] ≤ ‖Kk‖p[0,1] +
245
288

‖∆2Kk‖C(R).

Îòñþäà è èç (26) ñðàçó ïîëó÷àåì óòâåðæäåíèå òåîðåìû.
5. Âîññòàíîâëåíèå ïåðèîäè÷åñêèõ ôóíêöèéÏóñòü, òåïåðü n ∈ Nôèêñèðîâàíî

è fi 2n-ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü, òî åñòü
fi+2n = fi (i ∈ Z).

×åðåç G̃n(x) îáîçíà÷èì 2π-ïåðèîäè÷åñêîå ïðîäîëæåíèå ôóíêöèè G (x/h) è G̃n,k(x) �
2π-ïåðèîäè÷åñêîå ïðîäîëæåíèå ôóíêöèè Gk (x/h).

ßñíî, ÷òî äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè fi ∈ C(T) èìååò ìåñòî ïðåäñòàâëåíèå

gh(f, x) =
2n∑

i=1

fiG̃n

(x

h
− i

)

è

gk,h(f, x) =
2n∑

i=1

fiG̃n,k

(x

h
− i

)
.
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Äëÿ êàæäîãî x ∈ [ih, (i+1)h] i = 0, . . . , 2n â ýòèõ ïðåäñòàâëåíèÿõ ïðèñóòñòâóþò
òîëüêî øåñòü ñëàãàåìûõ, òî åñòü

gh(f, x) =
i+5∑

ν=i−4

fiG̃n

(x

h
− ν

)

è

gk,h(f, x) =
i+5∑

ν=i−4

fiG̃n,k

(x

h
− ν

)
.

Äîñëîâíî ïîâòîðÿÿ ïðåäûäóùèå ðàññóæäåíèÿ óáåæäàåìñÿ â òîì, ÷òî
‖gh‖C(T)→C(T) = ‖N‖C[0,1].

è äëÿ x ∈ [ih, (i + 1)h] ïîãðåøíîñòü èìååò âèä (26).
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