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Preface

This text is an introduction to the theory of fuzzy sets. Fuzzy sets are
mathematical objects modeling the vagueness present in our natural lan-
guage when we describe phenomena that do not have sharply defined
boundaries. By using the concept of partial degrees of membership to give
a mathematical definition of fuzzy sets, the number of objects encoun-
tered in human reasoning that can be subjected to scientific investigation
is increased.

Fuzzy concepts need to be modeled mathematically for the purpose
of automation such as in expert systems, computer vision, control engi-
neering, and pattern recognition. Fuzzy set theory provides a machinery
for carrying out approximate reasoning processes when available informa-
tion is uncertain, incomplete, imprecise, or vague. With the emergence
of new tools in the area of computational intelligence, such as nonstan-
dard logics, neural networks, and symbolic reasoning, this new theory is
a welcome addition to the repertoire of appropriate tools. This is espe-
cially true when observations are expressed in linguistic terms such as
in implementing human control strategies in robotics. The success of
this methodology has been demonstrated in a variety of fields, such as
control of complex systems, where mathematical models are difficult to
specify; in expert systems, where rules expressing knowledge and facts
are linguistic in nature; and even in some areas of statistics, exemplified
by categorical data analysis, where classes of objects are more fuzzy than
crisp, and where the variability across objects needs to be modeled.

The material in this book has been chosen to provide basic background
for various areas of applications. The material in Chapters 1, 2, 3, 5, 6,
7, 8, and 13 is pertinent in engineering fuzzy logic, by which we mean the
use of simple components of fuzzy theory, such as membership functions
and fuzzy connectives, in the modeling of engineering knowledge, and in
the design of fuzzy control rules. Chapter 4 deals with that part of fuzzy
logic that actually lies within the field of logic. Several propositional
logics are discussed, including fuzzy propositional logic. This material
should provide the reader with a clear way to think about this aspect of
fuzzy theory, and should be of interest in theoretical computer science
and artificial intelligence. The material in Chapters 9, 10, 11, and 12
is pertinent in decision making, in particular in fields such as expert
systems and computer vision where the uncertainty involved can take on
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various facets, such as probability, possibility, belief functions, and more
generally, fuzzy measures.

The material is drawn from many sources, including the novel series
of papers of Lotfi A. Zadeh, who is the founder of the theory of fuzzy
sets. For further reading, there is a bibliography. The text is designed
for a one-semester course at the advanced undergraduate or beginning
graduate level. The minimum prerequisite is some calculus, some set
theory and Boolean logic, and some probability and statistics. However,
we start from the ground up and background material will be reviewed
at the appropriate places. The course is designed for students from fields
such as artificial intelligence, computer science, engineering, cognitive
science, mathematics, and probability and statistics, who seek a strong
background for further study.

The exercises at the end of each chapter will deepen the students’
understanding of the concepts and test their ability to make the necessary
calculations. Exercises with an asterisk convey some advanced aspects of
the topics treated. After completing the course, the students should be
able to read more specialized and advanced books on the subject as well
as articles in technical and professional journals.

This third edition is a fairly extensive revision and expansion of the
second. Many exercises have been added. Some of the material in the
first four chapters has been slightly recast. A major addition is made
to Chapter 5, a section on type-2 fuzzy sets. This topic has received a
lot of attention in the last few years, and we present its mathematical
fundamentals. In Chapter 6, some material is added to the section on
copulas and t-norms. Chapter 7 is expanded by adding some material on
generalized modus ponens and the compositional rule of inference. Chap-
ter 9 on possibility theory has been completely rewritten and expanded.
So has Chapter 10 on partial knowledge. Chapter 12 on fuzzy integrals
has been revised and expanded.

We would like to express our thanks to Professor Lotfi A. Zadeh for
his constant support of our research. We are also grateful to Profes-
sor Carol Walker of the Department of Mathematical Sciences at New
Mexico State University who has read the manuscript many times and
coauthored much of the research of the second author. We thank again
all those who used the first two editions and gave us comments that led to
substantial improvements. We especially thank Bob Stern, our editor, for
his encouragement and help in preparing this third edition. And finally,
we thank David Walker for a careful proofreading of the manuscript.

Hung T. Nguyen and Elbert A. Walker
Las Cruces, New Mexico, Spring 2005



Contents

1 The Concept of Fuzziness
1.1 Examples . . ... ... ..o
1.2 Mathematical modeling . . . ... ... ... ......
1.3 Some operations on fuzzy sets . . . . . ... ...
1.4 Fuzziness as uncertainty . . . . . . . ... ... ... ...
1.5 Exercises . . . .. ... ...

2 Some Algebra of Fuzzy Sets
2.1 Boolean algebras and lattices . . . . .. ... .. ... ..
2.2 Equivalence relations and partitions . . ... ... .. ..
2.3 Composing mappings . . . . . . .« . . .o
2.4 Isomorphisms and homomorphisms . . . . . ... ... ..
25 Alpha-cuts. . . . . . ..
2.6 Images of alpha-level sets . . . . . ... ... .......
2.7 Exercises . . . . ...

3 Fuzzy Quantities
3.1 Fuzzy quantities . . ... ... ... ...
3.2 Fuzzy numbers . . . .. .. ... oL
3.3 Fuzzyintervals . . .. ... ... ... ... L.
3.4 Exercises . . .. ... e

4 Logical Aspects of Fuzzy Sets
4.1 Classical two-valued logic . . . .. ... ... ... ....
4.2 A three-valued logic . . . ... ... ... ... ......
4.3 Fuzzylogic . . . . . . .. ..o
4.4 Fuzzy and Lukasiewicz logics . . . . ... ... ... ...
4.5 Interval-valued fuzzy logic . . . . . ... ... ... ....
4.6 Canonical forms . . ... ... ... ... ...
4.7 Notes on probabilistic logic . . . ... ... ... ... ..
4.8 Exercises . . . . .. ..o

vii

[ e e

17
17
23
27
29
32
34
36

45
45
52
55
96



viii CONTENTS
5 Basic Connectives 81
5.1 t-morms . ... ... 81
5.2 Generators of t-norms . . . .. ... .. ... ... ..., 85
5.3 Isomorphisms of t-norms . . . . . . . ... ... ... ... 93
5.4 Negations . . . .. .. ... .. L oo L 98
5.5 Nilpotent t-norms and negations . . . ... ... ... .. 102
5.6 t-conorms . . . . . ... 106
5.7 De Morgan systems . . . . . ... ... ... 109
5.7.1 Strict De Morgan systems . . . . . .. ... .... 109
5.7.2 Nilpotent De Morgan systems . . . . . . ... ... 113
5.7.3 Nonuniqueness of negations in strict
De Morgan systems . . . . . ... ... ...... 116
5.8 Groups and t-norms . . . . ... .. ... ... 118
5.8.1 The normalizer of R*™ . . . . . .. .. ... .... 119
5.8.2 Families of strict t-norms . . . ... ... ..... 122
5.8.3 Families of nilpotent t-norms . . . . .. ... ... 126
5.9 Interval-valued fuzzy sets . . ... ... ... ... .... 127
5.9.1 t-norms on interval-valued fuzzy sets . . . . . . .. 128
5.9.2 Negations and t-conorms . . . .. ... ...... 130
5.10 Type-2 fuzzy sets . . . . . . . . ... ... .. 134
5.10.1 Pointwise operations and convolutions . . . . . . . 134
5.10.2 Type-2 fuzzy sets . . . . . . . . . .. .. ... ... 135
5.10.3 The algebra (Map(J,I),U,M,*,0,1) . . ... ... 136
5.10.4 Two order relations . . . . ... ... ... .... 143
5.10.5 Subalgebras of type-2 fuzzy sets . . .. ... ... 145
5.10.6 Convolutions using product . . . . ... ... ... 153
5.10.7 T-norms for type-2 fuzzy sets . . . . . . ... ... 157
5.10.8 Comments . . . . . . . . . . . ... 163
5.11 Exercises . . . . . .. .. e 163
6 Additional Topics on Connectives 171
6.1 Fuzzy implications . . . . ... .. .. ... ... 171
6.2 Averaging operators . . . . .. ... ... ... .. ..., 177
6.2.1 Averaging operators and negations . . . . . . . .. 180
6.2.2 Averaging operators and nilpotent t-norms . . . . 184
6.2.3 De Morgan systems with averaging operators . . . 187
6.3 Powersof t-morms . . ... .. ... ............ 190
6.4 Sensitivity of connectives . . . . ... ... .. ... ... 194
6.5 Copulasand t-norms . . . . . ... ... ... ....... 197
6.6 Exercises . . . . . . ... 200



CONTENTS

7 Fuzzy Relations

7.1
7.2
7.3
7.4
7.5
7.6
7.7

7.8
7.9
7.10

Definitions and examples . . . . . . . ... ... ... ..
Binary fuzzy relations . . . ... ... ..
Operations on fuzzy relations . . . . ... ... ... ...
Fuzzy partitions . . . . ... .. oo
Fuzzy relations as Chu spaces . . . . ... ... ... ...
Approximate reasoning . . . . . ... ... ... ...
Approximate reasoning in expert systems . . .. ... ..
7.7.1 Fuzzy syllogisms . . . . ... ... ... . .....
7.7.2 Truth qualification . . . . ... ... ... ... ..
7.7.3 Probability qualification . . . . .. ... ... ...
7.7.4 Possibility qualification . . ... ... ... ...
A simple form of generalized modus ponens . . . . .. ..
The compositional rule of inference . . . . . . ... .. ..
Exercises . . . . .. .o o

8 Universal Approximation

8.1
8.2
8.3
8.4
8.5

Fuzzy rule bases . . . . .. ... ... .. ...
Design methodologies . . . . . ... ... ... ......
Some mathematical background . . . . . . ... ... ...
Approximation capability . . . ... ... ... ... ...
Exercises . . . . ...

9 Possibility Theory

9.1 Probability and uncertainty . . . ... ... ... ... ..
9.2 Randomsets . . ... ... ... ... ... ... .. ...
9.3 Possibility measures . . . ... ..o L
9.3.1 Measures of noncompactness . . . ... ... ...
9.3.2 Fractal dimensions . . . . .. ... ... ...
9.3.3 Information measures . . ... .. .........
9.4 EXErcises . . . . ...
10 Partial Knowledge
10.1 Motivation . . . . . . . . .. .. ...
10.2 Belief functions and incidence algebras . . . . . . . .. ..
10.3 Monotonicity . . . . . ... .. oo
10.4 Beliefs, densities, and allocations . . . . .. ... .. ...
10.5 Belief functions on infinite sets . . . . . . . ... .. ...
10.5.1 Inner measures and belief functions . . . . . . . ..
10.5.2 Possibility measures and belief functions . . . . . .
10.6 Note on Mobius transforms
of set-functions . . . . .. .. .. ... ... ...
10.7 Reasoning with belief functions . . . . . .. ... ... ..

ix

207
207
208
212
214
215
217
220
226
226
226
227
227
229
230

235
235
238
240
242
247

251
251
254
256
261
262
263
267



X CONTENTS

10.8 Decision making using belief functions . . . . . .. .. .. 295
10.8.1 A minimax viewpoint . . . .. .. ... ... ... 296

10.8.2 An expected-value approach . . . . . .. ... ... 297

10.8.3 Maximum entropy principle . . . . . . .. ... .. 298

10.9 Roughsets . . .. ... ... .. ... .. ... ... 302
10.9.1 Anexample . . . . . . . .. ... L. 305

10.9.2 The structureof R . . . . . . ... ... ... ... 307

10.10 Conditional events . . . . . . . . .. .. ... 309
10.11 Exercises . . . . . . ..o o 311

11 Fuzzy Measures 319
11.1 Motivation and definitions . . . . . . .. .. ... ... .. 319
11.2 Fuzzy measures and lower probabilities . . . . . . . . . .. 321
11.3 Fuzzy measures in other areas . . . . . . ... .. .. ... 326
11.3.1 Capacities . . . . . . . ... L 326

11.3.2 Measures and dimensions . . . . . . ... .. ... 328

11.3.3 Game theory . ... ... .. ... ... ... ... 330

11.4 Conditional fuzzy measures . . . . . ... ... ... ... 331
11.5 Exercises . . . .. . .. . 336
12 The Choquet Integral 341
12.1 The Lebesgue integral . . . . ... ... ... .. ..... 341
12.2 The Sugeno integral . . . . . . ... ... ... ... 343
12.3 The Choquet integral . . . . . . . .. .. ... ... .... 348
12.3.1 Motivation . . ... .. ... .. ... .. ... 348

12.3.2 Foundations . . . . . . .. .. ... ... ... .. 352

12.3.3 Radon-Nikodym derivatives . . . . . .. ... ... 359

12.3.4 Multicriteria decisions with Choquet integrals . . . 363

12.4 Exercises . . . . . .. ..o 365
13 Fuzzy Modeling and Control 371
13.1 Motivation for fuzzy control . . . . . . .. ... ... ... 371
13.2 The methodology of fuzzy control . . . . . . .. ... ... 374
13.3 Optimal fuzzy control . . . .. ... ... ... ... ... 381
13.4 An analysis of fuzzy control techniques . . . . . . . .. .. 382
13.5 Exercises . . . . . . .. 385
Bibliography 387
Answers to Selected Exercises 401

Index 425



Chapter 1

THE CONCEPT OF
FUZZINESS

In this opening chapter, we will discuss the intrinsic notion of fuzziness in
natural language. Following Lotfi Zadeh, fuzzy concepts will be modeled
as fuzzy sets, which are generalizations of ordinary (crisp) sets.

1.1 Examples

In using our everyday natural language to impart knowledge and infor-
mation, there is a great deal of imprecision and vagueness, or fuzziness.
Such statements as “John is tall” and “Fred is young” are simple ex-
amples. Our main concern is representing, manipulating, and drawing
inferences from such imprecise statements.

We begin with some examples.

Example 1.1.1 The description of a human characteristic such as healthy;
Example 1.1.2 The classification of patients as depressed;

Example 1.1.3 The classification of certain objects as large;

Example 1.1.4 The classification of people by age such as old;

Example 1.1.5 A rule for driving such as “if an obstacle is close, then
brake immediately”.

In the examples above, terms such as depressed and old are fuzzy
in the sense that they cannot be sharply defined. However, as humans,
we do make sense out of this kind of information, and use it in decision
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making. These “fuzzy notions” are in sharp contrast to such terms as
married, over 39 years old, or under 6 feet tall. In ordinary mathematics,
we are used to dealing with collections of objects, say certain subsets of
a given set such as the subset of even integers in the set of all integers.
But when we speak of the subset of depressed people in a given set of
people, it may be impossible to decide whether a person is in that subset
or not. Forcing a yes-or-no answer is possible and is usually done, but
there may be information lost in doing so because no account is taken of
the degree of depression. Although this situation has existed from time
immemorial, the dominant context in which science is applied is that in
which statements are precise (say either true or false)—mno imprecision is
present. But in this time of rapidly advancing technology, the dream of
producing machines that mimic human reasoning, which is usually based
on uncertain and imprecise information, has captured the attention of
many scientists. The theory and application of fuzzy concepts are central
in this endeavor but remain to a large extent in the domain of engineering
and applied sciences.

With the success of automatic control and of expert systems, we are
now witnessing an endorsement of fuzzy concepts in technology. The
mathematical elements that form the basis of fuzzy concepts have ex-
isted for a long time, but the emergence of applications has provided a
motivation for a new focus for the underlying mathematics. Until the
emergence of fuzzy set theory as an important tool in practical appli-
cations, there was no compelling reason to study its mathematics. But
because of the practical significance of these developments, it has become
important to study the mathematical basis of this theory.

1.2 Mathematical modeling

The primitive notion of fuzziness as illustrated in the examples above
needs to be represented in a mathematical way. This is a necessary step
in getting to the heart of the notion, in manipulating fuzzy statements,
and in applying them. This is a familiar situation in science. A good
example is that of “chance”. The outcome produced by many physical
systems may be “random”, and to deal with such phenomena, the theory
of probability came into being and has been highly developed and widely
used.

The mathematical modeling of fuzzy concepts was presented by Zadeh
in 1965, and we will now describe his approach. His contention is that
meaning in natural language is a matter of degree. If we have a proposi-
tion such as “John is young”, then it is not always possible to assert
that it is either true or false. When we know that John’s age is =,
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then the “truth”, or more correctly, the “compatibility” of x with “is
young”, is a matter of degree. It depends on our understanding of the
concept “young”. If the proposition is “John is under 22 years old” and
we know John’s age, then we can give a yes-or-no answer to whether
or not the proposition is true. This can be formalized a bit by con-
sidering possible ages to be the interval [0,00), letting A be the subset
{z : 2z €]0,00) : * < 22}, and then determining whether or not John’s
age is in A. But “young” cannot be defined as an ordinary subset of
[0,00). Zadeh was led to the notion of a fuzzy subset. Clearly, 18- and
20-year-olds are young, but with different degrees: 18 is younger than 20.
This suggests that membership in a fuzzy subset should not be on a 0
or 1 basis, but rather on a 0 to 1 scale, that is, the membership should
be an element of the interval [0, 1]. This is handled as follows. An ordi-
nary subset A of a set U is determined by its indicator function, or
characteristic function y 4 defined by

[ litxeA
Xal®) =\ 0ifg ¢ A

The indicator function of a subset A of a set U specifies whether or not an
element is in A. It either is or is not. There are only two possible values
the indicator function can take. This notion is generalized by allowing
images of elements to be in the interval [0, 1] rather than being restricted
to the two-element set {0, 1}.

Definition 1.2.1 A fuzzy subset of a set U is a function U — [0, 1].

Those functions whose images are contained in the two-element set
{0,1} correspond to ordinary, or crisp subsets of U, so ordinary subsets
are special cases of fuzzy subsets. It is common to refer to a fuzzy subset
simply as a fuzzy set, and we will do that.

It is customary in the fuzzy literature to have two notations for fuzzy
sets, the letter A, say, and the notation p 4. The first is called a “linguistic
label”. For example, one might say “Let A be the set of young people.”
A specific function U — [0, 1] representing this notion would be denoted
t4. The notation A stands for the concept of “young”, and p4 spells
out the degree of youngness that has been assigned to each member of
U. We choose to make A stand for the actual fuzzy set, which is always
a function from a set U into [0, 1], and thus we have no need for the
notation p,. Fuzzy sets of course serve as models of concepts such as
“young”, but we have found no real need for special “linguistic labels” for
these concepts. Such labels would not represent mathematical objects,
so could not be manipulated as such. In any case, we will not use any
special symbols for “linguistic labels”, and by a fuzzy set we always mean
a function from some set U into [0, 1].
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For a fuzzy set A: U — [0, 1], the function A is called the member-
ship function, and the value A(u) is called the degree of membership
of u in the fuzzy set A. It is not meant to convey the likelihood or proba-
bility that u has some particular attribute such as “young”.

Of course, for a fuzzy concept, different functions A can be considered.
The choice of the function A is subjective and context dependent and
can be a delicate one. But the flexibility in the choice of A is useful in
applications, as in the case of fuzzy control, treated in Chapter 13.

Here are two examples of how one might model the fuzzy concept
“young”. Let the set of all possible ages of people be the positive real
numbers. One such model, decided upon by a teenager might be

1 if <25
Y(z)=¢ 4z if 25<x<40
0 if 40<x
”
0.8
0.6
0.4
0.2
0 2 40 60 80 100

A membership function for “young”

An older person might model it differently, say with the function

1 if <40
2 8052 if 40 <z <60
€Tr) =
) N2 if 60 <a <70

0 if M0<e
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0.87

0.6

047

0.2

0 20 40 60 80 100

Another membership function for “young”

There are various ways to get reasonable membership functions. Here
is an illustration of one way. Suppose we want to model the notion of
“high income” with a fuzzy set. Again, let the set U be the positive real
numbers, representing the totality of possible incomes. We survey a large
number of people and find out that no one thought that an income under
$20, 000 was high, but that the proportion p of people who thought that
an income x between $20,000 and $75,000 was high was approximately

x — 20
55
Of course, everyone thought that an income over $75, 000 was high. Meas-

uring in thousands of dollars, one reasonable model of the fuzzy set “high
income” would be

p:

0 if 2<20
H(z) = 2 if 20<z <75
1 if Th<ux

0.8

0.67

0.47

0.2

f T T T 1
20 40 60 80 100

A membership function for “high income”
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This last example bears a few comments. To get a reasonable model
for the fuzzy set, a survey was made and some probabilities determined.
The value H(50) = 30/55 does not mean that the probability of an income
of $50,000 is high. It is true that of the people surveyed, the proportion
of them who would classify such an income as high was 30/55. We have
simply taken that proportion to represent the degree to which such an in-
come is considered high. It is not the probability of having a high income.
There is no such probability around in this discussion. If an income is
$50, 000, then the probability that a random person from those surveyed
would classify that income as high is 30/55. But probabilities should
not be confused with degrees of membership in a fuzzy set. Membership
functions are not probability distributions.

We have modeled these membership functions with some very simple
functions—piecewise linear ones. This is common practice.

1.3 Some operations on fuzzy sets

As we have noted, a subset A of a set U can be represented by a function
X4 : U — {0,1}, and a fuzzy subset of U has been defined to be a function
A :U — [0,1]. On the set P(U) of all subsets of U there are the familiar
operations of union, intersection, and complement. These are given by
the rules

AUB = {z:xz€AorzxeB}
ANB = {z:z€ A and z € B}
A = {zeU:z¢ A}

Writing these in terms of indicator functions, we get

Xaup(@) = max{xa(z),xp(®)}=xa(®)V xp()
Xang(z) = min{x4(z),x5(@)} = xa(z) A xp(z)
xXa(r) = 1-xa(z)

A natural way to extend these operations to the fuzzy subsets of U is by
the membership functions

(AvB)(x) = max{A(x),B(x)} = A(x) vV B(z)
(AAB)(x) min {A(z), B(z)} = A(z) A B(x)
Al(z) = 1-A(x)

There are many other generalizations of these operations, and some
will be presented in Chapter 5. One remark about notation: we will use
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V for max and for sup. Some authors denote the fuzzy set AV B by
A U B. This function is the smallest that is greater or equal to both
A and B, that is, is the sup, or supremum, of the two functions. This
notation conforms to lattice theoretic notation, which we will have many
occasions to use later. Similar remarks apply to using A for min and for
inf (short for “infimum”).

Here are a couple of examples illustrating these operations between
fuzzy sets. Consider the two fuzzy sets A and B of the nonnegative real
numbers given by the formulas

1 if <20

Alz) =14 5% if 20<z <40 (1.1)
0 if 40<uz
and
1 if <25
B(z) = -1 1.2
(=) (1+(=2)") it <2 (12)

Here are the plots of these two membership functions.

0.8
0.6
0.47

0.2

T T T T T
20 40 60 80 100

The membership function A

0.8
0.67
0.47

0.2

T T T T d
20 40 60 80 100

The membership function B
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The plots for AV B, AA B, and A’ are the following. We leave as
exercises the writing out of formulas for these membership functions.

0.87
0.67
0.47

0.27

‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100

The membership function AV B

0.8
0.6
0.47

0.2

T T T T 1
0 20 40 60 80 100

The membership function A A B

0.8

0.67

0.47

0.2

‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100

The membership function A’

Here are two more membership functions for fuzzy subsets of the non-
negative real numbers, their plots, union, intersection, and complements.
Again, writing down the formulas for these membership functions is left
as an exercise.
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0 if 0<xz<1
z—1 if 1<z<?2
C(z) = 1 if 2<z<3
4—x if 3<zx<4
0 if 4<z

v =3 if 0<x<3
1 if 3<x<5bH
1-25 if 5<x<7
0 if 7T<ux

0.87
0.67
0.4

0.27

f T T T T T
1 2 3 4 5 6

The membership function C

0.8
0.6
047

0.2

T T T T T T
1 2 3 4 5 6

The membership function D
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T T T T
2 4 6 8

The membership function C VvV D

f T T T T T T 1
1 2 3 4 5 6 7 8

The membership function C' A D

0.87

0.67

0.47

0.2

The membership function C’
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0.8
0.67
0.4

0.2

The membership function D’

1.4 Fuzziness as uncertainty

There are many kinds of uncertainty arising in real-world problems and
a variety of techniques are needed for modeling them. What are some
of these techniques, and when does fuzzy set theory provide appropriate
models?

Fuzzy sets deal with the type of uncertainty that arises when the
boundaries of a class of objects are not sharply defined. We have seen
several examples of such vagueness already: “young” and “high income”,
for instance. Membership in such classes is a matter of degree rather
than certainty one way or another, and it is specified mathematically by
fuzzy sets.

Ambiguity is another kind of uncertainty. This may come about in
various ways. For example, if some parameter in a control system is only
known to lie within a given interval, then there is uncertainty about any
nominal value chosen from that interval for that parameter.

Another example is that of randomness, as exemplified by the uncer-
tainty of the outcome of some experiment such as rolling a pair of dice,
or of the observations made of some physical system. Randomness is typ-
ically modeled using probability theory. That is, outcomes are assumed
to be observations of random variables and these random variables have
distribution laws. These laws may not be known, of course, but each
random variable has a unique one. This is in contrast to the fact that
many different membership functions can be assigned to the same fuzzy
concept. Again, probability and degrees of membership are distinct things.

As in the case of uncertainty modeled by probability theory, prob-
ability logic as discussed in Chapter 4 is used as a vehicle for making
inferences from data. Probability logic is used in situations where events
of interest are either true or false, but the information available is incom-
plete and prevents such a determination. Propositions will correspond to
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events, and the probability of an event is used as a measure of the truth
of its corresponding proposition.

In confidence interval estimation in statistics, the situation is this. A
model parameter, for example, the mean p of a random variable X is
unknown. For each subset A of the range U of X, either u € A or u ¢ A,
but it is not known which. One would like to construct a small subset
A such that p is very likely to be in A. Since p is fixed, a probabilistic
statement to this effect is meaningful only when the set A is random.
Thus the probability that u € A is the probability « that the random set
contains u. After constructing A from data, it is a nonrandom set, and
we interpret the probability a as our degree of confidence that u is in A.

Now consider a similar situation. Let U denote a set of all possible
answers to a specific question, only one of which, say ug, is correct. Which
of the answers is the correct one is unknown. For each crisp subset A
of U, we would like to ask an expert, or use evidence of some kind, to
assign a value Q(A) € [0, 1] that represents our degree of belief that A
contains ug. This type of assignment is a mathematical modeling of fuzzy
concepts by fuzzy sets. Here the fuzzy sets are fuzzy subsets of the set of
all subsets of U.

In complicated real-world cases, several types of uncertainty can co-
exist. For example, to each population of humans, chosen at random, one
might be interested in its “morality”, its “political spirit”; to each town
chosen at random, one might be interested in its “shape”, its “beauty”,
and so on. These are examples of fuzzy concepts that can be formu-
lated rigorously as random fuzzy sets. Each type of uncertainty has its
mathematical representation or model, and associated calculus. Different
mathematical theories are like tools in a toolbox. One may be more ad-
vantageous to use than another in a given situation. Sometimes several
may apply, and one may even want to use several in conjunction. The
practitioner has to be creative and use understanding in order to choose
the right combination of mathematical theories to apply. We turn now
to some typical useful aspects of fuzzy sets.

The modeling of fuzzy concepts by fuzzy sets leads to the possibility
of giving mathematical meaning to natural language statements. For ex-
ample, when modeling the concept “young” as a fuzzy subset of [0, c0)
with a membership function A : [0, 00) — [0, 1], we described the meaning
of “young” in a mathematical way. It is a function, and can be manip-
ulated mathematically and combined with other functions, for example.
The fuzzy concept has been put into a useful form.

Even in areas where statistical techniques are dominant, such as in
multivariate categorical data analysis, fuzzy sets are not only useful in
various cases, but may be more efficient. They have the capacity, for
example, to model variability across objects. We illustrate: if the cat-
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egories are like “gender” or “marital status”, there is no fuzzy concept
involved. But if the categories are “depressed”, “mentally unbalanced”,
and “stable”, then instead of using an ordinary partition of a set of people
into these categories, a fuzzy partition might be more realistic. This is
a typical case where fuzziness is involved and the ordinary mathematical
concept of partition needs to be generalized to its fuzzy counterpart. (See
Section 7.4.) For example, fuzzy partitions are essential in the design of
fuzzy controllers, which is the topic of Chapter 13.

There is a more formal relation between randomness and fuzziness.
Let A: U — [0,1] be a fuzzy set. For o € [0,1], let A, = {u € U :
A(u) > a}. The set A, is called the a-cut of A. Now let us view « as a
random variable uniformly distributed on [0, 1]. That is, let (2, A, P) be
a probability space and « : 2 — R a random variable with

Oifa <0
Plw:aw)<a}=4¢ aif0<a<1
lifa>1

Then A, (. is a random set. (Random sets will appear in Chapters 9,
10, and 11.) The covering function, or one-point covering function,
of the random set A,y is defined to be

m:U —[0,1]:u— P{lw:u € Ay}

which is P{w : a(w) < A(u)} = A(u). That is, m(u) = A(u). This means
that a fuzzy set can be written as the covering function of a random set. A
random set is characterized by its distribution. But specifying a covering
function of a random set is not sufficient to determine its distribution,
much the same as the fact that moments of a random variable do not
in general specify its distribution. In any case, a possible interpretation
of the formal connection between fuzzy sets and covering functions of
random sets is that fuzziness is a weakened form of randomness. It does
not mean that probability theory subsumes fuzzy set theory.

The relation A(u) = P{w : u € Ay} is interesting in suggesting
ways to obtain membership functions. First, A is a membership function,
being a function U — [0,1]. Of course this is true if A, is replaced by
any mapping S : Q@ — P(U) and the probability function is replaced by
any mapping p : P(2) — [0,1]. Then u — p{w : u € S(w)} is certainly a
mapping U — [0, 1] and hence is a fuzzy set.

We close this section with such an example. Suppose we are interested
in describing the fuzzy concept of the seriousness of some illness. Suppose
that the illness under consideration is manifested as subsets of the set
Q = {w1,wa, ..., wn } of possible symptoms. Let U be a set of humans,
and let S : Q@ — P(U) be given by S(w) = {u € U : u has symptom
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w}. For u € U, we are interested in some numerical measure of the set
{w € Q:u € S(w)}. This is to be a measure of the seriousness of the
illness of u. Medical experts often can provide assessments that can be
described mathematically as a function u : P(2) — [0, 1], where pu(B) is
the degree of seriousness of the illness of a person having all the symptoms
in B. So a membership function can be taken to be

Alu) = p{w e Q:u e S(w)}

Since p is subjective, there is no compelling reason to assume that it
is a measure, for example, that it is additive. However, it is obvious
that it should be monotone increasing, that is, B C C should imply that
w(B) < u(C). Such functions as these are called fuzzy measures, which
are a topic of discussion in Chapter 11.

1.5 Exercises

1. Give several statements in natural language that involve fuzzy con-
cepts.

2. From your own experience, describe situations where fuzzy concepts
are needed.

3. Using just common sense, give a reasonable membership function
for the following fuzzy sets. (Of course, you must first specify ex-
actly what the underlying set is.)

(a) n is a large integer.

4. Let U ={0,1,2,3,4,5,6,7,8,9}. Let two fuzzy subsets A and B of
U be given by

lo 1 2 3 4 5 6 7 89
Alw) [0 0 01 02 03 08 09 1 1 1

and

v |01 2 3 4 5 6 7 8 9
Bu) [T 1 09 08 07 05 04 02 02 0

Determine AV B, AA B, and A’.
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5. Let C and D be fuzzy subsets of the nonnegative real numbers.
Draw the graph of C A D’ when

0 if O<x<l1
z—1 if 1<zx<?2
Alz) =4 1 if 2<z<3
4—z if 3<zx<4
0 if 4<zx
and
er—3 if 0<x<3
1 if 3<x<5b
B@) =0 1_25 i 5<z<10
0 if 10<zx

6. Write out the formulas for AV B, AA B, A’, and B’, where A and
B are given by formulas 1.1 and 1.2 in Section 1.3.

7. Write out the formulas for CV D, C A D, C’, and D’, where C and
D are given by formulas 1.3 and 1.4 in Section 1.3.

8. For fuzzy sets A, B, and C, prove that (AVB)VC = AV (BV (),
and that (AAB)AC =ANA(BAC).

9. For fuzzy sets A, B, and C, prove that (AV B)' = A’ A B’.
(

10. *Let f : U — [0,1] and let a : (Q,.A, P) — [0,1] be a uniformly
distributed random variable. Let Sy : Q@ — P(U) :w — {u € U :
f(u) = a(w)}.

(a) Verify that the range S;(Q) = {Sf(w) : w € Q} is totally
ordered by set inclusion.

(b) Show that for A € Sf(Q), {weQ: AC Sy(w)} € A

(c) Let S : © — P(U) be any random set in U. We say that
S is nested if S(Q) is totally ordered and for A € S(Q),
{w:AC S(w)} € A. Show that if S is nested and its covering
function coincides with f, then for A € S(Q2), we have P(w :
ACSw))=Pw:ACSs(w)).

11. Let U be a finite set. The cardinality, or sigma count, of a
fuzzy subset A of U is #(A) = >,y A(u). For fuzzy subsets A
and B of U, the degree of subsethood of A in B is defined as
s(A|B) = #(A A B)/#(A).

(a) Verity that s(A|B) = 1 if and only if A(u) < B(u) for every
uel.
(b) Compute the degree of subsethood of A in B in Exercise 4.






Chapter 2

SOME ALGEBRA OF
FUZZY SETS

In Chapter 1, we discussed modeling fuzzy concepts such as uncertainty
with fuzzy sets. Applications demand combining these fuzzy sets in vari-
ous ways. This means that we must understand the set F(U) of all fuzzy
subsets of a set U as a mathematical object. The basic mathematical
structure of F(U) comes from the fact that the unit interval [0,1] is or-
dered. This ordering on [0, 1] induces a partial order on F(U), which in
turn, gives F(U) the algebraic structure of a lattice. So we need some
background material about partially ordered sets, lattices, and related
mathematical notions. These notions are fundamental, and are absolutely
essential in understanding the mathematics of fuzzy sets.

2.1 Boolean algebras and lattices

We begin by discussing the familiar properties of the system of subsets
of a set. Let P(U) be the set of all subsets of the set U. It is called the
power set of U. Sometimes P(U) is identified with 2V, which is the set
of all mappings of U into {0,1}. A subset A € P(U) is identified with
the function U — {0,1} that maps each element of A to 1 and the other
elements of U to 0. The set U may be finite or infinite. Perhaps the most
basic thing about P(U) is that it is a partially ordered set. This simply
comes from the familiar notion of set inclusion. If A and B are in P(U)
then we write A C B if A is a subset of B, that is, if every element of A is
an element of B. To make the definition of partially ordered set formal,
we use the notion of relation. The Cartesian product of a set S with
aset T is the set S x T = {(s,t):s€ S,t €T}

17
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Definition 2.1.1 A relation on a set U is a subset R of the Cartesian
product U x U.

The notion of relation is a very general one. For an element (z,y) €
U x U, either (z,y) € R or it is not. Standard notation to denote that
(z,y) € R is xRy. Taking this view, C is a relation on P(U), and A C B
is the notation that we use to say that the pair (A, B) € C.

The relation C satisfies the following properties.

e A C A. (The relation is reflexive.)
e If AC B and B C C, then A C C. (The relation is transitive.)

e If AC Band B C A, then A = B. (The relation is antisymmet-
ric.)

A partial order on a set is a relation on that set that is reflexive,
transitive, and antisymmetric.

Definition 2.1.2 A partially ordered set is a pair (U, <) where U is
a set and < is a partial order on U.

We often just say that U is a partially ordered set if it is clear what
the relation < is. Partially ordered sets abound. As already indicated,
(P(U), Q) is a partially ordered set. If (U, <) is a partially ordered set,
then so is (A, <) where A is any subset of U and < is the relation induced
on A by the relation < on U. If (U, <) is a partially ordered set and for
any two elements z, y € U either x < y or y < x, then we say U is a
chain or is linearly ordered, or totally ordered. Any subset U of the
set of real numbers is a chain under the usual ordering. In particular, the
interval [0, 1] is a chain and will play a fundamental role throughout this
book. Two elements x and y in a partially ordered set may have a sup.
That is, there may be an element s such that x < s, y < s, and s < 't
for all elements ¢ such that z < ¢ and y < t. By antisymmetry, there is
at most one such s, and it is the smallest element greater than both x
and y. Such an element is denoted sup{zx,y}, or quite commonly z V y.
Similarly,  and y may have an inf, denoted = A y. In a chain,  V y and
x Ay always exist. In this special case, the sup is one of the two elements
x and y, and similarly for the inf.

Definition 2.1.3 A lattice is a partially ordered set (U,<) in which
every pair of elements of U has a sup and an inf in U.

Chains are always lattices, as noted above. The partially ordered set
(P(U),Q) is a lattice. The sup of two elements in P(U) is their union,
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and the inf is their intersection. The interval [0, 1] is a lattice, being a
chain.

A binary operation on a set U is a map U x U — U. For example,
addition and multiplication are binary operations on the real numbers,
that is, are functions from R x R to R. Binary operations are often
written between their arguments. That is, the image of (2,3) under the
operation of addition is written 2 + 3. We will adhere to this standard
practice. Also, throughout this book, we will use R to denote the set of
real numbers.

If (U,<) is a lattice, then it comes equipped with the two binary
operations V and A. For z,y € U, x V y is the sup and x A y is the
inf of x and y. The operations V and A are also called join and meet,
respectively. From either of these binary operations one can reconstruct
<. In fact, a < b if and only if a A b = a if and only if a Vb = b. These
binary operations satisfy a number of properties.

Theorem 2.1.4 If (U, <) is a lattice, then for all a, b, ¢ € U,

1. aVa=a and aNa=a. (V and A\ are idempotent.)
2.avb=bVaandaANb=bAa. (V and N\ are commutative.)

3. (avb)Ve=aV (bVe) and (aAb)Ac=aN(bAc). (V and A are
associative.)

4. aV(aANb) =aand a N (aVDb) =a. (These are the absorption
identities.)

The proof is quite easy and is left as an exercise. A pertinent fact is
that two binary operations satisfying conditions 1-4 define a lattice.

Theorem 2.1.5 IfU is a set with binary operations V and A that satisfy
the properties of Theorem 2.1.4, then defining a < b if a A b = a makes
(U, <) into a lattice whose sup and inf operations are V and A.

Proof. We first show that a A b = a if and only if a V b = b. Thus
defining a < b if a A'b = a is equivalent to defining a < b if a Vb = b.
Indeed, if a Ab = a, then a Vb= (a Ab)Vb="> by one of the absorption
laws. Similarly, if @ V b = b, then a A b = a. We show the existence of
sups, and claim that sup{a,b} = aVb. Now a < aVbsince aA(aVb) =a
by one of the absorption laws. Similarly b < bV a =aV b, so that aV b is
an upper bound of a and b. For any other upper bound z, a = a A x and
b = bAx, whence x = aVx = bVx. Therefore, v = aVaVbVx = (aVb)Vz,
and so a Vb < x. Thus a V b = sup{a,b}. The rest of the proof is left as
an exercise. W
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The upshot is that a lattice may be thought of as a partially ordered
set in which every pair of elements has a sup and an inf, or as a set with
two binary operations satisfying the conditions of Theorem 2.1.4. So we
could say “(U, <) is a lattice,” or “(U, V, A) is a lattice.” The latter would
mean, of course, that the binary operations V and A satisfy the conditions
in Theorem 2.1.4.

Here are some pertinent additional properties that a lattice (U, <)
may have.

1. There is an element 0 in U such that 0V a = a for all a € U. There
is an element 1 € U such that 1 Aa =a for all a € U. (0 and 1 are
identities for V and A, respectively.)

2. U has identities, and for each element a in A, there is an element
a’ in U such that aAa’ =0 and aVa' = 1. (Each element in U has
a complement, or A is complemented.)

3.aV (bAc)=(aVb)A(aVec)and aA(bVc)= (aAb)V(aAc). (The
binary operations V and A distribute over each other. If one of
these distributive laws holds in a lattice, then so does the other.)

4. Every subset T of U has a sup. That is, there is an element a € U
such that ¢ < a for all £ € T, and a < z for any z such that ¢t <z
for all t € T'. Similarly, every subset T" of U may have an inf . That
is, there is an element b € U such that b < tforallt € T, and b > x
for any x such that x <t forallt e T.

If a lattice has an identity for V and an identity for A, then it is a
bounded lattice. From the equation a A1 = a, we get that 1 is the
largest element in the lattice, and 0 Aa = 0A (0V a) = 0, so 0 is the
smallest. This condition could have been stated just by saying that the
lattice has a largest and a smallest element. A bounded lattice satisfying
the second condition is a complemented lattice. A lattice satisfying
both distributive laws is a distributive lattice. A bounded distributive
lattice that is complemented is a Boolean lattice, or Boolean algebra.
Chains are distributive lattices, and (P(U), C) is a Boolean lattice. If a
lattice satisfies condition 4, that is, if every subset has both a sup and an
inf, it is a complete lattice. For a subset 1" of a complete lattice, sup T’
is often written \/ T, or \/,cpt, and similarly inf "= AT, or A,cpt. If
{t; : i € I} is a family of elements of a complete lattice, then it should
be clear that there is a unique smallest element x such that ¢; < x for
all i € I. (Some of the t; may be equal.) We write x = \/,_;¢;. Similar
remarks apply to the inf of the family {¢; : ¢ € I}. The interval [0, 1] is a
complete lattice, and so is (P(U), C).
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The lattice ([0, 1], <) plays a fundamental role. It is a bounded dis-
tributive lattice. It is not complemented. For z,y € [0,1], x Vy =
sup{z,y} = max{z,y}, and similarly z A y = inf{z,y}. Distributivity
is easy to check. This lattice has another important operation on it:
[0,1] = [0,1] : # — 1 — x. We denote this operation by ' even though it
is not a complement. The operation has the following properties.

o (/) =u.
e x <y implies that ' < 2’
Such an operation on a bounded lattice is called an involution, or

a duality. It follows that ’ is one-to-one and onto, and that 0’ = 1 and
1 = 0. If ’ is an involution, the equations

—

zVy) = Ay

(xny) = o' vy
are called the De Morgan laws. They may or may not hold. But [0, 1] is
a bounded distributive lattice which has an involution, namely 2’ = 1—uz,
satisfying the De Morgan laws. Such a system (V,V,A,,0,1) is a De
Morgan algebra. Every Boolean algebra is a De Morgan algebra, and
in particular, the set of all subsets P(U) of a set U is a De Morgan

algebra. A De Morgan algebra that satisfies z A 2’ < y V¢ for all z and
y is a Kleene algebra.

Theorem 2.1.6 Let (V,V,A,,0,1) be a De Morgan algebra and let U
be any set. Let f and g be mappings from U into V. We define

1. (fvg)z) = f(z)Vg(z),
2. (fAg)(z) = f(z) Ag(x),
3. f'(x) = (f(2)),

4. 0(z) =0,

5. 1(z) = 1.

Let VY be the set of all mappings from U into V.. Then (VY,V,A,,0,1)
is a De Morgan algebra. If V is a complete lattice, then so is VU.

Proof. The proof is routine in all respects. For example, the fact
that V is an associative operation on VY comes directly from the fact
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that V is associative on V. (The two V’s are different, of course.) Using
the definition of V on V¥ and that V is associative on V, we get

(fVigvh)(z) = fl@)V(gVh)(z)
= f(x)V(g(z) Vv h(z))
= (f(2)Vyg(@))Vh(z)
= (fVyg)(x)Vh(z)
= ((fvg)Vh)(z)

whence fV (gVh) = (fVg)Vh, and so V is associative on VY. The
rest of the proof is left as an exercise. m

The set VU of all mappings from U into V is really the same as
the Cartesian product [, V of |U] copies of V, where |U| denotes the
number of elements of U. Viewed in this way, the operations V and A
are coordinatewise, and it is easy to see that [] V is a De Morgan
algebra simply because V is.

Let U be any set and let F(U) be the set of all fuzzy subsets of U. We
have defined operations on F(U) in Chapter 1. Those operations come
from operations on [0,1] just as the ones in Theorem 2.1.6 come from
operations on V. We have the following.

uelU

Corollary 2.1.7 (F(U),V,A,,0,1)is a complete De Morgan algebra.

When the operations are clear, it is customary to write simply V for
a De Morgan algebra (V,V,A,”,0,1). Thus we would write F(U) for the
De Morgan algebra in the corollary.

There are many ways to construct new lattices from old. One of the
most fundamental is this. Let X and Y be partially ordered sets. In the
Cartesian product X xY = {(z,y) : z € X,y € Y}, let (a,b) < (¢,d) if
a <cand b<d. Then X XY becomes a partially ordered set, and if X
and Y are lattices, then X x Y is a lattice and this lattice is respectively,
bounded, distributive, complemented, Boolean, or De Morgan if and only
if X and Y are. (See Exercise 10.) The set X xY with this componentwise
ordering is the product of the lattices X and Y. This notion can be
extended to the product of any family of lattices and gives a way to make
new lattices from old. If (X, <) is a lattice and Y is a subset of X, then
the partial order on X induces one on Y. If this induced partial order on
Y makes it into a lattice, and if the sup and inf of two elements of Y
taken in X are the same as the sup and inf taken in Y, then Y is called
a sublattice of X.

Let X be a lattice and let X2 = {(2,9) € X x X : 2 < y}. Then
X is a sublattice of X x X. (See Exercise 11.) If B and C' are Boolean
algebras, then B x C is a Boolean algebra. But B[ is not a Boolean
algebra, since it does not have complements. (See Exercise 12.) However,
B[ does have pseudocomplements.
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Definition 2.1.8 Let X be a bounded lattice, and let x € X. Then an
element z* is a pseudocomplement of x if t Nz* = 0, and y < z*
whenever x Ay = 0. That is, for each x € X, there is a unique largest
element whose meet with x is 0.

An element in a bounded lattice has at most one pseudocomplement
since two pseudocomplements must each be less or equal to the other,
and hence equal. If every element has a pseudocomplement, then the
bounded lattice is pseudocomplemented, and the unary operation
* is called a pseudocomplement. Every finite distributive lattice is
pseudocomplemented. The equation z*V z** = 1 is called Stone’s iden-
tity, and a Stone algebra is a pseudocomplemented distributive lattice
satisfying this identity. If (S,V,A,*,0,1) is a Stone algebra, then for
S*={s" €S :s€8} (5V,A*,0,1) is a Boolean algebra. That
is, * is a complement on S*. The sublattice S* consists precisely of the
complemented elements of S, and is sometimes called the center of S. If
B is a Boolean algebra, then B[l is a Stone algebra (Exercise 12). Stone
algebras have a fairly extensive theory [64] and only a few facts are cited
here and in the exercises. The connection with fuzzy sets follows.

The bounded distributive lattice (F(U), V, A, 0,1) of all fuzzy subsets
of a set U is pseudocomplemented. If A € F(U), then

§ 0 if A(u) #0
4 (“)_{ 1 if A(u) =0

is the pseudocomplement of A. It is totally straightforward to check that
this is indeed the case. What is the center of F(U)?

Theorem 2.1.9 (F(U),V,A,*,0,1) is a Stone algebra whose center con-
sists of the crisp (ordinary) subsets of U.

2.2 Equivalence relations and partitions

There are many instances in which we would like to consider certain ele-
ments of a set to be the same. For example, in the set of integers there
are occasions where all we care about an integer is whether it is even
or odd. Thus we may as well consider all even integers to be the same,
and likewise all odd integers to be the same. This considering of certain
subsets of a set as one element is one of the most fundamental notions
in mathematics. It generalizes the notion of equality. The appropriate
embodiment of this notion is a special kind of relation on a set, an equiv-
alence relation. A standard notation for such a relation is some symbol
such as ~, or =, and it is customary to write a ~ b for (a,b) € ~.
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Definition 2.2.1 A relation ~ on a set U is an equivalence relation
if for all a, b, and ¢ in U,

e an~a,
e a ~ b implies b ~ a, and
e a~b, b~ cimply that a ~ c.

The first and third conditions we recognize as reflexivity and transi-
tivity. The second is that of symmetry. Thus an equivalence relation is
a relation that is reflexive, symmetric, and transitive. Before giving some
examples, there are two more pertinent definitions.

Definition 2.2.2 Let ~ be an equivalence relation on a set U and let
a € U. The equivalence class of an element a is the set [a] = {u € U :
u~al.

We defined a finite partition in Chapter 1. Here is the definition in
general.

Definition 2.2.3 Let U be a nonempty set. A partition of U is a set
of nonempty pairwise disjoint subsets of U whose union is U.

There is an intimate connection between equivalence relations and
partitions. Here are some examples illustrating these notions and this
connection.

Example 2.2.4 Let U be a set, and define  ~ y if z = y. This example
is just meant to point out that equality is an equivalence relation. For
any « € U, [z] = {z}. That is, the equivalence classes are just singletons.
But do notice that the equivalence classes form a partition of U.

Example 2.2.5 Let U be a set and define x ~ y for any two elements
of U. That is, any two elements are equivalent. For any x € U, [z] = U.
Again the equivalence classes form a partition, but the partition has only
one member, namely U itself.

Example 2.2.6 Let Z be the set of all integers. Let m ~ n if m —n
is even, that is, is divisible by 2 in Z. This is an equivalence relation
because m —m = 0 is even, if m —n is even then so is —(m —n) =n—m
and if m —n and n — p are even then soism—n+n—p=m—p. So ~
is reflexive, symmetric, and transitive. For m € Z,

m] = {neZ:n~m}
= {n€Z:n—miseven}
= {m+2k:keZ}
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So, for example,

[5] = {75_675_4a5_275_075+2,5+4,5+6,}
= {..,-1,1,3,5,7,9,11,13,...}

which is just the set of odd integers. The equivalence class [m] of any
odd integer m will be this same set. Similarly, the equivalence class of
any even integer will be the set of all even integers. So there are just two
equivalence classes, the set of odd integers and the set of even integers.
Again, the set of equivalence classes forms a partition.

Example 2.2.7 Let f : U — V be any function from the set U to the
set V. On U, let x ~ y if f(z) = f(y). Then ~ is an equivalence relation
and the equivalence class [z] consists of all those elements of U that have
the same image as z. It should be clear that these classes form a partition
of U. So any function induces an equivalence relation on its domain, two
elements being equivalent if they have the same image.

Here is the formal connection between equivalence relations and par-
titions.

Theorem 2.2.8 Let ~ be an equivalence relation on the set U. Then
the set of equivalence classes of ~ is a partition of U. This association of
an equivalence relation ~ with the partition consisting of the equivalence
classes of ~ is a one-to-one correspondence between the set of equivalence
relations on U and the set of partitions of U.

Proof. The union of the equivalence classes [u] is U since u € [u]. We
need only that two equivalence classes be equal or disjoint. If z € [u]N[v],
then x ~ u, x ~ v, and so u ~ x and = ~ v. By transitivity, u ~ v. If
y € [u], then y ~ u, and since u ~ v, it follows from transitivity that
y ~ v. Thus y € [v]. This means that [u] C [v]. Similarly, [v] C [u] and
hence [u] = [v]. So if two equivalence classes are not disjoint, they are
equal. Therefore the equivalence classes form a partition. Notice that
two elements are equivalent if and only if they are in the same member
of the partition, that is, in the same equivalence class. So this map from
equivalence relations to partitions is one-to-one.

Given a partition, declaring two elements equivalent if they are in the
same member of the partition is an equivalence relation whose associated
equivalence classes are the members of the partition. So our map from
equivalence relations to partitions is onto. m

Definition 2.2.9 Let ~ be an equivalence relation on the set U. The set
of equivalence classes of ~ is denoted U/ ~ and is called the quotient
space of ~. The map U — U/ ~ : u — [u] is the natural map of U
onto U/ ~.
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The natural map simply associates an element with the equivalence
class it is in. There is another map that is fundamental in algebra. In
its various settings, it is called the first isomorphism theorem. The
setting here is simply for sets. We state it, leaving its proof as an exercise.

Theorem 2.2.10 Let f be a mapping from U onto V. On U let x ~ y if
f(x) = f(y). Then ~ is an equivalence relation, and

Uf~—=V:[z] = f(z)
is a one-to-one map from U/ ~ onto V.

An equivalence relation on U is a subset of U x U, so the set £(U)
of all equivalence relations on U comes equipped with a partial order,
namely set inclusion in U x U.

Theorem 2.2.11 Let E(U) be the set of all equivalence relations on the
set U. Then (E(U), C) is a complete lattice.

Proof. There is a biggest and smallest element of £(U), namely U x U
and {(u,u) : u € U}, respectively. We need to show that any nonempty
family {E; : i € I} of elements of £(U) has a sup and an inf. Now
certainly A{E; : i € I} = ;c; Bi if (;c; Ei is an equivalence relation.
Let (u,v) and (v,w) € (;c; Ei. Then (u,v) and (v, w) belong to each
E; and hence (u,w) belongs to each E;. Therefore, (v,w) € (,c; Es.
Thus (), E; is a transitive relation on U. That ;. ; E; is reflexive and
symmetric is similar. What we have shown is that the intersection of any
family of equivalence relations on a set is an equivalence relation on that
set. This is clearly the inf of that family. Now \/{E; : i € I} of a family
of equivalence relations on U is

({E €&U): EDE forallicI}

Note that U x U is an equivalence containing all the F;. This intersection
is an equivalence relation on U by what we just proved, and it is clearly
the least equivalence relation containing all the E;. Therefore it is the
desired sup. =

What we have just seen is an instance of a lattice L, namely £(U),
contained in a lattice M, namely P(U x U), where the lattice L gets its
order from M, the meet in L agrees with the meet in M, and the join in
L is different from the join in M. The join of elements F and F of £(U)
is FUF considered as elements of P(U x U), but (unless one is contained
in the other) is not EU F' considered in the ordered set £(U). Thus E(U)
is not a sublattice of P(U x U).
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To see just what the elements are in the sup of two equivalence re-
lations E' and F on a set U is a good exercise. It is not E U F' unless
one contains the other. The elements can be described and the sup is
the so-called transitive closure. (See Exercise 24 at the end of this
chapter.)

The lattice £(U) is not distributive if U has at least three elements.
By Theorem 2.2.8, the set £(U) is in one-to-one correspondence with the
set P(U) of partitions of U. Thus the lattice order C on £(U) induces
a lattice order on P(U), making it into a complete lattice. (See Exercise
25.)

2.3 Composing mappings

In dealing with fuzzy sets, it will be necessary to combine mappings, or
functions, in various ways. This section is a collection of a few things
about mappings, and mappings induced by mappings.

Perhaps the most basic thing about mappings is that sometimes they
can be composed. Let f: U — V,and g: V — W. Then go f, or more
simply gf, is the mapping U — W defined by (gf)(u) = g(f(w)). This is
called the composition of the mappings f and g. Any two functions of a
set into itself can be composed. The notation g f will be given preference.
The function f : U — U such that f(u) = u for all u is denoted by 1y
and is called the identity function on U. The set of all functions from
U to V is denoted Map(U, V), or by VY.

We have denoted the set of all subsets, or the power set, of U by
P(U), or by 2Y. Both are standard notations, with 2V reminding us
that the set of subsets of U may be identified with the set of mappings
from U into {0,1}. Let f : U — V. The mapping f induces a mapping
P(U) — P(V), also denoted by f, given by f(X) = {f(z): 2z € X}. In
addition, the mapping f induces a mapping f~!: P(V) — P(U) defined
by

FUY) = {ueU: fw) e v}

It should be noted that f~!(Y) might be empty. We also use f~! to
denote the restriction of f~! to the one element subsets of V, and for
an element v € V, we write f~!(v) instead of f~'({v}) and view this
restriction of f~! as a mapping from V into P(U). The context will
make it clear what is meant, and using f~! in these various ways cuts
down on the proliferation of notation.

Now consider mappings from U to L, where U is a set and L is a
complete lattice. If L is [0, 1] with the usual order on it, then mappings
we are considering are fuzzy subsets of U. Sometimes functions from U
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to L are called L-fuzzy sets. In any case, in what follows, L will be a
complete lattice.

A mapping A : U — L induces a mapping A : P(U) — P(L). So
with a subset X of U, A(X) is a subset of L. But since L is a complete
lattice, we may take the sup of A(X). This sup is denoted \/ (A(X)).
One should view \/ as a mapping P(L) — L. The composition \/ A is a
mapping P(U) — L, namely the mapping given by

PU) L PL)S L

In particular, a fuzzy subset of U yields a fuzzy subset of P(U).

For sets U and V, a subset of U x V is called a relation in U x V.
Now, a relation R in U x V induces a mapping R~! : V — P(U) given
by

R™'(v) ={u: (u,v) € R}

Thus with A : U — L we have the mapping

vESpwy A ey YL

Thus a relation R in U x V associates with a mapping A : U — L a
mapping VAR™! : V — L. This latter mapping is sometimes denoted
R(A). When L = [0, 1], we then have a mapping F(U) — F(V') sending
A to R(A) = VAR™L. If R is actually a function from U to V, then R
has been extended to a function F(U) — F(V) sending A to VAR
In fuzzy set theory, this is called the extension principle. One should
note that if R~*(v) = @, then VAR !(v) = 0.

At this point we need some notation. Suppose that f; : X; — Y7 and
fo: Xo — Y5, Then f; X fs is standard notation for the mapping

X1 X Xg — Y1 x Yo : (21, 22) — (f1(21), fa(22))

Now if A and B are fuzzy subsets of U and V, respectively, then A x B
maps U x V into [0, 1] x [0,1], and the image (A(u), B(v)) of an element
of U x V is a pair of elements of [0,1] and hence has a min. Thus the
composition A(A X B) is a fuzzy subset of U x V. Sometimes in fuzzy set
theory, the mapping A(A x B) is denoted simply A x B, but there are
other binary operations besides A that we will have occasion to follow
A x B with. If A is a fuzzy subset of U, and V is any set, then letting B
be the constant map V' — [0,1] : v — 1 yields a fuzzy subset of U x V
called the cylindrical extension of A to U x V. In any case, given fuzzy
subsets of U and V| we get a fuzzy subset of U x V, and thus a mapping
FU)x F(V)— F(U x V) given by (A, B) — A(A x B).
We now look at some special cases.
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e A function f: U — V is the relation {(u,v) : f(u) = v} in U x V,
so it induces the mapping F(U) — F(V) that sends A to VAf~1,
sometimes denoted f(A), that is, to the composition

v Il ou AL 901l Y g q

e A relation in (U x V') x W induces a mapping F(U x V) — F(W).
But we have the mapping F(U) x F(V) — F(U x V) just described.
Thus a relation R in (U x V) x W induces the mapping

FU)x F(V) - F(W)

which sends (A, B) to V(A(A x B))R™'. When U =V = W, then
the relation R in (U xU)x U induces a binary operation on F(U). In
the case U = R, there are the familiar arithmetic binary operations
such as addition and multiplication on R, and each induces a binary
operation on the fuzzy subsets F(R). These particular operations
will be taken up in Chapter 3.

2.4 Isomorphisms and homomorphisms

We introduce here a concept that is basic in algebra and one which we
will meet in a nontrivial way in the next section. Also it will be of
particular significance for us in Chapter 5. We begin with a couple of
examples. Suppose (U, <) and (V, <) are two partially ordered sets. (We
are using the same symbol, namely <, for the partial orders in both the
sets U and V.) When are these partially ordered sets “just alike”? For
example, it is intuitively clear that as partially ordered sets, there is no
difference between ([0, 1], <) and ([1,2], <). For them to be alike, there
must be a one-to-one mapping from U onto V' that respects, in some
sense, the ordering of the two sets. Precisely, there must be a one-to-one
onto mapping f : U — V such that z < y if and only if f(z) < f(y). Such
a mapping f is an (order) isomorphism, and if there is such a mapping
from U to V, the partially ordered sets (U, <) and (V, <) are isomorphic.
The mapping f(z) = z + 1 is an order isomorphism from [0, 1] to [1,2].
A mapping g : U — V such that g(z) < g(y) whenever z < y is called a
homomorphism, or an order homomorphism, emphasizing that the
order relation is being respected. The condition on ¢ that if z < y then
g(z) < g(y) is expressed by saying that g preserves order, or is order
preserving.

Suppose that (U,V,A) and (V,V,A) are lattices. Here, instead of
having sets with one relation, as in the case of a partially ordered set, we
have sets each with two binary operations on them. (Again, we are using
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the same symbols for different binary operations.) A mapping f: U — V
is an isomorphism of these two lattices if f is one-to-one and onto,
flevy) = f(z)V f(y), and f(zAy) = f(z)Af(y). That is, f must be one-
to-one and onto and preserve both lattice operations. If the one-to-one
and onto conditions are dropped, then f is a lattice homomorphism.
If U and V are complete lattices, then an isomorphism f: U — V is a
complete lattice homomorphism if and only if f(\/.S) = V{f(s) :
s € S} and f(AS) = AN{f(s) : s € S} for every subset S of U. An
isomorphism of a lattice (or any algebraic structure) with itself is called
an automorphism.

Compositions of homomorphisms are homomorphisms and composi-
tions of isomorphisms are isomorphisms. For example, if f: U — V and
g : V. — W are lattice homomorphisms, then go f : V — W is a lat-
tice homomorphism. These facts are left as exercises. In later chapters,
especially in Chapter 5, we will see many examples.

The general theme then is this. Suppose that U is a set on which we
have various structures — relations, binary operations, unary operations
such as complements in Boolean algebras, and so on. If V' is another set
with corresponding structures, then the system U with its operations is
isomorphic to the system V' with its operations if there is a one-to-one
mapping from U onto V preserving these structures. A homomorphism
just preserves the structure; it is not required to be one-to-one or onto.
This all can be made more precise, but would lead us too far afield at the
moment.

Example 2.4.1 Consider the lattice ([0, 1], V, A,” ) with involution, where
V is sup, A is inf, and 2’ = 1 — z, and the lattice {0, %, 1} with the same
operations. Then the mapping f : [0,1] — {0, %, 1} that sends endpoints
to endpoints and the interior points of [0, 1] to % is a homomorphism.

Note that one requirement is that f(z') = f(x)’, and that this does hold.

Suppose that f: U — V is a homomorphism from a lattice (U, V, A)
to a lattice (V,V,A). Then the relation ~ on U defined by a ~ b if
f(a) = f(b) is an equivalence relation. But also, if a ~ b and ¢ ~ d,
then f(aVc) = f(a)V f(c) =f(b) Vv f(d) =f(bVd),soaVec~bVd.
Similarly aAc ~ bAd. So this equivalence relation has these two additional
properties: if a ~ b and ¢ ~ d then aVe~bVdand aAc~ bAd.
Such an equivalence relation on a lattice is called a congruence. And
congruences on lattices give rise to homomorphisms.

Theorem 2.4.2 If ~ is a congruence on the lattice U, then the set of
equivalence classes U/ ~ forms a lattice under the operations [a] V [b] =
[aVb] and [a] A [b] = [a AD]. The mapping U — U/ ~: a — [a] is a lattice
homomorphism.
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The proof is left as an exercise. The lattice U/ ~ is the quotient
lattice of U relative to the congruence ~ . Congruences are defined
analogously on other algebraic systems, such as Boolean algebras, De
Morgan algebras, Stone algebras, and so on. And in each instance, these
congruences give rise in an analogous way to quotient structures. We will
see instances of these concepts in later chapters.

There is another algebraic concept that will be important for us, es-
pecially in Chapters 5 and 6, and that is the concept of a group. Before
giving the definition, we illustrate with an example that will be perti-
nent. Consider the partially ordered set I = ([0, 1], <), and let Aw#(I)
be the set of all automorphisms of I with itself. That is, Aut(I) is the
set of all functions f from [0,1] to [0, 1] that are one-to-one and onto,
and such that f(z) < f(y) if and only if x < y. We remarked above
that compositions of homomorphisms are homomorphisms, and certainly
compositions of one-to-one and onto functions are one-to-one and onto.
Thus the composition of two elements of Aut(Il) is an element of Aut(T),
and thus composition is a binary operation on Aut(I). The composition
of f and g will be written simply as fg, meaning the function given by
(fg)(x) = f(g(x)). This composition has some special properties. It is
associative, has an identity, and every element has an inverse. This means
that

e f(gh) = (fg)h. (Composition is associative.)

e There is an element 1 in Aut(I) such that 1f = f1 = f for all f.
(The function 1 is the function given by 1(z) = z for all z. Tt is
called the identity of the group.)

e For each f € Aut(l), there is an element f~! € Aut(I) such that
ff~t=f"1f =1. (Each element of Aut(I) has an inverse. The
element f~! is simply the inverse of f as a function on [0, 1].)

Now, any set G with a binary operation that is associative, has an
identity, and for which every element has an inverse, is a group. Aut(I)
is a set, namely the set of all automorphisms of I, and composition of its
elements as functions is a binary operation on it satisfying the requisites
to be a group. This group is called the group of automorphisms of 1.
Groups abound in mathematics, and have a huge theory. Our main in-
terest will be in groups that are automorphism groups of other algebraic
structures, such as the lattice I. We will elaborate on various aspects of
groups, such as subgroups, congruences, quotient structures, and isomor-
phisms between groups themselves as the need arises.

For us, one important aspect is this: mathematical models of real-
world situations are often algebraic structures, that is, sets on which
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there are defined various operations or relations. Homomorphisms, au-
tomorphisms, and quotient structures are basic notions in mathematics.
This is especially true in fuzzy set theory, as we will see. If two models
are isomorphic, then abstractly, one is as good as the other. But one may
be simpler to implement, for computational reasons, for example. In any
case, it pays to know whether or not two such models are isomorphic, or
equivalent.

2.5 Alpha-cuts

This notion plays a fairly big role in fuzzy set theory. Let A be a fuzzy
subset of U, and let a € [0,1]. The a-cut of A is simply the set of those
u € U such that A(u) > «. All that is needed to make this definition
is that the image of the mapping A be in a partially ordered set. In the
fuzzy case, it is in the complete lattice [0,1]. The fact that this image
is a complete lattice is important in the theory because we will need to
take the sup of infinite subsets of [0,1]. We will present the basic facts
about a-cuts in a more general context than usual, requiring at first just
a partially ordered set C' instead of the complete lattice [0, 1].

There is a bit of notation that is standard and convenient. If o € C,
then fa = {c € C: ¢ > a}. Thus 1 is a mapping from C into P(C) and
Ta is called the up set of a. We write Ta rather than 7(«). If C' = [0,1],
then for « € [0, 1], T = [, 1].

Definition 2.5.1 Let U be a set, let C be a partially ordered set and let
A:U — C. Fora € C, the a-cut of A, or the a-level set of A, is
A7 1a) ={u e U : A(u) > a}. This subset of U will be denoted by A, .

Thus the a-cut of a function A : U — C is the subset 4, = A=(Ta)
of U, and we have one such subset for each o € C. A fundamental fact
about the a-cuts A, is that they determine A and this is easy to see. It
follows immediately from the equation

AN a) = A N(U 4p)

B>a
Here, ’ means set complement in the set U. This equation just says that
the left side, {u : A(u) = «a}, namely the set of those elements that A
takes to «, is the intersection of {u : A(u) > a} with the set {u: A(u)
a}. But these two sets are given strictly in terms of a-cuts. So knowing
all the a-cuts of A is the same as knowing A itself. We can state this as
follows.

Theorem 2.5.2 Let A and B be mappings from a set U into a partially
ordered set C. If A, = By, for all « € C, then A = B.
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Thus we have the following situation. A function A : U — C gets a

function A=11: C — P(U) which is just the composition
1 ATt
C — P(C)— PU)

We already know from the theorem just above that associating A with the
function A~17 is one-to-one. What we want first is a simple description
of the functions C' — P(U) that can come from functions A : U — C' in
this way. For example, in the fuzzy case, this would allow us to identify
the set of fuzzy subsets of U with a set of maps from [0, 1] into P(U) with
certain properties.

In Exercise 37 we note that if C' is a complete lattice, then (. Ao =
Ayp for any subset D of C. In different notation, this says that the
mapping A~!1 has the property that

AT'(vD) = [ A7'1d
deD

Letting ¢ = A~!7, this says that the following diagram of mappings
cominutes.

20 —
g g
22U —m> 2U

This is the condition that functions g : C' — P(U) must satisfy to be
A7 for some A.

Theorem 2.5.3 Let C be a complete lattice and U a set. Let F(U) be the
set of all mappings from U into C, and L(U) be the set of all mappings

g : C — P(U) such that the diagram above commutes, or equivalently
such that for all subsets D of C,

gV D)= 9@

deD

Then the mapping ® : F(U) — L(U) given by ®(A) = A~ is one-to-
one and onto.

Proof. We have already observed that ® maps F(U) into £(U) and
that this mapping is one-to-one. Let g € L(U). We must show that
g= A" for some A € F(U). For u € U, define

hw)={deC:g(d)2 () g(x)}={deC ucg(d)}

u€g(x)



34 CHAPTER 2. SOME ALGEBRA OF FUZZY SETS

Let A =\/oh. Then
A M(e) ={ueU: A(u) > c}

Now if u € g(c), then g(c) 2 (¢ () 9(x), which implies that ¢ € h(u)
and thus that u € A~*1(c). Thus g(c) € A™'7(c). Now suppose that
u € A7 (c), so that A(u) > ¢. Then u € Nueg(x) 9(x) € g(d) for all
d € h(u). Thus

we () 9(d) = a(Aw) € g(c)

dEA(u)
It follows that g(c) = A717(c), whence g = A~!1 = ®(A). m

The system F(U) is a complete lattice, and this one-to-one correspon-
dence with £(U) suggests that it too is a complete lattice in a natural
way. This is indeed the case.

First, F(U) is a complete lattice via the ordering A < B if A(u) <
B(u) for all uw € U. Also L(U) is partially ordered by f < g if f(z) C g(z)
for all x € C. This is just the pointwise ordering of the maps in L(U).
For A and B in F(U), A(u) < B(u) for all uw € U if and only if

A (@) = {u:A(w) >}
C {u:B(u)>a}

if and only if A=!1 < B~!7 if and only if ®(4) < ®(B). Since & is
one-to-one and onto, ® is an order isomorphism and thus a lattice iso-
morphism where the lattice operations come from the orders. The orders
are complete, so @ is a complete order isomorphism and thus a complete
lattice isomorphism. In particular, £(U) is a complete lattice.

Corollary 2.5.4 The complete lattices F(U) and L(U) are isomorphic.

The upshot of all this is that studying the complete lattice F(U) is the
same as studying the complete lattice £(U). In particular, the lattice of
fuzzy sets may be viewed as a special set of functions from [0, 1] to P(U)
with appropriate operations on them. However, it should be realized that
L(U) is not necessarily a sublattice of P(U)“. This happens if and only
if C'is a chain. If C is not a chain, the sup of two elements of £(U) taken
in £(U) may not be the sup taken in P(U)“.

2.6 Images of alpha-level sets

Let f: U — V and let A be a fuzzy subset of U. Then \/ Af~! is a
fuzzy subset of V' by the extension principle. It is the mapping that is
the composition

v panAeo, 1) % [0,1]
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There is a connection between the a-level sets, or the a-cuts, of these two
fuzzy sets. This relation is important in the calculus of fuzzy quantities.
It holds in more generality than for fuzzy sets.

Theorem 2.6.1 Let C' be a complete lattice, U and V be sets, A: U —
C,and f:U — V. Then

1. f(As) C(VAf Y, foralla e C.

2. f(Ay) = (VAfY)a for a > 0 if and only if for each member P of
the partition induced by f, \| A(P) > « implies A(u) > a for some
u € P.

3. f(Ay) = (VAfY)a for all a > 0 if and only if for each member P
of the partition induced by f,\] A(P) = A(u) for some u € P.

Proof. The theorem follows immediately from the equalities below.

f(Aa) ={f(u): A(u) > o}
={veV:A)>a, f(u) =v}

(VAf o ={veV:VAf(v) > o}
={veV:V{A(): f(u) = v} > o}

One should notice that for some «, it may not be true that \/ A(P) = «
for any P.m

When U =V xV, fis a binary operation on V. If A and B are fuzzy
subsets of V' and the binary operation f is denoted o and written in the
usual way, then the theorem specifies exactly when A, o B, = (Ao B),,
namely when certain sups are realized. These a-level images for fuzzy
subsets of R will be discussed further in Chapter 3, where also some
conditions will be given that are sufficient for the realization of these
sups.

The function \/ Af ! is sometimes written f(A), and in this notation,
the theorem relates f(A,) and f(A),. Of special interest is when U =
Uy x Uy X -+ x U,. In that case, let A® be a fuzzy subset of U;. Then
AWM 5 x A ig a fuzzy subset of U, and trivially (A(l) X o X A(”))a =

A((ll) X oo X A((l"). The fuzzy subset \/(A(l) X oo X A("))f’1 is sometimes
written f(AM, ..., A(™). In this notation, the third part of the theorem
may be stated as

o £(AY, . A = (AW, .., AM), for all a > 0 if and only if for
each member P of of the partition induced by f,

V(AW x o A (P) = (AW x .. x AM)(u)
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for some v € P. That is, for any v € V,

Vv {/\ A () : (1, ) € f‘l(v)}
i=1

is attained.

This result is often referred to as Nguyen’s Theorem in the lit-
erature. It is valid for L-fuzzy sets. Note that the extension of f :
UMD x ... x U™ — V to fuzzy sets, namely

AW, A (o) =\/ { /\ AD ()« (ur, uzy ey ti) € fl(v)}

is defined in terms of A, a binary operation on [0, 1]. The operation A may
be replaced by a t-norm T' (see Chapter 5). This leads to the sup-T' con-
volution for defining the fuzzy set f(AM, ..., A™). Nguyen’s theorem
holds in this more general setting, and says that for all v € V|

\/ {T(A(l)(ul>77‘4(n)(un)> : (u17u2""’u") € fﬁl(v)}

is attained if and only if for all « € L,

FAV, A = | fAld, .4

T(t1,...,tn) >

See exercise 45.

2.7 Exercises

1. Let U be a set and let P(U) be the set of all subsets of U. Verify in
detail that (P(U), C) is a Boolean algebra. Show that it is complete.

2. Show that a chain with more than two elements is not comple-
mented.

3. A relation on U is a preorder if it is reflexive and transitive. Let
U = [0,00) x [0,00), the product of the set of nonnegative reals
with itself. Let < be the usual order relation in [0, 00).

(a) On U, define (z,y) =X (u,v) if zy < wv. Show that < is a
preorder. Show that it is linear, that is, that for a and b in U,
either a < bor b =<a.
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(b) On U, define (z,y) = (u,v) if either zy = 0, or £ =
Show that < is a preorder, and is not linear.

(c¢) Let I denote the set of all preorders < on U such that
i. If (z,y) < (u,v), then (ax,by) < (au,bv) for a,b € [0, 0).
ii. If (z,y) < (u,v), then (y,z) < (v,u).
iil. (x,2) =2 (u,u) if and only if z < u.

L > 1.
y =

Show that the preorders in (a) and (b) are in I', and that the
preorder in (a) is the only linear one in T'.

4. Prove that in a lattice, if V distributes over A, then A distributes
over V, and conversely.

5. Prove Theorem 2.1.4.
6. Complete the proof of Theorem 2.1.5.

7. Let N be the set of positive integers and let R be the relation mRn
if m divides n. Show that this makes N into a distributive lattice.

8. Complete the proof of Theorem 2.1.6

9. Show that the De Morgan algebra (F(U),V,A,’,0,1) satisfies A A
A" < BV B’ forall A,B € F(U), that is, is a Kleene algebra. Show
that [0,1] is a Kleene algebra. Show that [0,1]! is not a Kleene
algebra.

10. Show that the product X x Y of lattices X and Y is a lattice.
Show that X X Y is respectively, bounded, complete, distributive,
complemented, Boolean, or De Morgan if and only if X and Y are.
Show that if S and T are sublattices of X and Y, respectively, then
S x T is a sublattice of X x Y, but that not every sublattice of
X XY need be of this form.

11. Let X be a lattice. Show that X! is a lattice. If / is an involution
of X, show that (z,y) = (3/,2') is an involution of X2 and that
X[ with this involution is a De Morgan algebra if and only if X
with the involution ’ is a De Morgan algebra.

12. Let B be a Boolean algebra. Show that B[? is a Stone algebra but
not a Boolean algebra.

13. Show that if S is a Stone algebra, then so is S[2.

14. Show that every bounded chain is a Stone algebra.
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16.
17.
18.

19.

20.

21.

22.

23.
24.
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. Show that if S is a Stone algebra with pseudocomplement *, then
S* = {s* : s € S} is a Boolean algebra.

Prove Theorem 2.1.9 in detail.
Show that an involution of a bounded lattice is one-to-one and onto.

Let U be an infinite set and let F be the set of all subsets of U that
are either finite or have finite complement. Show that (F,C) is a
Boolean algebra, but is not complete.

Show that the lattices pictured are not distributive.

Show that for relations, reflexive, symmetric, and transitive are
independent. That is, show that for any subset of these three,
there is a relation satisfying those conditions and not satisfying the
others. For example, there is a relation that is symmetric but not
reflexive and not transitive.

Let N be the set of positive integers. On N x N let (a,b) ~ (¢, d) if
a+d = b+ c. Show that ~ is an equivalence relation. What is the
quotient space (N x N)/ ~?

Let U = Z x Z*, where Z is the set of integers and Z* is the set of
nonzero integers. On U, let (m,n) ~ (p, q) if mqg = np. Verify that
~ is an equivalence relation. What is the quotient space U/ ~?

Prove Theorem 2.2.10 in detail.

Let £(U) be the set of all equivalence relations on the set U. Under
C, £(U) is a complete lattice by Theorem 2.2.11. Describe the sup
of two equivalence relations directly in terms of the elements of
those two sets. Describe the sup of a set of equivalence relations
directly in terms of the elements of those sets.
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Let P(U) be the set of all partitions of the set U. For P and @ in
P(U), put P < Q if every member of P is a subset of a member of

Q.

(a) Let @ : £(U) — P(U) be the mapping that takes an equiva-
lence relation to its set of equivalence classes. This is the map
in Theorem 2.2.8. Show that for A and B in £(U), A C B if
and only if ®(4) < ®(B).

(b) Show that (P(U), <) is a complete lattice.

(c) Show that @ is a lattice isomorphism.

Prove Theorem 2.4.2 in detail.

Suppose that U has three elements. Show that the lattice P(U) is
the lattice pictured on the right in Exercise 19. Show that P(U) is
not distributive if U has at least three elements.

Let R, S, and T be relations in U x V, V x W, and W x X, respec-
tively. Show that R(ST) = (RS)T. That is, show that composition
of relations is associative.

Let f: U —-V,g:V —- W,and h : W — X. Show that
h(gf) = (hg)f. That is, show that composition of functions is
associative.

For any sets X and Y, let Map(X,Y) be the set of all mappings
from X to Y. Show that

®: Map(W, Map(X,Y)) = Map(WxX,Y) : (f)(w,z) = f(w)(z)
is a one-to-one correspondence.
Let f: U —V.

(a) Show that ff~' = 1p(y) if f is onto.
(b) Show that f~!f = 1p) if f is one-to-one.

Let f : U — V. Show that {f~!f(z) : € U} is a partition of U.
Why is {f~!(v) : v € V} not a partition of U?

Let A and B be fuzzy subsets of U and « € [0, 1].
(a) Show that

(AVB)y = AaUBq
Au N B,

N
>
)
Q
I
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(b) Is (A" = (Au)'?

(c) Let S be a set of fuzzy subsets of U. Show that (A 4c5 A)a =
ﬂAeS Aa-

(d) Is (\/Aes A)o = UAeS Aq?

34. Let A be a fuzzy subset of a set U. For « € [0, 1], the strong a-cut
of Ais
A ={u:uecU A(u) > a}

Show that for u € U,

Afu) = sup a4, ()

35. Let A be a fuzzy subset of the set U and let A, be the a-cut of A.

(a) Verify that for all x € U,

Alz) =V axa,(z)

a€l0,1]

This is called the resolution of the identity.
(b) Verify that for all z € U,

1
mm=/x%mm

(¢) Suppose that {B, : « € [0,1]} is a family of subsets of U such
that for all z € U,

Af) =V axp,(z)

a€l0,1]

Show that for all a € [0,1], By C Aq.
(d) The support of a fuzzy set A is given by

supp(A) = {z € U : A(z) > 0}

With B, as in part (c), verify that

U Aa = U B, = Supp(A)

ae(0,1] a€(0,1]

36. Show that L£(U) in Theorem 2.5.3 is a complete lattice via the
ordering f < g if f(x) C g(z) for all z € C.
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37. Let C be a complete lattice and P(U) the power set of U. There
are two complete lattices around: the complete lattice P(U) of all
subsets of U, and of course C. We use U and N for the operations
in P(U) and V and A for the operations in C. Let D be a subset
of C'and let A: U — C. Prove the following;:

(a) For o and §in C, and a < 3 then A, D Ag.
(b) U(xED A C A/\D
(C) ﬂ(xED - A\/D'
(d) The converse of (a) does not always hold.
)

(e) The opposite inclusion in (b) does not always hold.

38. Show that £(U) is not a sublattice of (P(U))€. See Corollary 2.5.4.

39. In the context of Theorem 2.6.1, show that f(A4,) = (VAf™1), if
either

(a) f is one-to-one, or

(b) C =V and f = A.
40. In the notation following Theorem 2.6.1, show that

JAD, AR A ) =\ af (AP, A, AT ()

ael0,1]
41. Let A be the fuzzy set and f : R — R defined by the equations
Alx) = Xqoy(@) + € X (0,00 ()
f(@) = ox0,1(®) + Xp,00) (@)
Recall that the fuzzy subset f(A) is defined by
F(A)(y) = (VAF () =sup{A(2) z € fH(y)}
where f1(y) = {z:y = f(x)}.

(a) Show that for each y € [0,1), sup{A(z) : z € fl(y)} is
attained.

(b) Show that sup{A(z) : = € f~1(1)} is not attained.
(c) Show that f(A)1 # f(A1).
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Let A and B be fuzzy sets, and f : R x R — R defined by the
equations

Alz) = xpgq)+ 67%X(0,3)U(4,oo)($)
B(x) = X2 1(@)+ € TX( oo _2yu(-1.0)(®)
fl@) = z+y

Recall that f(A, B) is the fuzzy subset of R defined by f(A, B)(z) =
sup{A(z) AB(y) : x +y = z}.

(a) Show that sup{A(z) A B(y) : © +y = 0} is not attained.
(b) Show that [f(A, B)]l 7& f(Al, Bl)

Let A and B be fuzzy subsets of R, and f: R x R — R defined by
the equations

Alx) = X))+ %X(E),oo) (z)
B(x) = Xx{0y(®)+ 377 X(0.00)(®)
f(z) = xAy

Show that A1 A By # (AN B)

% .
Let A and B be fuzzy subsets of R, and f : R x R — R be defined
by

0 ifx <0
A@) = Bl-»)={
ez ifx>0

fly) = z+y
Show that f(A;, By) is strictly contained in [f(A, B)].
*Let A and B be fuzzy subsets of U and V, respectively, and let
f:UxV — W Let T : [0,1] x [0,1] — [0,1] be symmetric,
associative, non-decreasing in each variable, and T'(z,1) = z for all

x € [0,1]. Define fr(A, B): W — [0, 1] by the formula

fr(A, B)(w) = sup{T(A(u), B(v)) : (u,v) € f~(w)}
This is a sup-T' convolution.

(a) Show that the following are equivalent.
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i. For each w € W,
sup{T(A(u), B(v)) : (u,v) € f*(w)}

is attained.
ii. For each a € (,1], [fr(4, B)la = Ur(t,6)5a f(At: Bs).
(b) If T(x,y) = x Ay, verify that [fr(A, B)la = f (Aa, Ba) -
(c) If T(z,y) = wy, verify that [fr(A, B)la = Uye(a,1) f(At; Bayt)-
(d) U T(z,y)=xify=1,yif z =1, and 0 otherwise, verify that

[fr(A, B)la = f(A1, Ba) U f(Aq, B1)
(e) If T(z,y) = max{0,z +y — 1}, verify that

(A B)a= |J f(Ar, Bais)

tela,1]

46. *Let f : R x R — R be continuous and let T be as in the previous
exercise and upper semicontinuous. Upper semicontinuous means
that for each « € [0, 1], {(s,t) € [0,1] x[0,1] : T'(s,t) > a} is closed.
Let A and B be fuzzy subsets of R which are upper semicontinuous
and have compact support. This means that the closure S(A) =
{z € R: A(z) > 0} of A is compact and similarly for B. Show that

for a € (0,1], [fr(A, B)la = Uz f(As, Bo).

47. *Let f : RT x Rt— R™ be continuous, and A and B be continuous
fuzzy subsets of RT such that lim, .., A(z) = lim, ., B(z) = 0.
Show that [f(A, B)]a = f(Aa, Ba) for a € (0,1].






Chapter 3

FUZZY QUANTITIES

This chapter is devoted to the study of a concrete class of fuzzy sets,
namely those of the real line R. Fuzzy quantities are fuzzy subsets of R,
generalizing ordinary subsets of R. In order to define operations among
fuzzy quantities, we will invoke the extension principle, which was dis-
cussed in Chapter 2. This principle provides a means for extending op-
erations on R to those of F(R). In later sections, we will look at special
fuzzy quantities, in particular, fuzzy numbers and fuzzy intervals.

3.1 Fuzzy quantities

Let R denote the set of real numbers. The elements of F(R), that is, the
fuzzy subsets of R, are fuzzy quantities. A relation R in U x V', which
is simply a subset R of U x V, induces the mapping R : F(U)— F(V)
defined by R(A) = VAR™!. This is the mapping given by

R(A)(v) = \/{A({u : (u,v) € R})}

as expressed by the extension principle at work. In particular, a mapping
f : R — R induces a mapping f : F(R) — F(R). A binary operation
o:RxR—Ron R gives a mapping F(R x R) — F(R), and we have
the mapping F(R) x F(R) — F(R x R) sending (A, B) to A(A x B).
Remember that A(A x B)(r,s) = A(r) A B(s). The composition

F(R) x F(R) — F(R x R) — F(R)

of these two is the mapping that sends (A, B) to V(A(A x B))o™!, where
o~ 1(x) = {(a,b) : ao b= z}. We denote this binary operation by A o B.

45
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This means that

(Ao B)(x)

\/ AMA x B)o™" (x)
\/ (A x B)(a,b)

aob=zx

V {A(a) A B(b)}

aob=x

For example, for the ordinary arithmetic binary operations of addition
and multiplication on R, we then have corresponding operations A + B
=VA(AxB)+tand A-B=VA(Ax B)~ton F(R). Thus

(A+B)(z) = V {A{)AB(y)}

rt+y==z
(A4-B)2)= V {4(0) 7B}

The mapping R — R : r — —r induces a mapping F(R) —F(R) and
the image of A is denoted —A. For = € R,

(=A)(@) = V.=, {AlY)} = A(=2)

If we view — as a binary operation on R, we get

(A=DB)(z) = V {Az)AB(y)}
r—y=z
It turns out that A+ (—B) = A — B, as is the case for R itself.
Division deserves some special attention. It is not a binary operation
on R since it is not defined for pairs (z,0), but it is the relation

{((r,s),t) € (R xR) xR :r = st}

By the extension principle, this relation induces the binary operation on
F(R) given by the formula

5@ =V (Aly) A B(2))

y=zx

So division of any fuzzy quantity by any other fuzzy quantity is possible.
In particular, a real number may be divided by 0 in F(R). Recall that
R is viewed inside F(R) as the characteristic functions x (r} for elements
7 of R. We note the following easy proposition.

Proposition 3.1.1 For any fuzzy set A, A/x oy is the constant function
whose value is A(0).
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Proof. The function A/xo}is given by the formula

(4/0) ) =V (A6 A x®)

s=t-u

=V (46 Axg(0)

s=0-u

—  A(0)

Thus x{,1/X0} is the constant function 0 if 7 # 0 and 1 if » = 0.
Neither of these fuzzy quantities is real numbers, that is, neither is a
characteristic function of a real number.

We note that performing operations on R is the same as performing
the corresponding operations on R viewed as a subset of F(R). For
binary operations o, this means that Xy © X{s} = X{ros}- This last
equation just expresses the fact that the mapping R - F(R) : r — x (r}
is a homomorphism. More generally, the following holds.

Theorem 3.1.2 Let o be any binary operation on a set U, and let S and
T be subsets of U. Then

XS ©XT = X{sot:seS,teT}

Proof. For u € U,

(xsoxr)(@ =\ (xs(s) Axr(t)

sot=u

The sup is either 0 or 1 and is 1 exactly when there is an s € § and a
t € T with sot = u. The result follows. m

Thus if U is a set with a binary operation o, then F(U) contains a
copy of U with this binary operation. In particular, if U = R, then R with
its various binary operations is contained in F(R). We identify r € R
with its corresponding element xy,y.

The characteristic function y, has some special properties, where &
denotes the empty set. From the theorem, x, o X7 = Xz, but in fact,
Xz © A = xy for any fuzzy set A. It is simply the function that is 0
everywhere.

Binary operations on a set induce binary operations on its set of sub-
sets. For example, if S and T are subsets of R, then

S+T={s+t:s€85,teT}

These operations on subsets S of R carry over exactly to operations on
the corresponding characteristic sets xg in F(R). This is the content of
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the previous theorem. Subsets of particular interest are intervals of R
such as [a, b], (a,b), and so on.

Now we go to the algebraic properties of fuzzy quantities with respect
to the operations induced from R. Not all properties of binary operations
on R carry over to the ones induced on F(R), but many do. We identify
a real number 7 with its characteristic function x (.

Theorem 3.1.3 Let A, B, and C be fuzzy quantities. The following
hold.

1. 0+A=A 2. 0-A=0
3. 1.A=4 4. A+B=B+A
5. A+(B+C)=(A+B)+C 6. AB=BA
7. (AB)C = A(BC) 8. r(A+B)=rA+rB
9. AB+C)<AB+ AC 10. (—r)A=—(rA)
11. —(-4A)=A4 12. (-A)B= —(AB) = A(-B)
13. é =A 14. é = 1A

1 T T

A 1
15. ==A—= 16. A+ (-B)=A-B
% 5 6 + (=B)

Proof. We prove some of these, leaving the others as exercises. The
equations

1-A(x) = Vo x(3 () A A(2)
= Vip—e X3 (1) A A(2)
= A(z)
show that 1- A = A. If (A(B+C))(z) > (AB+ AC)(x), then there exist
u, v,y with y(u 4+ v) = 2 and such that
A(y) A B(u) A C(v) > A(p) A B(q) A A(h) A C(k)

for all p,q,h, k with pg + hk = z. But this is not so for p = h = y,
g =u,and v = k. Thus (A(B+C))(z) < (AB+ AC)(z) for all z, whence
AB+C) < AB+ AC.
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However, (A + B) = rA + rB since

(X A+ B) @) = Vaurs Oy () A(A + B)(0))

= Ve (X (1) A(A + B)(0)

= Vari—o(A(s) AB®)

= Vs%t::mv(X{r}(T)A(S) A Xy (r)B())
(rA+rB)(z)

There are a number of special properties that fuzzy quantities may
have, and we need a few of them in preparation for dealing with fuzzy
numbers and intervals. A subset A of the plane, that is, of R> = R x R,
is convex if it contains the straight line connecting any two of its points.
This can be expressed by saying that for ¢ € [0,1], tx + (1 —t)y is in A
whenever x and y are in A. This definition applies to R™ actually. For
R, convex subsets are just intervals, which may be infinite, and a-cuts of
indicator functions of convex sets are convex.

Definition 3.1.4 A fuzzy quantity A is convez if its a-cuts are convex,
that is, if its a-cuts are intervals.

Theorem 3.1.5 A fuzzy quantity A is convex if and only if A(y) >
A(z) N A(z) whenever x <y < z.

Proof. Let A be convex, x < y < z, and a = A(x) A A(z). Then
xz and z are in A,, and since A, is an interval, y is in A,. Therefore
A(y) = A(z) A A(2).

Suppose that A(y) > A(z) A A(z) whenever <y < z. Letz <y < z
with z,z € A,. Then A(y) > A(z) A A(2) > «, whence y € A, and A,
is convex. W

0.8 0.4
0.6 .3 ]
0.4 027

0.2 0.17]

Not convex Convex
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Theorem 3.1.6 If A and B are convez, then so are A+ B and —A.

Proof. We show that A 4+ B is convex, leaving the other parts as
exercises. Let © < y < z. We need that (A+ B)(y) > (A+ B)(z) A (A+
B)(z). Let ¢ > 0. There are numbers z1, 22,21 and 2o with &1 + 23 =
and 21 + zo = z and satisfying

A(:El) A\ B(.’L‘Q)
A(Zl) A B(Zg)

> (A+B)(z)—c¢

> (A+B)(2)—¢

Now y = ax + (1 — a)z for some a € [0,1]. Let 2’ = ax1 + (1 — @)z, and
z' = azo+ (1 — a)ze. Then 2’/ + 2’ =y, 2’ lies between x; and 27, and 2’
lies between x2 and z9. Thus we have

(A+ B)(y) A(a") N B(%')
A(l’l) A\ A<Z1) AN B(.’L‘Q) A\ B(ZQ)
[(A+ B)(z) —e] AN[(A+ B)(2) — €]

[(A+B)(z)AN(A+ B)(2)] —¢

VIV IV IV

It follows that A + B is convex. B

A function f : R — R is upper semicontinuous if {z : f(z) > a} is
closed. The following definition is consistent with this terminology.

Definition 3.1.7 A fuzzy quantity is upper semicontinuous if its a-
cuts are closed.

Theorem 3.1.8 A fuzzy quantity A is upper semicontinuous if and only
if whenever © € R and € > 0 there is a 6 > 0 such that |x — y| < 0 implies
that A(y) < A(z) + e.

Proof. Suppose that A, is closed for all a. Let x € R and € > 0. If
A(z) + € > 1, then A(y) < A(z) + € for any y. If A(z) 4+ ¢ < 1 then for
a = A(x)+e, x ¢ Ay and so thereis 6 > 0 such that (z—6,2+0)NA, = @.
Thus A(y) < a = A(z) + € for all y with |x —y| < 6.

Conversely, take a € [0,1], z ¢ A,, and € = %%r)_ There is § > 0
such that |z —y| < ¢ implies that A(y) < A(z) + Q_TA(QC) < «, and so
(x—0,24+0)NA, =2. Thus A, is closed. m

The following theorem is the crucial fact that enables us to use a-cuts
in computing with fuzzy quantities.

Theorem 3.1.9 Let o : RxR — R be a continuous binary operation on
R and let A and B be fuzzy quantities with closed a-cuts and bounded
supports. Then for each u € R, (Ao B)(u) = A(x) A B(y) for some x and
y with u = x o y.
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Proof. By definition,

(Ao B)(u) = V (A(z) A B(y))

Toy=u

The equality certainly holds if (Ao B)(u) = 0. Suppose o = (Ao B)(u) >
0, and A(x) AB(y) < « for all z and y such that x oy = u. Then there is
a sequence {A(z;) A B(y;)}52, in the set {A(z) AB(y) : zoy = u} having
the following properties.

1. {A(z;) A B(y;)} converges to a.
2. Either {A(z;)} or {B(y;)} converges to a.

3. Each z; is in the support of A and each y; is in the support of B.

Suppose that it is {A(x;)} that converges to «. Since the support of
A is bounded, the set {z;} has a limit point x and hence a subsequence
converging to x. Since the support of B is bounded, the corresponding
subsequence of y; has a limit point y and hence a subsequence converging
to y. The corresponding subsequence of x; converges to x. Thus we have
a sequence {{A(x;) A B(y;)}52, satisfying the three properties above and
with {z;} converging to = and {y;} converging to y. If A(z) = v < a,
then for § = O‘Tﬂ and for sufficiently large i, z; € As, « is a limit point of
those x;, and since all cuts are closed, x € As. But it is not, so A(x) = a.
In a similar vein, B(y) > «, and we have (4 o B)(u) = A(x) A B(y).
Finally, u = z o y since u = x; o y; for all 4, and o is continuous. m

Corollary 3.1.10 If A and B are fuzzy quantities with bounded support,
all a-cuts are closed, and o is a continuous binary operation on R, then
(Ao B)y = Ay 0 B,

Proof. Applying the theorem, for u € (Ao B),, (Ao B)(u) = A(z) A
B(y) for some = and y with u = x oy. Thus z € A, and y € B,, and
therefore (Ao B), C A, o B,. The other inclusion is easy. m

Corollary 3.1.11 If A and B are fuzzy quantities with bounded support
and all a-cuts are closed, then

1. (A+ B)y = As + Ba,
2. (A-B)o = A, - Ba,
3. (A—B)y = A, — B,



52 CHAPTER 3. FUZZY QUANTITIES

We end this section with a note about division of sets of real numbers.
We have no obvious way to divide a set S by a set 1. We cannot take
S/T ={s/t:s € S andte T} since t may be 0. But we can perform
the operation xg/Xxp. Therefore fuzzy arithmetic gives a natural way to
divide sets of real numbers one by the other, and in particular to divide
intervals. (A similar definition is actually used in computer arithmetic.)
We also note that if S and 7" are closed and bounded, then (xg/x7) (v) =
Xg(ux) A xp(z) for a suitable 2. The proof of this is left as an exercise.

3.2 Fuzzy numbers

We are going to specify a couple of special classes of fuzzy quantities,
the first being the class of fuzzy numbers. A fuzzy number is a fuzzy
quantity A that represents a generalization of a real number r. Intuitively,
A(z) should be a measure of how well A(z) “approximates” r, and cer-
tainly one reasonable requirement is that A(r) = 1 and that this holds
only for r. A fuzzy number should have a picture somewhat like the one
following.

0> 3 4 5 6

A fuzzy number 4

Of course we do not want to be so restrictive as to require that fuzzy
numbers all look like triangles, even with different slopes. A number of
definitions have been proffered, and one of the simplest and most reason-
able seems to be the following.

Definition 3.2.1 A fuzzy number is a fuzzy quantity A that satisfies
the following conditions.

1. A(x) =1 for exactly one x.
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2. The support {x : A(z) > 0} of A is bounded.

8. The a-cuts of A are closed intervals.

There are many ways this definition could be stated, and the third
condition may seem arbitrary. However, it is easily stated and visualized,
and has some nice consequences. This definition is not universally used.
Sometimes the second condition is not required.

The following proposition is an easy consequence of the definition.

Proposition 3.2.2 The following hold:

1. Real numbers are fuzzy numbers.
2. A fuzzy number is a convex fuzzy quantity.
3. A fuzzy number is upper semicontinuous.

4. If A is a fuzzy number with A(r) =1, then A is non-decreasing on
(=00, 7] and non-increasing on [r, o).

Proof. It should be clear that real numbers are fuzzy numbers. A
fuzzy number is convex since its a-cuts are intervals, and is upper semi-
continuous since its a-cuts are closed. If A is a fuzzy number with A(r) =
1 and z < y < r, then since A is convex and A(y) < A(r), we have
A(z) < A(y), so A is monotone increasing on (—oo,r|. Similarly, A is
monotone decreasing on [r,00). B

Theorem 3.2.3 If A and B are fuzzy numbers then so are A+ B, A- B,
and —A.

Proof. That these fuzzy quantities have bounded support and assume
the value 1 in exactly one place is easy to show. The a-cuts of A+ B and
A - B are closed intervals by Corollary 3.1.11. Since —A = (—1) - A, the
rest follows. m

Carrying out computations with fuzzy quantities, and in particular
with fuzzy numbers, can be complicated. There are some special classes
of fuzzy numbers for which computations of their sum, for example, is
easy. One such class is that of triangular fuzzy numbers. They are the
ones with pictures like the one above. It is clear that such a fuzzy number
is uniquely determined by a triple (a,b, ) of numbers with a < b < ¢. So
computing with triangular fuzzy numbers should be reduced to operating
on such triples.
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Definition 3.2.4 A triangular fuzzy number is a fuzzy quantity A
whose values are given by the formula

0 if r<a
i % a<z<b
A) = .
r—c .
if b<z<c
b—c
0 if c<x
for some a < b < c.
For example, if a = —1, b = 2, and ¢ = 3, the picture is
0.8
0.67
0.4
0.2

The formula is just a precise way to say what we want triangular
fuzzy numbers to be. It is clear that there is a one-to-one correspondence
between triangular numbers and triples (a, b, c) with a < b < ¢, and we
identify a triangular number with its triple. Then (a,b,c) is the fuzzy
quantity given by the formula in the definition above. If a = b, then A(b)
in the formula above is Z:—Z with numerator and denominator both 0. We
take this quotient to be 1. Similar remarks apply to triangular numbers
(a,c,¢). Thus triangular numbers (r,r,7) are those functions which are
1 at r and 0 elsewhere, the image of the real number r in F(R). For
a < ¢, the support of (a, b, c) is the open interval (a,c), and the value 1
is assumed at b and only at b.

Theorem 3.2.5 For triangular numbers,

(@,b,¢) + (de, f) = (a+d,b+ectf)
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Proof. Using ((a,b,¢) + (d,e, f)), = (a,b,¢)a + (d, €, f)a, it follows
that the support of the sum is the interval (a + d,c + f) and that 1 is
assumed exactly at b + e. Suppose that o > 0, the left endpoint of the
a-cut of (a,b,c) is u and that of (d,e, f)isv. Thena <u <b, d<v<e,
and

u—a v-—d
o = =

b—a e—d
An easy calculation shows that

u+v—(a+d)
a=———
b+e—(a+d)

which shows that u+wv is the left endpoint of the a-cut of (a+d, b+-e, c+ f).
But we know that the left endpoint of the a-cut of (a,b,c) + (d,e, f) is
u + v. Similarly for right endpoints of cuts, and hence (a,b,c) + (d, ¢, f)
and (a +d,b+ e,c+ f) have the same cuts and so are equal.

Thus adding two triangular numbers is the same as adding two triples
of real numbers coordinatewise, a particularly simple thing to do.

Products of triangular numbers are not necessarily triangular. How-
ever, we do have (AB), = AsB.. So we can compute the cuts of a
product of triangular numbers easily. The problem is that the product is
not piecewise linear. For example, the square of the triangular number
(—=1,0,1) looks like the following figure.

-1 -0.5 00 0.5 1

The square of the triangular number (—1,0, 1)

3.3 Fuzzy intervals

A subset S of R is identified with x g, and in particular, intervals [a, b] are
identified with their characteristic functions, namely the fuzzy quantities
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X[a,b]- The use of intervals with their arithmetic is appropriate in some
situations involving impreciseness. When the intervals themselves are not
sharply defined, we are driven to the concept of fuzzy interval. Thus we
want to generalize intervals to fuzzy intervals, and certainly a fuzzy quan-
tity generalizing the interval [a,b] should have value 1 on [a,b]. A fuzzy
quantity that attains the value 1 is called normal. The other defining
properties of fuzzy intervals should be like those of fuzzy numbers. Thus
a fuzzy interval should look something like the following picture.

03 4 5 6 7
A membership function for the fuzzy interval [4, 6]

This fuzzy interval has a trapezoidal form, representing “approximately
between 4 and 6”. Our definition is this:

Definition 3.3.1 A fuzzy interval is a fuzzy quantity A satisfying the
following:

1. A is normal.
2. The support {x : A(z) > 0} of A is bounded.

3. The a-cuts of A are closed intervals.

Theorem 3.2.3 holds for fuzzy intervals, with only minor changes in
the proofs. In fact, fuzzy numbers are fuzzy intervals. The only difference
is that a fuzzy number can attain the value 1 at only one place, while a
fuzzy interval can have an interval of such places.

3.4 Exercises

1. Show that xg/x{o} is the constant function 1 or 0 according to
whether or not 0 € S.
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10.
11.

EXERCISES o7

. Complete the proof of Theorem 3.1.3.

. Show that for relation on a set U, the resulting binary operation o

on F(U) has the property that Ao x, = x, for all A € F(U).

. Show that there are fuzzy quantities A and B, such that

(a) A—A#£0
(b) (A+B) B#A
(c) 4
(d) AB;AA

. Show that for fuzzy quantities, multiplication does not distribute

over addition. That is, A(B+ C) # AB + AC.

. Let S and T be closed and bounded subsets of R. Show that

(xs/xr) (u) = xg(uz) A xp(x) for some z.

. Compute the a-cuts of the sum of two triangular numbers.

. For f:R — Rand A € F(R), write down the membership function

of f(A) when

. Let o () =0V (1 —2z) and pp(z) = e, and

er(2=%) if z<a

A(z) =4 1 if a<z<b
SOR(QJT_Z)) if z>b

c—x

er(5F) if z<c
B(x)=< 1 if e<z<d
‘PR(I ) if x>d

Compute —A, A+ B and A/B. In general, when a membership
function A(z) is obtained from two functions ¢ (z) and pg(x) as
above, these functions ¢ (z) and @g(x) are referred to as shape
functions.

Show that if A is a convex fuzzy quantity, then so is —A.

Is it true that if A and B are convex fuzzy quantities, then so is
AB?
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12.

13.

14.

15.

16.

CHAPTER 3. FUZZY QUANTITIES

Let C be the set of all convex fuzzy quantities. Order these functions
by the usual pointwise order. That is, A < B if A(u) < B(u) for
all u € R. Show that (C, <) is a lattice. Show that if A and B are
in C, then AV B taken in C may not be AV B taken in F(R).

Define the fuzzy quantities A and B by

_
2(1 —|—e*%)
B(z) = 1

Show that A and B are convex, A + B is convex, but (4 + B)% *
A% + B%.

Let A € F(R) be continuous. Show that A is convex if and only if
the A, are closed intervals.

The condition that A(y) > A(z) A A(z) whenever z < y < z is
sometimes called quasiconcavity. Show that A € F(R) is convex
if and only if for x,y € R, the function A — A(Ax + (1 — N)y) is
quasiconcave.

A function f : R — R is pseudoconcave if for z,y € U with
f(z) # f(y) and for z = Az + (1 — Ny with A € (0,1), we have
f(z) > f(z)A f(y). A fuzzy set A € F(U) is strongly convex if A
is convex and pseudoconcave. Show that a convex fuzzy subset A
of U is strongly convex if its membership function A is one-to-one
on{zeU: Alx) < 1}.



Chapter 4

LOGICAL ASPECTS OF
FUZZY SETS

The phrase “fuzzy logic” has two meanings. On the one hand, it refers
to the use of fuzzy sets in the representation and manipulation of vague
information for the purpose of making decisions or taking actions. It is
the theory of fuzzy sets, the study of the system of all mappings of a set
U into the unit interval. This involves not only the usual connectives of
max and min on fuzzy sets, but the theory of t-norms, t-conorms, nega-
tions, and many other related concepts. Also there are generalizations
of ordinary set theoretical concepts to the fuzzy setting, such as that
of equivalence relation. Many topics can be “fuzzified”. Some of these
appear throughout this book.

On the other hand, fuzzy logic means the extension of ordinary logic
with truth values in the two-element Boolean algebra ({0,1},V,A,”,0,1)
to the case where they are in the Kleene algebra ([0,1],V,A,’,0,1). There
are of course many extensions of two-valued logic to multivalued ones,
generally with the truth values being finite in number. A standard refer-
ence for this is [132].

This chapter focuses on fuzzy logic in this second sense. An impor-
tant reference is [67]. First, we present the basics of the two-valued
propositional calculus, next the corresponding material for a well-known
three-valued propositional calculus due to Lukasiewicz, and then for the
propositional calculus in which the truth values consist of the Kleene al-
gebra above, that is, for fuzzy propositional calculus. The fact that these
last two propositional calculi are equal does not seem to be widely known.
But it is a useful fact. It enables one to determine in finitely many steps,
following a specific algorithm, whether two expressions in fuzzy sets are
equal, where the expressions involve just the fuzzy sets and the connec-

99
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tives max, min, and the complement  — 1 —x. An analogous fact holds
for fuzzy sets whose values are themselves intervals in [0, 1].

4.1 Classical two-valued logic

First, we will look at the simplest formal logic, the classical two-valued
propositional logic, or calculus. In it, propositions can take on only two
truth values. This will not be the case in the other logics we consider.
Here are the basics of propositional calculus.

The building blocks consist of a set of formal entities V' = {a,b, ¢, ...}
often called the variables of the logic. The elements of V' are to be
thought of as primitive propositions, or simple statements, or variables.
We specify three basic logical connectives: V (or), A (and), and ' (not).
From the elements of V' and these connectives, we build up expressions
such as aVb, aAl', a’ A(bV¢), and so on. Such expressions are formulas.
Formulas are defined inductively as follows:

e If ¢ is a variable, then a is a formula.

e If v and v are formulas, then © Vv, u A v and v’ are formulas.

The set of all formulas is denoted F. Thus if we have only three
variables, a, b, and c, at the first step in this recursive process, we get the
formulas a, b, c. Then at the next step, we get a’,b’,c’,aVa,aNa,aVb,aV
¢, bV a, and several more. At the third step, we get such new formulas
asaVl,aV(bAc),(ave), and (b)) Ac. Of course there are many
many more. The set F is the set of all formulas defined. If F,, is the set
of formulas gotten at the n-th stage, then U,F,, = F. It is an infinite
set, even if V' has only one element. For example, if a is a variable, then
a,aha, (aNa)Na,aN((anNa)ANa),a(aA((aNa)Aa)),.. . areall
distinct formulas, as are a, o, (a'), ((a’)')l, ... At this point, elements
of I are just certain strings of symbols. No meaning has been attached
to anything.

For any function t : V — {0,1} we get a function ¢ : F — {0,1} as
follows: for each variable a appearing in a formula, substitute ¢ (a) for it.
Then we have an expression in the symbols 0,1, V, A, and ’, together with
balanced sets of parentheses. The tables below define the operations of
V, A, and ’ on the truth values {0,1}.

vijo 1 Ao 1 | 1

010 1 010 O O 1
191 1 10 1 110
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Using these tables, which describe the two element Boolean algebra, we
get an extension to F. For example, if ¢(a) = 0 and ¢(b) = t(c) = 1, then

((t(a) vV £(b)) At(c)) A (4(D) V H(c)))
OVI)AL) A VI

t(((aVvb)yAc)A (Y Ve) =

Such a mapping F — {0, 1} is called a truth evaluation. We have
exactly one for each mapping V' — {0, 1}. Expressions that are assigned
the value 1 by every t are called tautologies, such as aVa' and bV V.

There are two other common logical connectives, = (implies) and <
(implies and is implied by, or if and only if), and we could write down
the usual truth tables for them. However, in classical two-valued logic,
a = b is taken to mean o’ V b, and a < b to mean (a = b) A (b= a).
Thus they can be defined in terms of the three connectives we used. The
formula @ = b is called material implication.

Two formulas a and b are called (logically) equivalent if they have
the same image for every truth evaluation. This is the same thing as
a < b being a tautology, for which we write a = b. The expressions a,
aVa, and (aV a) V a are equivalent, always having truth evaluation the
same as a. Likewise, the expressions a A (bV ¢) and (a Ab) V (a A c) are
equivalent. Both have truth evaluation 1 when a and either b or ¢ have
truth evaluation 1, and have truth evaluation 0 otherwise. We want to
consider two formulas equal if they are logically equivalent, and indeed,
being logically equivalent is an equivalence relation, and so partitions F.
Two elements of F are in the same member of this partition if they are
equivalent, that is, in the same equivalence class.

Consider now the set F/ = (F “modulo” =) of all equivalence classes of
this equivalence relation. Let [a] denote the equivalence class containing
the formula a. Then setting

[a V] = [aVi]
[al ATo] = [and]
[ = [a]

makes F/ = into a Boolean algebra. That these operations are well
defined, and actually do what is claimed, takes some checking and we will
not give the details. This Boolean algebra is the classical propositional
calculus. If the set V of variables, or atomic formulas, is finite, then F/ =
is finite, even though F is infinite. It is a fact that if V' has n elements,
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then F/ = has 22" elements. If {v1,v2,...,0,} is the set of variables,
then the elements of the form

w1/\w2/\.../\wn

where w; is either v; or v} are called monomials, and every element of
[F is logically equivalent to the join of a unique set of these monomials.
(The element [0] is the join of the empty set of monomials.) Elements
written in this fashion are said to be in disjunctive normal form. For
example, if there are just two variables a and b, then a V b is logically
equivalent to (a A b)V (a Ab')V (a’ Ab). This is easy to check: just check
the truth evaluations for all four possible truth evaluations of the pair a
and b.

The classical propositional calculus is associated with a Boolean alge-
bra of sets in the following way. Suppose we associate with each equiva-
lence class [u] € F/ = the set

{t:V—={0,1} : t(u) =1}

This defines a function by the very definition of logically equivalent. Thus
we have a mapping
T:F/=— P({0,1}")

where {0,1}V denotes the set of all functions from V to {0,1} and
P({0,1}V) denotes the set of all subsets of {0,1}V. The mapping T
is one-to-one, again by the definition of being logically equivalent. The
set of all subsets of {0,1}V is a Boolean algebra under ordinary set union,
intersection, and complementation. The image of F/ = is a sub-Boolean
algebra and T is a homomorphism, that is,

T(aVvb) = T(a)UT(b)
T(andb) = T(a)NT(b)
T(a) = T(a)
(o) = @
(@) = {01}

If V is finite, the mapping T is onto and we have a one-to-one corre-
spondence between the equivalence classes of propositions and subsets of
{0,1}V. This is the connection between propositional calculus and set
theory. It is isomorphic to a Boolean algebra of sets.

We illustrate the construction of F/ = above in the case V = {a,b}.
We need only concern ourselves with writing down one formula for each
equivalence class. First, we have the formulas a,b,a’,b’, and in the next
iteration the formulas, a Va,aVb,bV a,aVa',aV ¥, a”, and so on. We
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will not write them all down. There can be at most 16 nonequivalent
ones, that being the number of subsets of {0,1}{%}. If we denote the
equivalence class containing a V @/ by 1 and the one containing a A a’ by
0, then these 16 are

0 1

a a

b v

aVb a AV

aVvy a Ab

a' Vb aAl

a Vv albd

(aNV)V (' AD) (¢’ VO)A(aV)

We have not written them all in disjunctive normal form. For any two
of these formulas, it is easy to find a truth evaluation for which they take
different values. For example, consider the formulas o’ V b and (a A V) V
(' AND). Ift(a) =t(b) =1 then t(a’ Vb)) =1 and t((a AV)V (a/ AD)) =
0. So this propositional calculus has only 16 formulas, and is isomorphic
to the Boolean algebra with 16 elements.

In summary, propositional calculus is a logic of atomic propositions.
These atomic propositions cannot be broken down. The validity of ar-
guments does not depend on the meaning of these atomic propositions,
but rather on the form of the argument. For example, the deduction rule
known as modus ponens states that from b = a and b one deduces a
logically. That is, ((b = a) Ab) = a is a tautology. It is easily checked
that this is indeed the case.

If we consider propositions of the form “all a’s are b”, which involves
the quantifier “all” and the predicate b, then the validity of an argument
should depend on the relationship between parts of the statement as
well as the form of the statement. For example, “all men are mortal”,
“Napoleon is a man”, and therefore “Napoleon is mortal”. In order to
reason with this type of proposition, propositional calculus is extended
to predicate calculus, specifically to first-order predicate calculus. Its
alphabet includes the quantifiers “for all” (V) and “there exists” (3), as
well as predicates, or relation symbols. A predicate on a set S is a relation
on S, for example, “x is a positive integer”. This is a unary predicate.
It can be identified with the subset {s € S : P(s) is a positive integer},
that is, a unary relation on S. More generally, a n-ary predicate on S can
be identified with the subset {(s1, 52, -+ ,8n) € Sp : P(s1,82, - ,8,) i8
true}, that is, with a n-ary relation on S. The formalism of such logic is
more elaborate than that of propositional calculus and we will not discuss
it further.
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4.2 A three-valued logic

The construction carried out in the previous section can be generalized
in many ways. Perhaps the simplest is to let the set {0, 1} of truth values
be larger. Thinking of 0 as representing false and 1 as representing true,
we add a third truth value u representing undecided. It is common to
use % instead of u, but a truth value should not be confused with a
number, so we prefer u. Now proceed as before. Starting with a set
of variables, or primitive propositions V', build up formulas using this
set and some logical connectives. Such logics are called three-valued,
for obvious reasons. The set F of formulas is the same as in classical
two-valued logic. However, the truth evaluations ¢ will be different, thus
leading to a different equivalence relation = on F. There are a multitude
of three-valued logics, and their differences arise in the specification of
truth tables and implication.

In extending a mapping V' — {0,u, 1} to a mapping F — {0, u, 1}, we
need to specify how the connectives operate on the truth values. Here
is that specification for a particularly famous three-valued logic, that of
Lukasiewicz.

v[o u 1 Ao w 1 |’
00 u 1 0iJjfo 0 O 0 1
ullu uw 1 ull0 uw u u || u
1 1 1 1 110 uw 1 110

Again, we have chosen the basic connectives to be V, A, and ’. These
operations V and A come simply from viewing {0,u,1} as the three-
element chain with the implied lattice operations. The operation ' is the
duality of this lattice. The connectives = and < are defined as follows.

=[]0 uw 1 slo w1
0 1 1 1 0 1 «w 0
U u 1 1 U u 1 u
1 0 o 1 1 0 u 1

For this logical system, we still have that a and b are logically equivalent,
that is, t(a) = £(b) for all truth valuations ¢ : V — {0, u, 1} if and only if
a < b is a three-valued tautology.

It is clear that a three-valued tautology is a two-valued tautology.

That is, if £(a) = £(b) for all truth valuations t : V — {0,u,1}, then
t(a) = t(b) for all truth valuations ¢ : V — {0,1}. But the converse is
not true. For example, a V ' is a two-valued tautology, while it is not a
three-valued one. Just consider ¢ : V' — {0,u, 1} with ¢(a) = u.

The set F/ = of equivalence classes of formulas under the operations

induced by V, A, and ' do not form a Boolean algebra since, in particular,
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for a variable a, it is not true that a V a’ always has truth value 1. We
see from the tables above that if ¢ has truth value u, then a V o’ has
truth value u. The law of the excluded middle does not hold in this
logic. These equivalence classes of logically equivalent formulas do form
a Kleene algebra, however, and this Kleene algebra is the Lukasiewicz
three-valued propositional calculus.

With each formula f, associate the mapping

{0,u, 1} — {0,u,1}

given by t — ¢(f). This induces a one-to-one mapping from F/ = into the
set of all mappings from {0,u,1}V into {0,u,1}. This set of mappings
is itself a Kleene algebra, and the one-to-one mapping from F/ = into
it is a homomorphism. In the two-valued case, we had a one-to-one
homomorphism from the Boolean algebra F/ = into the Boolean algebra
of all mappings from {0,1}" into {0, 1}, or equivalently into P({0,1}").

4.3 Fuzzy logic

Fuzzy propositional calculus generalizes classical propositional calculus
by using the truth set [0, 1] instead of {0,1}. The construction parallels
those in the last two sections. The set of building blocks in both cases is
a set V of symbols representing atomic or elementary propositions. The
set of formulas F is built up from V using the logical connectives A, V, ’
(and, or, and not, respectively) in the usual way. As in the two-valued and
three-valued propositional calculi, a truth evaluation is gotten by taking
any function ¢ : V' — [0,1] and extending it to a function ¢ : F — [0, 1] by
replacing each element a € V' which appears in the formula by its value
t(a), which is an element in [0, 1]. This gives an expression in elements of
[0,1] and the connectives V, A, ’. This expression is evaluated by letting

xVy = max{z,y}
zAy = min{z,y}
¥ = 1-z

for elements = and y in [0,1]. We get an equivalence relation on F by
letting two formulas be equivalent if they have the same truth evaluation
for all . A formula is a tautology if it always has truth value 1. Two
formulas u and v are logically equivalent when t(u) = t(v) for all
truth valuations ¢. As in Lukasiewicz’s three-valued logic, the law of the
excluded middle fails. For an element a € V and a ¢t with ¢ (a) = 0.3,
t(aVa)=03v0.7=0.7+# 1. The set of equivalence classes of logically

equivalent formulas forms a Kleene algebra, just as in the previous case.
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The association of formulas with fuzzy sets is this. With each formula
u, associate the fuzzy subset [0,1]V — [0, 1] of [0,1]" given by t — t(u).
Thus we have a map from F to F ([0, 1]V). This induces a one-to-one
mapping from F/ = into the set of mappings from [0,1]V into [0, 1],
that is into the set of fuzzy subsets of [0,1]Y. This one-to-one mapping
associates fuzzy logical equivalence with equality of fuzzy sets.

4.4 Fuzzy and Lukasiewicz logics

The construction of F/ = for the three-valued Lukasiewicz propositional
calculus and the construction of the corresponding F/ = for fuzzy propo-
sitional calculus were the same except for the truth values used. In the
first case the set of truth values was {0, u, 1} with the tables given, and
in the second, the set of truth values was the interval [0, 1] with

xVy = max{z,y}
zAy = min{z,y}
¥ = 1-x

We remarked that in each case, the resulting equivalence classes of formu-
las formed Kleene algebras. Now the remarkable fact is that the resulting
propositional calculi are the same. They yield the same Kleene algebra.
In fact, they yield the same equivalence relation. The set F of formulas
is clearly the same in both cases, and in fact is the same as the set of
formulas in the classical two-valued case. Any differences in the proposi-
tional calculi must come from the truth values and the operations of V,
A, and " on them. Different truth values may or may not induce different
equivalence relations on F. It turns out that using truth values {0,u, 1}
with the operations discussed, and using [0, 1] with the operations dis-
played above give the same equivalence relation on F, and thus the same
resulting propositional calculi F/ =.

Theorem 4.4.1 The propositional calculus for three-valued Lukasiewicz
logic and the propositional calculus for fuzzy logic are the same. [52]

Proof. We outline a proof. Truth evaluations are mappings f from
F into the set of truth values satisfying

fovw) = f(v)V f(w)
fonw) = f(v) A fw)
f) = fl)

for all formulas v and w in F. Two formulas in F are equivalent if and
only if they have the same values for all truth valuations. So we need that
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two formulas have the same value for all truth valuations into [0, 1] if and
only if they have the same values for all truth valuations into {0, u, 1}.
First, let [] be the Cartesian product er(0,1){ovuv 1} with v, A and ’
defined componentwise. If two truth valuations from F into [ differ on an
element, then these functions followed by the projection of ] into one of
the copies of {0, u, 1} differ on that element. If two truth valuations from
F into {0, u, 1} differ on an element, then these two functions followed by
any lattice embedding of {0, u, 1} into [0, 1] differ on that element. There
is a lattice embedding [0,1] — [] given by y — {yx }=, where y, is 0, u,
or 1 depending on whether g is less than z A2, z A2’ <y <z Va' ory
is greater than x V 2’. If two truth valuations from F into [0, 1] differ on
an element, then these two functions followed by this embedding of [0, 1]
into [] will differ on that element. The upshot of all this is that taking
the truth values to be the lattices {0,u, 1}, [0,1], and [] all induce the
same equivalence relation on F, and hence yield the same propositional
calculus. m

Now what import does this have for fuzzy set theory? Omne conse-
quence is this. Suppose we wish to check the equality of two expressions
involving fuzzy sets connected with A, V, and ’, with ’ denoting the usual
negation. For example, does the equality

AN((AANB)V(AANB)YV(A'ANC)=ANA

hold for fuzzy sets? That is, is it true that this equality holds no matter
what the fuzzy sets A, B, and C are? Equivalently, for every x € U is it
true that

[AN((AAB)V(AANB)V (A ANC))|(x)=[ANA](2)
which is asking whether the equality

A(z) A ((A'(z) A B(x)) V (A'(2) A B'(2)) Vv (A (2) A C(2)))
= A(z)AA(z) (4.1)

holds for all z € U. The theorem implies that it is enough to check the
equality

AN(AANB)V(AAB)YV(A'ANC)=ANA

for all possible combinations of 0, %, and 1 substituted in for A, B, and
C, so in this case there are 27 checks that need to be made. One such is

for the case A = %, B=0,and C = % In that case, the right-hand side
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has value % clearly, and the left side is

AN((AAB)V (A AB)V (A ANC))
- 3n () (1) (303)

1 1
/\<0\/§\/§)

N~ N~ N

The other 26 cases also yield equalities, so the expression is an identity
for fuzzy sets. No matter what the fuzzy sets A, B, and C are, for every
x € [0, 1], the equality holds. It should be noted that checking equality
for combinations of the values {0, %, 1} is the same as checking equality
when the values {0, u, 1} are substituted into the expressions involved.

4.5 Interval-valued fuzzy logic

A fuzzy subset of a set S is a mapping A : U — [0,1]. The value
A(u) for a particular u is typically associated with a degree of belief
of some expert. An increasingly prevalent view is that this method of
encoding information is inadequate. Assigning an exact number to an
expert’s opinion is too restrictive. Assigning an interval of values is more
realistic. This means replacing the interval [0,1] of fuzzy values by the
set {(a,b) : a,b € [0,1], a < b}. A standard notation for this set is
[0,1]2].  An expert’s degree of belief for a particular element u € U
will be associated with a pair (a,b) € [0,1]l. Now we can construct the
propositional calculus whose truth values are the elements of [0, 1], But
first we need the appropriate algebra of these truth values. It is given by
the formulas

(a,b)V(c,d) = (aVebVa)
(a,b) A (e,d) = (aNe,bAd)
(a’ b)/ = (b/a a/)

where the operations V, A, and ' on elements of [0, 1] are the usual ones,
commonly referred to in logic as the disjunction (V), conjunction (A),
and negation. This algebra is discussed in more detail in section 5.9.
The resulting propositional calculus F/ = is a De Morgan algebra, and
is not a Kleene algebra. The algebras ([0,1],V,A,”) and ([0, 1], v, A,)
are fundamentally different. In the first, the inequality z Az’ < yV vy
holds, but not in the second. That is, the first is a Kleene algebra and
the second is not. However, it turns out that the propositional calculus
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is the same as the propositional calculus F/ = whose truth values are the
elements of the lattice {0, u, v, 1} with the order indicated in the diagram
below, and with the negation that fixes v and v and interchanges 0 and
1. The details may be found in [52].

Again, as in the ordinary fuzzy case where values are in the unit inter-
val, this implies that there is an algorithm for checking the equality of
two expressions. It just comes down to checking the equality of the two
expressions for all possible combinations of the values {0, u, v, 1} substi-
tuted in for the interval-valued fuzzy sets involved. So there would be 4™
checks to be made, where n is the number of fuzzy sets involved.

In this particular case, there has been a canonical form developed.
That is, any expression in these interval-valued fuzzy sets, using the con-
nectives we have indicated, can be put into a form such that two ex-
pressions represent the same interval-valued fuzzy set if and only if their
forms are equal. (See [116] for details.)

The result in Theorem 4.4.1 that fuzzy propositional calculus is the
same as that of Lukasiewicz three-valued logic may seem paradoxical,
as may also the fact that interval-valued fuzzy propositional calculus is
the same as the propositional calculus with truth values pictured above.
But these do not follow from the structure of fuzzy sets themselves, or
interval-valued fuzzy sets, but from the algebraic structure on the set of
truth values involved. The results have to do with the logical equivalence
of formulas in the set F. All this is determined by the algebra of truth
values. The set of variables, which in the case of fuzzy propositional
calculus we imagine to be fuzzy subsets of some set, is totally irrelevant.

One point should be totally clear. The fact that fuzzy propositional
calculus is the same as Lukasiewicz’s three-valued propositional calculus
says nothing about the efficacy of using fuzzy sets to model physical
phenomena, and of combining these fuzzy sets in the usual ways and to
reach decisions based on the results of such combinations. It does not
say that one may as well replace fuzzy sets by mappings into the three-
element chain {0 < w < 1}. Similar remarks apply to interval-valued
fuzzy sets.

Knowing fuzzy propositional calculus is the same as Lukasiewicz’s
does give a way to test in finitely many steps the logical equivalence of
two formulas in fuzzy sets. In a finite-valued logic, logical equivalence can
be checked either by testing with truth values, or by comparing canonical
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forms, if such exist. We discuss canonical forms for these propositional
calculi in the next section.

4.6 Canonical forms

As noted in Section 4.1, in classical two-valued propositional calculus,
every formula, that is, every Boolean expression such as a A (bV ¢) Ad’
has a canonical form, the well-known disjunctive normal form. For
example, the disjunctive normal form for (a V b) A ¢’ in the logic on the
variables {a, b, c} is

(@ANbAE)V (@AY AN)V (@ ANDAC)

and that of (a A ') V (b A () is the same form exactly. Of course, we
could have just used the distributive law and noted equality, but that is
not the point here. In this classical case, two formulas can be checked for
logical equivalence by putting them in their canonical forms and noting
whether or not the two forms are identical. Alternately, one can check
logical equivalence by checking equality for all truth evaluations of the
two expressions. Since the set {0,1} of truth values is finite, this is a
finite procedure.

Now for Lukasiewicz’s three-valued logic, which is equal to fuzzy
propositional calculus, two formulas may be similarly tested for logical
equivalence, that is, by checking equality of all truth evaluations. Two
formulas in fuzzy propositional calculus are logically equivalent if and only
if they are logically equivalent in Lukasiewicz’s three-valued propositional
calculus. That is the implication of Theorem 4.4.1. Similar remarks hold
for interval-valued fuzzy logic and the four-valued one discussed in Sec-
tion 4.5. In this latter case, a normal form is well-known and is described
in detail in the paper [114]. There is also a normal form for Lukasiewicz’s
three-valued logic [52]. We now discuss these three normal forms, that
is, for the propositional calculi F/ = for the two-valued case, the three-
valued Lukasiewicz case, and for the four-valued case above. We refer
to these three cases as F1,Fy, and Fs. The cases differ in that the first
is a Boolean algebra, the second is a Kleene algebra, and the third is
a De Morgan algebra. In each case we have variables, which we denote

T1,T2,T3,...., binary operations V and A, a unary operation ’, and the
constants 0 and 1.
Variables x1, 22,3, .... and their negations zf,x}, %, .... are called

literals. An element a in a lattice is join irreducible if it cannot be
written as the join bV ¢ with b < a and ¢ < a. For example, in the lattice
[0,1], every element is join irreducible, while in [0,1] x [0,1] there are
lots of join reducible elements: (a,a) = (a,0) V (0,a). The fact that is of
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fundamental use in finding all of these normal forms is that in each of the
cases F1,Fs, and F3 the algebra generated by a finite set z1,xs,..., 2,
of variables is a bounded distributive lattice generated by the literals z1,
Xy ey Ty, Ty, xh, ..., @l Tt is well known that each element of a finite
distributive lattice is the join of all the join irreducibles below it. Getting
a normal form boils down to determining the join irreducibles and the
ordering between them. The normal form for De Morgan algebras stems
from realizing that all conjunctions of literals as well as 1, are join irre-
ducible. The normal form for Boolean algebras stems from realizing that
the only join irreducible elements in the Boolean case are the complete
conjunctions of literals. Here a complete conjunction of literals is
a conjunction of literals in which each variable occurs exactly once. For
example, if the variables are x1, za, 3, then z1 A zo Axg and z1 A zh A xh
are complete disjunctions, while x; A x4, and 25 A 2}, are not. The empty
disjunction is 0, and the disjunction of all the complete conjunctions is 1.

The join irreducibles in the Kleene case are a little more subtle. If
the variables are xy, =2, ..., T,, then a conjunction of literals is join
irreducible if and only if it is 1, or it contains at most one of the literals
for each variable, or it contains at least one of the literals for each variable.
Suppose n = 3. Here are some examples.

1. x1 Axo Axg is join irreducible. It contains at least one of the literals
for each variable. (It also contains at most one of the literals for
each variable, so qualifies on two counts.)

2. x1 A xg A x% is join irreducible for the same reasons as above.

3. w1 Axa Axh is not join irreducible. It does not contain at least one
of the literals for each variable, and it contains two literals for the
variable x.

4. x1 Az Az A g is join irreducible. It contains at least one of the
literals for each variable.

5. x1 Az} Axa Azl is not join irreducible. It does not contain at least
one of the literals for each variable, and it contains two literals for
two variables.

6. x1 A x9 is join irreducible. It contains at most one of the literals for
each variable.

7. x3 is join irreducible. It contains at most one of the literals for each
variable.

In each of the three cases, Boolean, Kleene, and De Morgan, we need
to know the ordering between the join irreducibles. In the Boolean case,
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no two join irreducibles are comparable. In the other two cases, join
irreducibles z and y satisfy x <y if y = 1 or if every literal in y appears
in x. For example, x1 A 22 A x; < x1 A xo.

The normal form for the Boolean algebra case, that is, for Fy, is of
course well known: every element is uniquely a disjunction of complete
conjunctions of literals. Instead of getting into this, we will describe the
procedure for putting an arbitrary formula in Kleene normal form. In the
examples illustrating the steps, we assume that there are three variables,
T1,T2,T3-

1. Given a formula w, first use De Morgan’s laws to move all the
negations in, so that the formula is rewritten as a formula w; which
is just meets and joins of the literals, 0, and 1. For example, z1 A
(x5 A x3)" would be replaced by z1 A (z2 V x5).

2. Next use the distributive law to obtain a new formula wy from w;
which is a disjunction of conjunctions involving the literals, 0, and
1. For example, replace x1 A (z2 V 5) by (x1 Az2) V (x1 A xh). At
this point, discard any conjunction in which 0 or 1’ appears as one
of the conjuncts. Also discard any repetition of literals from any
conjunction, as well as 1 and 0’ from any conjunction in which they
do not appear alone (if a conjunction consists entirely of 1’s and
0”’s, then replace the whole thing by 1). This yields a formula ws.

3. Now discard all nonmaximal conjunctions among the conjunctions
that ws is a disjunction of. The type of conjunctions we now are
dealing with are either conjunctions of literals or 1 by itself. Of
course 1 is above all the others and one conjunction of literals is
below another if and only if the former contains all the literals
contained in the latter. This process yields a formula wy.

4. At this point, replace any conjunction of literals, ¢, which con-
tains both literals for at least one variable by the disjunction of all
the conjunctions of literals below ¢ that contain exactly one of the
literals for each variable not occurring in ¢. For example, if one
of the conjunctions is @1 A 2} A x2, replace it by the disjunction
(x1 Azi ANz Ax3) V (xy Axh Azg Axh). (z3 is the only variable not
occurring in 1 A ) A z2.)

5. Finally, again discard all nonmaximal conjunctions among the con-
junctions that are left, and if no conjunctions are left, then replace
the formula by 0. The formula thus obtained is now in the normal
form described above.
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We illustrate the Kleene normal form with the two equivalent expres-
sions

w = AAN(AANB)V(AAB)V (A ANO))
w = ANA
in the variables, A, B, and C.
1. There is nothing to do in this step.

2. Applications of the distributive law lead to disjunctions of conjunc-
tions involving the literals:

wy = (ANAAB)V(ANA'AB)V(ANA AC)
wy = ANA
3. Neither of the expressions in #2 contains any nonmaximal conjunc-
tions, so w3 = we and wj§ = wh.
4. Replace
ANA'AB by (ANAABAC)V(ANA'ABAC)

ANA'ANB by (ANAAB' ANC)V((ANA ANB' AC)
ANA'ANC by (ANAANCAB)V((ANA'ANCAB)

and

ANA by (ANAABAC)V(ANA' ANB' AC)
V(ANAABANC)V(ANA'ANB' ANC)

to get

wy = (ANAABAC)V(ANA ANBAC)
VANA'AB'ANC)V(ANA ANB' AC)
VIANA'ANCAB)V(ANA'ANC AB')

w) (ANA'ABAC)V(ANA'ANB' ANC)
V(ANA ABANC')V(ANA ANB' ANCY)

5. Discarding all nonmaximal conjunctions among the conjunctions
that are left means in this case, simply discarding repetitions, lead-
ing to the normal forms

ws = (AAN-AABAC)V(AAN-AANBAC)
V(AN-AANB ANC)V(AN-ANB' ANC)
wy = (AN-AANBAC)V(AN-AANB AC)

V(AN-AANBAC)V(AN-AANB AC")
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The procedure for getting the normal form in the De Morgan case is
quite similar. The only real difference is that in the De Morgan case all
conjunctions of literals are join irreducible, while this is not the case for
Kleene.

4.7 Notes on probabilistic logic

In this section, we mention briefly probabilistic logic, pointing out simi-
larities and differences with fuzzy logic. We wish to represent and reason
with information of the following sort.

1. Tt is likely that John’s height is over 5'10".
2. John’s height is probably between 510" and 6'.
Most birds fly.

L

Usually mathematicians know all fields of mathematics.
5. Few men are heroes.

6. If the patient has symptom a, then the patient likely has disease b.

The information presented is uncertain. The statements contain quan-
tifiers, and these quantifiers are not the usual ones in first-order logic such
as 3 and V. It contains other quantifiers such as “few”, “most”, and “usu-
ally”. So extending propositional logic to first-order logic will not suffice.
But knowledge of the type above is very common and must be modeled
if we wish to make machines mimic human behavior and reasoning. So
we need a method to allow us to manipulate and to make inferences from
such knowledge. The essential added tool used here is probability theory.

Propositions such as those above arise frequently in medical diagno-
sis. For example, a fact such as “this patient has disease b” might be
uncertain for the physician since what he can observe is not the dis-
ease itself but symptoms. The relation between symptoms and diseases,
usually expressed as conditional propositions of the form “if symptom a
then disease b” is also uncertain. However, a physician or other “expert”
can assign his “degree of belief” in the truth of such a proposition. The
subjectivity of this assignment is inevitable.

Probabilistic logic is an approach to reasoning with this type of uncer-
tain information. Viewing degrees of belief in the truth of propositions as
subjective probabilities, one can think about using the standard calculus
of probabilities to implement a “logic” of uncertain information.

The possibility of assigning probabilities to propositions is due to
the fact that the set of all equivalence classes of propositions, which we
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have denoted F/ = does form a Boolean algebra, so that it is a suitable
domain for probability measures. So on a suitable Boolean algebra of
propositions, such as one containing those above with the quantifiers
removed, we postulate a probability measure. For example, it makes
some sense to assign the proposition “birds fly” the probability 0.90, and
the proposition “men are heroes” the probability 0.01. The assignment
of probabilities is of course subjective and can come from many sources:
experts’ opinions, common sense, and so on. (In this regard, see [105].)
So the quantifiers are manifested in probability assignments.

We will not go into the technical details on implementation. Our pur-
pose is to spell out some relevant points that are somewhat similar to
fuzzy logic. This new mathematical tool has emerged from the require-
ments of practical applications, for example in decision support systems
in which causal relationships are uncertain. Given a collection of facts
and rules forming a knowledge domain for a problem, that is, propositions
of the form

a: the patient has property a
a=b: ifathend

one quantifies the degrees of belief by probabilities P(a) and P(a = b).
The implication a = b should not be interpreted as classical two-valued
material implication. In assigning the value P (a = b) to the rule “if
a then b”, the expert will assess the chance for b to occur under the
condition a. Thus P (a = b) = P(alb), the conditional probability of b
under a. But a = b is not a’ V b since P(a’ V b) # P(a|b) = P(ab)/P(a)
in general.

Essentially the strategy of probabilistic reasoning is this. Given a
knowledge base consisting of rules and facts together with their probabil-
ities, one proceeds to construct a joint probability measure on a suitable
set of relevant events (a Boolean algebra of propositions), which will allow
the computations of probabilities of events of interest. Since probabilities
take values in the unit interval [0, 1], probabilistic logic is multivalued. Its
syntax is the same as for classical two-valued logic. For each proposition
a, there are two sets of possible worlds, those in which a is true and those
in which a is false. Not knowing the actual world, one has to consider
the probability of a being true as a truth value of a. This is obviously a
generalization of classical logic. In view of the axioms of probability mea-
sures, probabilities of combined or compound propositions cannot always
be determined from those of component propositions, as opposed to the
case of fuzzy logic. This is expressed by saying that this logical system
is nontruth functional. For more detail on probability logic, especially on
basic concepts such as probabilistic entailment, see [123].
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4.8 Exercises

1.

4.

Write down the tables for = and < for classical two-valued propo-
sitional logic.

In two-valued propositional calculus, verify that two propositions a
and b are logically equivalent if and only if a < b is a tautology.

We write a = b for a < b. Verify the following for two-valued
propositional calculus.

In two-valued propositional calculus, show that a = b is a tautology

if and only if for every truth valuation ¢, t(a) = 1 implies that

i) = 1.

In Lukasiewicz’s three-valued logic, verify that A and V agree with
A and V on {0, u, 1} considered as a chain with 0 < u < 1.

In Lukasiewicz’s three-valued logic, show that a and b are logically
equivalent if and only if a < b is a tautology.

Show that the set F/ = of equivalence classes of formulas in the
three-valued Lukasiewicz logic forms a Kleene algebra under the
operations

[aV b]

[a A D]

[ = [d]

= =,
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10.

11.

12.

13.

14.

15.

EXERCISES T

. Show that the set F/ = of equivalence classes of formulas in the

interval-valued fuzzy logic forms a De Morgan algebra under the
operations

[a] V)] = laVD]
[a] ATl = land]
[a)f = [d]

Show that this De Morgan algebra does not satisfy the inequality
zAhz' <yVvy'.

. In Bochvar’s three-valued logic, < is defined by

s o
0 1
u u
1 0

g g 2|l
=2 Ol

Verify that a and b being logically equivalent does not imply that
a < b is a three-valued tautology.

Show if v V u = w is changed to u V v = 1 in the table for V
in Lukasiewicz’s three-valued logic, then the law of the excluded
middle holds.

Let a be a formula in fuzzy logic. Show that if t(a V @) = 1, then
necessarily t(a) € {0,1}.

Show that {0,u, 1} with 0 < u < 1 is a Kleene algebra. For any set
S, show that {0,u, 1} is a Kleene algebra.

Show that in the algebra ([0, 1],V,A,”,0, 1) the inequality x A 2’ <
y Vo' holds for all  and y in [0,1]. Show that this inequality does
not hold in ([0, 1], v, A/, 0,1).

Show that
AN((AAB)VAANB)VA ANC)=ANA
is false for fuzzy sets taking values in [0, 1]

In the three variables A, B, C, find the disjunctive normal form, the
Kleene normal form, and the De Morgan normal form for

(a) AV(A'ABAB)
(b) AAN(BVC)
(c) ANA
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16. *An elementary polynomial in n variables x1,xs,- -, T, is an ex-

pression of the form y; Ays A -+ Ay,, where y; = x; or the symbol
x}. A Boolean polynomial in the n variables xq1, 29, - , 2z, is an
expression of the form Fy V Fs ---V E,, where the E;’s are distinct

elementary Boolean polynomials.

(a) Show that there are 22" Boolean polynomials in n variables.
(Assume that Ey V Ey = E; V Ey, etc.)

(b) If f is a Boolean polynomial in n variables, then f induces a
map {0,1}" — {0,1} which we also call f. Spell out exactly
what this map is. Show that every map {0,1}" — {0,1} is
induced by a Boolean polynomial. Show that two Boolean
polynomials are equal if and only if they induce the same map
{0,1}™ — {0,1}. (Such a map is a “truth function”.)

(c) Let A be a Boolean algebra. A Boolean polynomial in n vari-
ables induces a map A™ — A. Such a map is called a Boolean
function. Spell out exactly what this map is. Show that two
Boolean polynomials are equal if and only if they induce the
same map A" — A. Show that there is a one-to-one correspon-
dence between truth functions {0,1}" — {0,1} and Boolean
functions A" — A.

17. *Let (2, A, P) be a probability space. For a,b € A, define a function

(ald) : 2 — {0,u, 1} by

0 if wednd
(ap)w)=<¢ u if wel
1 if weanbd

Define the operations V, A, and ’ on {0,u, 1} as in the truth tables
for Lukasiewicz’s three-valued logic. Define

((alb) v (c|d)) (w) = (alb)(w) V (c|d)(w)
((alb) A (cld) (w) = (a]b)(w) A (c[d)(w)
(ap)(w) = (a[b)(w)

(a) Show that (a|b) — [aNb, b’ Ua] is a one-to-one correspondence
between the set {(alb) : a,b € A} of functions and the set Z
{lanb, b/ Ua]: a,b € A} of intervals. (An interval [a, b] is the
set {r e A:a<z<Db})

(b) On Z, define
i. [a,b]V[e,d] =[aUc,bUd]
ii. [a,b] Ale,d] =]anNec,bNd]
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iii. [a,b]* = [V, V']
Show that Z is not complemented and that the truth tables
of V and A are precisely those of Lukasiewicz three-valued

ones. Also show that if [a Nb,b' Ua] = [eNd,d U ¢, then
P(alb) = P(c|d).






Chapter 5

BASIC CONNECTIVES

Consider a piece of information of the form “If (z is A and y is not B),
then (z is C or z is D)”. An approach to the translation of this type
of knowledge is to model it as fuzzy sets. To translate completely the
sentence above, we need to model the connectives “and”, “or”, and “not”,
as well as the conditional “If...then...”. This combining of evidence, or
“data fusion”, is essential in building expert systems or in synthesizing
controllers. But the connectives experts use are domain dependent—
they vary from field to field. The connectives used in data fusion in
medical science are different from those in geophysics. So there are many
ways to model these connectives. The search for appropriate models for
“and” has led to a class of connectives called “t-norms”. Similarly, for
modeling “or” there is a class called “t-conorms”. In this chapter we
will investigate ways for modeling basic connectives used in combining
knowledge that comes in the form of fuzzy sets. These models may be
viewed as extensions of the analogous connectives in classical two-valued
logic. A model is obtained for each choice of such extensions, and one
concern is with isomorphisms between the algebraic systems that arise.

5.1 t-norms

Consider first the connective “and”. When A and B are ordinary subsets
of a set U, then the table

Ao 1
B

0 0 0
1 0 1

81
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gives the truth evaluation of “A and B” in terms of the possible truth
values 0 and 1 of A and B. The table just specifies a map A : {0,1} X
{0,1} — {0,1}. When A and B are fuzzy subsets of U, truth values
are the members of the interval [0, 1], and we need to extend this map
to a map A : [0,1] x [0,1] — [0,1]. One such extension is given by
2 Ay = min{z,y}. This mapping does agree with the table above when
x and y belong to {0,1}. We make the following observations about
z Ay =min{z,y}.

e 1 acts as an identity. That is, 1 Az = =z.
e A is commutative. That is, t Ay =y Ax.
e A is associative. That is, z A (y A z) = (z Ay) A z.

e A is increasing in each argument. That is, if v < w and x < y then
vAT S wAYy.

Any binary operation
A: [0,1] x [0,1] — [0, 1]

satisfying these properties is a candidate for modeling the connective
“and” in the fuzzy setting. Note that A is idempotent also, that is,
x Az = z, but we do not require this for modeling this connective.
It turns out that such operations have already appeared in the theory
of probabilistic metric spaces where they were related to the problem
of extending geometric triangular inequalities to the probabilistic set-
ting [139, 140]. They were termed “triangular norms”, or “t-norms” for
short. We will use these t-norms as a family of possible connectives
for fuzzy intersection. Now, t-norms are binary operations on [0, 1] and
a common practice is to denote them by T, and write T'(z,y). How-
ever, this notation can become awkward, especially in expressions such
as T'(v,T(T(w,x),y)). Also, in algebra, it is customary to write binary
operations between their arguments, such as = + y, x Ay, and so on. So
we are going to write t-norms as binary operations are generally written,
between their arguments. One notation we will use for a t-norm will be
A, and we write © A y. The expression T (v, T(T(w,z),y)), using the
associative law, becomes simply

vA(whx)Ay)=vAhwAxAy.
Here is the formal definition.

Definition 5.1.1 A binary operation A : [0,1] x [0,1] — [0,1] is a t-
norm if it satisfies the following:
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1. 1Axz=x
e Ay=yAzx
e A(ylAz)=(xlhy) Dz

>~ L e

dfw<zandy<zthenwAy<z Az

The first, second, and fourth conditions give 0 A x <0 A 1 =0, and
the associative law gives unambiguous meaning to expressions such as
uANvAwAxAy /A z Some examples follow.

_JznAy ifzvy=1
* ony—{ 0 otherwise

ez Ny=0V(z+y—1)

* 282y = 5 hymay
et A3y=uxy
. xAu;z%

ez N\s5y=xAy

The t-norm /\g is not continuous. The t-norms Ay and Ay are ex-
tremes.

Proposition 5.1.2 If A is a t-norm, then for x,y € [0, 1],
zloy<zAy<zlsy

The proof is easy and is an exercise at the end of this chapter.

The t-norm A is the only idempotent one, that is, the only t-norm
A such that x Az = z for all z. For any t-norm A, z Az is never greater
than x. These facts are exercises. So for a t-norm A # A there will be
an element x such that z Az < z.

Definition 5.1.3 A t-norm A is convex if whenever xtAy < ¢ < z1 Ay,
then there is an r between x and 1 and an s between y and vy, such that
c=1Ns.

For t-norms, the condition of convexity is equivalent to continuity. We
refer to the condition as convex. This formulation has the advantage of
being strictly order theoretic, allowing us to remain within the algebraic
context of I as a lattice.

Corollary 5.1.4 If a t-norm A is convex and a < b, then there is ¢ €
[a,1] such that a =b A c.
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Proof. aAb<1Aa=a<1Ab,so by convexity, there is such a c.
|

Proposition 5.1.5 A t-norm is convex if and only if it is continuous in
each variable.

Proof. If the t-norm is continuous in each variable, then it is convex,
using the intermediate value theorem. Assume A is convex. Since A
is monotone increasing in each variable, any point of discontinuity of
fly) = x Ay is a jump. But convexity precludes this, and so A is
continuous in each variable. m

If instead of [0, 1], we used a lattice, or even just a partially ordered set
L, then convexity makes sense, while there may be no notion of continuity
on L. Thus convexity, while equivalent to continuity on [0, 1], applies to
a much wider class of objects that might be used as fuzzy values.

Definition 5.1.6 A t-norm A is Archimedean if it is convex, and for
each a,b € (0,1), there is a positive integer n such that

n times

—_—
ad'=aNal---Na <b

In general we will write a A a = al?, a Aa A a = al®, and so on.
We use al™ instead of a™ for this t-norm power to distinguish it from a
multiplied by itself n times.

The examples A1, Ao, Az, and A4 are all Archimedean. For convex
t-norms, the condition for Archimedean simplifies, as the corollary to the
following proposition attests.

Proposition 5.1.7 If a t-norm A is Archimedean, then for a,b €
(0,1), a A b <.

Proof. If A is Archimedean, then for a € (0,1), clearly a A a < a
lest al™l = g for all n. If a < b, then a Ab < bAD <D If a > b, then
aAb<1Ab=>bIfa/Ab="0, then a™ Ab = b for all n, but for
sufficiently large n, al™ < b, and b = a[” Ab < b A b, an impossibility. m

Corollary 5.1.8 The following are equivalent for a convex t-norm /\.
1. A is Archimedean.
2. ala<a foralac(0,1).

Proof. Archimedean clearly implies the second condition. Assume
that aAa < aforalla € (0,1). Then A, a1 = A alVl =aAA o™ =
aPl A\, a™ = .. = A\, a™ A, al"l, using continuity, whence A, al™l =
and the corollary follows. m
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5.2 Generators of t-norms

Different situations demand different t-norms, and it is of some impor-
tance to be able to construct them. There is an easy way, at least for
Archimedean t-norms. Let 0 < a < 1 and let f be any order isomor-
phism from [0,1] to [a,1]. This means that f is one-to-one and onto
and z <y if and only if f(z) < f(y). They will be referred to simply as
isomorphisms from [0, 1] to [a,1]. If @ = 0, they are automorphisms
of [0,1], that is, elements of Aut(I). Below is a picture of an order iso-
morphism f.

0.8
0.6 ]
0.4 ]

0.27]

0 02 04 06 08 1

A generator f for an Archimedean t-norm

For an order isomorphism f : [0,1] — [a,1], and an Archimedean
t-norm A, define Ay by

zlpy=f""((f(z) A f(y) Va)
Theorem 5.2.1 Ay is an Archimedean t-norm.

Proof. The proof is routine in all respects. From the formula, it is
clear that Ay is commutative. Since f is increasing, so is Ay, and

1Ajz = [H(f(1) A f(@)Va)
= [T(fl@)Va)
= fT(f(@)
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For associativity, we need
e Nf(yQDypz)=(xDpy) Af 2.
Using the fact that a < f(z) for any =z,

A (yDpz) = a2l () AF(2)Va)

f
= [T (f@) A ((fly) A F(z)Va) Va)
FH @) A fy) A f(2) Va)
and
(xDpy)Dpz = U@ A fly)Va) D f(z)Va)
= [TH(f@) A fly)Va) A f(z)Va)
= [fTH(f@) D fy) D f(z) Va)
]

Definition 5.2.2 Let e denote the t-norm that is ordinary multiplica-
tion. If A = ey, then f is a generator of A.

The function f gives an Archimedean t-norm. The truly remarkable
thing is that every Archimedean t-norm can be represented in this way.
The proof of this fact is a bit technical, but perhaps worth including
because of its fundamental nature. A principal reference is [91]. The
theorem in essence goes back at least to [1]. There is a proof in [2] and
some discussion in [140].

Theorem 5.2.3 If A is an Archimedean t-norm then there is an a €
[0,1) and an order isomorphism f :[0,1] — [a, 1] such that

z Ay = [ (f(2)f(y)Va)

for all z,y € [0,1]. Also if g is an order isomorphism [0,1] — [b, 1], then
x Ny =g (g(x)g(y) Vb) if and only if f(x) = g(x)" for some r > 0.

Proof. We outline the construction of a map f satisfying f(z Ay) =
f@)f(y) for x Ay # 0. First we construct a sequence in (0,1) and
define the function on all finite products under A of the elements of this
sequence. Then we extend this function to [0, 1] by continuity.

Let z be the largest element of [0, 1] satisfying zAz = 0 and let ¢ = %
The function z +— x /A x is a one-to-one, onto, order preserving mapping
from [z, 1] to [0, 1], so there is a (unique) number z; € [z, 1] satisfying
1 Az = % Define inductively a sequence satisfying x,, A x,, = x,,_1 for
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all positive integers n. This gets a strictly increasing sequence {z;}32, in
the interval [%, 1). The terms % =120 < x1 < 9 < ... form a bounded
infinite increasing sequence of points that must converge to some y < 1.
Since =, = Tp41 A 41, this sequence also converges to y A y. So
y Ay =y and thus y = 1.

Extend this sequence by defining x,, = 11 A 41 for all negative
integers n. The sequence of points xg > x_1 > x_o > x_3 > ... converges
to some number y > 0 and since x_(,41) = *_, A x_4, it also converges
toy Ay. Thus y Ay = y, whence y = 0. Note that the sequence
Tog > X1 > T_9 > T_3 > .. may or may not be zero from some point
on, depending on the t-norm.

Now define a function f on the sequence {z; : x; # 0} by

Fzn) = (%)2 if 2, # 0

It is easy to check, using ordinary laws of exponents, that f(z, A z,) =
f(xy) f(x,) for all integers n such that z, Az, # 0.

Using induction, together with the property that the operation A is
strictly increasing in each variable, one can show that all nonzero products
(under A) of x;’s can be written uniquely in the form

ZEiIAI’izA"-AZL’in

with x;, < x;, < --- < z;,. This property allows us to extend f to the
set of nonzero products of the z;’s by

[y Awiy & DNwy) = f(xiy) f(@i,) - f(wi,)

The set of all points of the form z;;, A z;, A -+ A x;, is dense in
the unit interval. To see this, recall that we have already observed that
lim,, oo &, = 0 and lim, ;oo 2, = 1. For a € (0,1), we must have
Tp—1 < a < x, for some integer n = ng. If a # x,, there is a smallest
positive integer ny such that ¢ < x,,, A z,,,. Continuing in this fashion
gives a sequence T, < Tp, < -+ < Zp, < ... for which lim; , 4 x,, &
Tny O -+ Az, = a. Now define

1——+00

f(@) = tim J] f(za,)
k=0

To see that the function f maps the unit interval in the desired way
onto the interval [f(0), 1], note that

[ fn) =] 275" =27 Zie2™
k=0 k=0
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Since every real number z can be expressed in binary notation, that is,

z = i aj2j: i aj27j
j=—o0

j=—m

where a; € {0,1}, the set of numbers of the form Y, _,27"* is dense in
the set of real numbers. It is now easy to show that the function f is an
isomorphism from ([0, 1], <) to ([f(0),1],<). Also f(x Ay) = f(z)f(y)
whenever z Ay # 0, so that z Ay = f~1(f(x)f(y)) if f(x)f(y) > f(0)
and z A y = 0 otherwise.

Suppose that a mapping ¢ : [0,1] — [g(0),1] gives the same t-norm
as the f just constructed. Then for r = (In3)/(Ing(3)), rg(3) =
(9(3))" =3 = f(3), and we see from the construction of f that f(z;) =
g(x;)" and hence that f(z) = g(z)" for all z € [0,1]. Conversely, it is
easy to show that if f(z) = g(z)", then f and g give the same t-norm. m

As mentioned, a function f : [0,1] — [a, 1] such that

z Ay = fTH(f(@)f(y) v £0)

is called a generator of the t-norm A. So every Archimedean t-norm
has a generator, and we know when two generators f and g give the same
t-norm, namely when f(z) = g(z)" for some r > 0. Now there are two
kinds of generators: those f € Aut(I), that is, those f such that f(0) =0,
and those f such that f(0) > 0. Clearly if f(z) = g(x)" for some r > 0,
then either both f(0) = ¢(0) = 0, or both f(0) and ¢(0) are positive.
How are these two properties reflected in the behavior of the t-norms
themselves?
Recall that a Aa=a?, a Aaa=aP, and so on.

Definition 5.2.4 A t-norm A is nilpotent if for a # 1, a™ = 0 for
some positive integer n, the n depending on a. A t-norm is strict if for
a # 0, al™ > 0 for every positive integer n.

It is easy to see that aAb = (a+b—1) V0 is nilpotent, and a Ab = ab
is strict.
Lemma 5.2.5 Let f be a generator of the Archimedean t-norm /\. Then
al = f=1(f(a)" v £(0)).

The proof is left as an exercise. An immediate consequence is the
following.

Corollary 5.2.6 Let f be a generator of the Archimedean t-norm /\.
Then A\ is nilpotent if and only if f(0) > 0, and A is strict if and only

if £(0) = 0.
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This corollary could be rephrased simply to read “e; is nilpotent if
and only if f(0) > 0”. Archimedean t-norms thus fall naturally into two
classes: nilpotent ones and strict ones. Since we will be dealing almost
exclusively with Archimedean t-norms, the terms nilpotent and strict will
mean in particular Archimedean ones. We restate the previous theorem
for the strict t-norm case.

Theorem 5.2.7 The t-norm A is strict if and only if there is an auto-
morphism f € Aut(I) such that x Ny = f=1(f(z)f(y)). Another such
automorphism g satisfies this condition if and only if f(z) = g(z)" for
some r > 0.

We know that two generators f and g give the same t-norm if and
only if f(z) = g(x)" for some positive real number r. In particular, an
Archimedean t-norm does not uniquely determine a generator for it. We
need to sort out this situation.

Definition 5.2.8 A generating function for an Archimedean t-norm
is an order isomorphism [0,1] — [a, 1], where a € [0,1). The set of all
such functions for all such a is denoted G.

Generating functions may be composed: for f,g € G, fg is the func-
tion given by (fg)(z) = f(g(z)). Note that Aut(I) C G. It should be
clear that the composition of generating functions is a generating func-
tion. Composition is associative and has an identity, namely the identity
function on [0,1]. So it is a monoid. A monoid is a set with an associa-
tive binary operation o that has an identity. A submonoid of a monoid
is a subset that contains the identity and contains z o y for any two el-
ements of the subset. The unit interval together with any t-norm is a
commutative monoid.

Let RT be the set of positive real numbers. Now RT is a group
under ordinary multiplication of real numbers: this operation on R*
is associative, has an identity, and every element has an inverse. For
each r € R, the mapping [0,1] — [0,1] : z — 2" is in Aut(l). We
identify R* with this subset of Aut(I). Multiplication in RT corresponds
to composition of functions when R* is viewed as this subset of Aut(I).
So R* is a group under this composition, that is, is a subgroup of
Aut(I). Further, for r € RT and f € G, rf is the function given by
(rf)(z) = f(z)". We have RT C Aut(l) C G, with G a monoid and R™
and Aut () subgroups of this monoid.

Declaring two generating functions equivalent if they generate the
same t-norm is obviously an equivalence relation. The set of equivalence
classes of this equivalence relation partitions G. What are these equiva-
lence classes? By the Theorem 5.2.3, they are the sets {R*f : f € G},
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where RT f = {rf : » € RT} This proves the following proposition, but
we give a strictly group theoretic proof that the Rt f form a partition of
G.

Proposition 5.2.9 For f € G, let RYf = {rf : r € R*}. The set
{RYf : f € G} is a partition of G. The generating functions f and g
generate the same t-norm if and only if Rt f = Rtyg.

Proof. For each f, RT f is nonempty and contains f. If h € RTf N
R*g, then h = rf = sg for some r,s € RT. Thus f = r~!sg, and so for
any t € RT, tf = tr—'sg € RTg, whence Rt f C RTg. By symmetry,
RTg CRTf, so Rt f = RTg. Thus the RT f form a partition of G. The
second half of the proposition follows from Theorem 5.2.3. m

As an immediate consequence, we have the following theorem.

Theorem 5.2.10 Let Ay be the Archimedean t-norm with generator f.
Then Ay — RTf is a one-to-one correspondence between the set of
Archimedean t-norms and the partition {R*f: f € G} of G.

For those f € Aut(l), we have R*f C Aut(l). Thus {RTf : f €
Aut(I)} partitions Aut(T). In this situation, the RT f are right cosets of
the subgroup RY in the group Aut(I).

Corollary 5.2.11 Let o5 be the strict t-norm with generator f. Then
o — RV f is a one-to-one correspondence between the set of strict t-
norms and the right cosets of RY in the group Aut(T).

Here is a problem that arises whenever a set is partitioned by equiv-
alence classes: pick from each equivalence class a “canonical” element.
That is, pick from each class a representative that has some particular
feature. Sometimes such a representative is called a “canonical form”.
Such forms were considered in Section 4.6. We have that situation here.
The monoid G is partitioned by the equivalence classes RT f, where f
ranges over G. Every element rf of RTf gives the same Archimedean
t-norm.

Lemma 5.2.12 Let a € (0,1). An Archimedean t-norm has ezxactly one
generator f such that f(a) = a.

Proof. Let f € G. The lemma asserts that there is exactly one
element rf in RT f such that (rf)(a) = f(a)” = a. For f(a) = b, there is
exactly one r € RT such that b" = a. Now (rf)(a) = f(a)" =b" =a. ®

Proposition 5.2.13 Let a € (0,1), and G, = {9 € G : g(a) = a}. Then
Gq is a submonoid of G, and g — e, is a one-to-one correspondence
between G, and the set of Archimedean t-norms.
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Of course, those g € Aut(ll) correspond to strict t-norms, and the rest
to nilpotent ones. Also, G, N Aut(I), which we denote by Aut(I),, is a
subgroup of Aut(I) whose intersection with R* is the identity automor-
phism of [0, 1].

Corollary 5.2.14 g — e, is a one-to-one correspondence between the
subgroup Aut(I), and the set of strict t-norms.

For nilpotent t-norms, there is another way to pick a representative of
each equivalence class of generators of that t-norm. If A is a nilpotent t-
norm, and f any generator for it, then f : [0,1] — [b,1] for some b € (0, 1).
Let a € (0,1). Then there is an 7 > 0 such that b” = a. Now, rf is an
order isomorphism [0,1] — [b",1] = [a,1]. Both f and rf are generators
of A, and the latter is a map [0,1] — [a, 1], where we have chosen a
arbitrarily in (0, 1). It should be clear that there is no other generator g
of A such that ¢g(0) = a.

Corollary 5.2.15 Let a € (0,1). Then f — f~(f(z)f(y) Va) is a one-
to-one correspondence between order isomorphisms f : [0,1] — [a,1] and
nilpotent t-norms.

It is easy to write down generators of Archimedean t-norms. Just any
order isomorphism from [0, 1] to [a, 1] will do, and if a = 0, we get strict t-
norms. But given such an order isomorphism f, the corresponding t-norm
involves the inverse of f, and that might not be easy to compute. Also,
given an Archimedean t-norm, there may be no way to get a generator for
it short of the construction indicated in the proof of Theorem 5.2.3. But
there are a number of explicit families of Archimedean t-norms known,
along with their generators and inverses of those generators. We will see
some of these later. Following are three well known t-norms along with
their generators and inverses.

Example 5.2.16 The strict t-norm = A y = xy has generator f(z) = z,

and so is particularly easy. The inverse of f is just f itself. Also note
. . 1

that for any r > 0, f(z) = 2" will work. In this case, f~!(z) = = and

3=

P @) f () = @y = ((ay)") = 2y

Example 5.2.17 x Ay = % is a strict t-norm and has generator

flx) = e’%, and f~1(z) = ﬁ as is easily computed. We have
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Yy
r+y—xy

Example 5.2.18 x Ay = (z+y — 1) V0 is a nilpotent t—norm. It has

generator f(z) = e® 1. Since f(0) = e~ !, f~! is defined on [e~!, 1] and
on that interval f~!(z) = 1+ Inx.

fFHf@fy)ve™) = fH e et ve™)

= 1+((z+y—2)Vv(-1))

(x+y—1)VvO

In the section on t-conorms, we will give additional examples of t-
norms, together with t-conorms, their generators, and negations con-
necting them.

Historically, Archimedean t-norms have been represented by maps
g : [0,1] — [0,00], where g is a strictly decreasing function satisfying
0 < g(0) < 0o and g(1) = 0. In this case the binary operation satisfies

gz Ay) = (9(z) + g(y)) A g(0)

and since this minimum is in the range of g,

z Ay =g " ((9(z) + 9(y) A g(0))

Such functions g are called additive generators of the t-norm A.

The following proposition shows that these two types of representa-
tions give the same t-norms. We use the multiplicative representation,
because it allows us to remain within the context of the unit interval on
which t-norms are defined.

Proposition 5.2.19 Suppose g : [0,1] — [0,00] is a continuous, strictly
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decreasing function, with 0 < g(0) < oo and g(1) = 0. Let

flz) = e9®
zery = [TH(f(x)f(y)V £(0))
e Dgry = g ' ((9(z) +9(y)) A g(0))

Then f :[0,1]— [f (0),1] is order preserving, one-to-one and onto, and
Ag+ = Of.

Proof. It is easy to see that f : [0,1]— [f (0),1] is such a mapping.
Note that for x in the range of f, then —Inz is in the range of g, and

F (@) = g~ (~Inx). For f(z)f(y) > f(0), we have

Hf@)f )
L((e9@)) (em9W)Y)

zlpy = [
=

= f l(e w)+q(y)))
g9 (-
g

-1

In(e~ g(w)+g(y))))

“Hg(=) +9())

= Qg y

For f(z)f(y) < f(0), we have z Afy = f~1f(0) = 0. Also g(z) +g(y) >
g(0) implies z Ay y = g *(g(0)) = 0. m

We will not use additive generators, but the reader should be aware
that they are used by some, but to our knowledge, never to an advantage
over multiplicative ones. At the end of this chapter, there are some
exercises about additive generators.

5.3 Isomorphisms of t-norms

We have a way to construct Archimedean t-norms: for a € [0,1) and an
order isomorphism f : [0,1] — [a, 1] define

zery=f"'(f()f(y)Va)

In particular, if @ = 0, then f is just an automorphism of ([0,1],<) = 1.
And Theorem 5.2.3 says that this gets them all. But this still leaves the
question of when two t-norms are essentially the same. We sort that out
in this section.

A word about notation is in order. We will use various symbols to
denote t-norms, including A, o, and ¢. We have previously used f o g on
occasion to denote composition of functions. However, standard practice
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for us is to use fg instead. The context will make clear the meaning. This
is common in mathematics. The same symbol is often used to denote dif-
ferent operations. For example, + is used to denote addition of matrices
as well as of numbers. Also, we will have many occasions to write abV c,
where a,b, and ¢ are numbers. This will always mean (ab) V ¢. But the
meaning of a + bV ¢ is not so well established and would be written
(a+b)Veora+ (bVc), depending on the meaning intended.

Let o be a t-norm and consider the system (I, o). This system is simply
I with an additional structure on it, namely the operation o. Let ¢ be
another t-norm on I. The following definition makes precise the notion
of the systems (I, 0) and (I, ¢) being structurally the same.

Definition 5.3.1 Let o and ¢ be t-norms. The systems (I,0) and (I,0)
are isomorphic if there is an element h € Aut(I) such that h(z oy) =
h(z)oh(y). We write (I,0) = (I,0). The mapping h is an isomorphism.

This means that the systems ([0, 1], <,0) and ([0, 1], <,¢) are isomor-
phic in the sense of universal algebra: there is a one-to-one map from
[0,1] onto [0,1] that preserves the operations and relations involved. If
(I,o) = (I,0), we also say that the t-norms o and ¢ are isomorphic.

Isomorphism between t-norms is an equivalence relation and so parti-
tions t-norms into equivalence classes. The t-norm min is rather special.
A t-norm o is idempotent if aoa = a for all a € [0, 1]. If o is idempotent,
then for a <b,a =aoca<aob<aol=a,soo=min. Thus min is the
only idempotent t-norm. Further, it should be clear that the only t-norm
isomorphic to min is min itself. It is in an equivalence class all by itself.

An isomorphism of a system with itself is called an automorphism.
It is easy to show that the set of automorphisms of (I, 0) is a subgroup
of Aut(I). Thus, with each t-norm o, there is a group associated with it,
namely the automorphism group

Aut(T,0) = {f € Aut(l): f(zoy) = f(z) o f(v)}

This is also called the automorphism group of the t-norm o. For the
t-norm a A b = min{a, b}, it is clear that Aut(I, A) = Aut(T).

By an isomorphism from a group G to a group H we mean a one-
to-one onto map ¢ : G — H such that ¢(zy) = ¢(x)p(y) for all z
and y in G. In groups, it is customary to write “product” of x and
y simply as zy. If H is a subgroup of a group G, and g € G, then
g *Hg = {g hg : h € H} is a subgroup of G. This subgroup is said to
be conjugate to H, or a conjugate of H. The map h — g~ 'hg is an
isomorphism from H to its conjugate g~ 'Hg.

Theorem 5.3.2 If two t-norms are isomorphic then their automorphism
groups are conjugate.
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Proof. Suppose that o and ¢ are isomorphic. Then there is an iso-
morphism f : (I,o) — (I,0). The map g — f~lgf is an isomorphism
from Aut(I, o) to Aut(l,o), so f~1Aut(I,o)f = Aut(I,0). m

Restating Theorem 5.2.7, we have

Theorem 5.3.3 The Archimedean t-norm o is strict if and only if it is

isomorphic to multiplication, that is, if and only if there is an element
f € Aut(l) such that f(xoy) = f(z)f(y). Another element g € Aut(l)
satisfies this condition if and only if f = rg for some r > 0.

So a generator of a strict t-norm o is just an isomorphism from
Aut(I,0) to Aut(I,e). (The symbol e stands for the t-norm x e y = zy,
that is, ordinary multiplication of real numbers.)

Corollary 5.3.4 For any strict t-norm o, Aut(l,0) =~ Aut(L, e).
Corollary 5.3.5 For any two strict t-norms o and o, Aut(I,0) = Aut(l, ).

We spell out exactly what the isomorphisms from Aut(I, o) to Aut(I, <)
are.

Theorem 5.3.6 Let oy and e, be strict t-norms. Then h : (I,e;) —
(I, e,) is an isomorphism if and only if g~*rf = h for some r > 0. That
is, the set of isomorphisms from (I,ef) to (I, e,) is the set

g 'RTf={g7'rf:rcRT}.
Proof. An isomorphism h : (I,ef) — (I,e,) gets an isomorphism

gh : (I,e¢) — (I,-) which must be rf for some r € R*. So h = g~ 'rf.
For any r, g~ !7f is an isomorphism.

GL o

) —L (L)
(Ie)

Corollary 5.3.7 Aut(I,ef) = f IRt f = R*.

Proof. The set of automorphisms of (I, ef) is f~'RTf. It is a sub-
group of Aut(I), and is isomorphic to RT via the mapping f~'rf — 7.
|
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Corollary 5.3.8 Aut(I,e) = R*.

In the case of strict t-norms we have that Aut(I,e;) = f~'RTf C
Aut(I). Tt turns out that these are the only convex t-norms with such
automorphism groups.

Proposition 5.3.9 Let o be a convex t-norm. Then Aut(I, o) = f~IRTf
for some f € Aut(l) if and only if o is a strict t-norm.

Proof. Suppose that Aut(I, o) = f~'R* f and suppose that for some
a € (0,1), aoa = a. Then for any element b € (0,1), there is an
element g € Aut(l,0) such that g(a) = b, namely g = f~!rf where
r=Inf(b)/Inf(a). Thus

bob = g(a) o g(a) = glaoa) = g(a) = b,

so that o is idempotent. But the only idempotent t-norm is min, and
Aut(I, min) = Aut(l) # f~'R*f. Thus aoa < a for all a € (0,1), and o
is Archimedean. The t-norm is not nilpotent, by the preceding corollary,
and thus it is strict. m

We cannot conclude that the function f in the proposition is a gen-
erator of o. Corollary 5.3.7 says that Aut(I,e;) = f~'RT f, where o; is
the t-norm with generator f. But as we will see later, it is possible that
[TIRT f = g 'R*g without g being a generator of e .

Now we look at isomorphisms between nilpotent t-norms. There are
two basic facts : any two are isomorphic, and each has a trivial automor-
phism group.

Theorem 5.3.10 Let o and e, be nilpotent. Let r € Rt with g(0) =
(f(0))". Then g='rf is the unique isomorphism from (I,ef) to (I, e,).

Proof. First note that g~ 'rf € Aut(I). To show that g~!rf is an
isomorphism from (I, ) to (I, e,), we need to show that g~ 'rf(aesb) =

g='rf(a) eg g7 rf (D).

g 'rflaesb) g~ (f(a) f(0) v £(0))

g7'rf(a)eg g7 f(b) =



5.3. ISOMORPHISMS OF T-NORMS 97

Suppose that ¢ : (I,e5) — (I, e,) is an isomorphism. Then

of TH(f(a)f(b) v £(0)) = g~ ((ge)(a)(ge)(b) V g(0))

Thus

FHf@)fB)V f(0) = ¢ g ((gp)(a)(ge)(b) V g(0))
= (99) " ((99)(a)(g)(b) V g(0))

Since f and gy generate the same nilpotent t-norm, gp = rf, so ¢ =
g 'rf, and g(0) = (£(0))" as asserted. m

Corollary 5.3.11 If o is a nilpotent t-norm, then Aut(I,o) = {1}.

By Theorem 5.3.10, there is exactly one isomorphism between any
two nilpotent t-norms. The particular nilpotent t-norm z Ay = (z +y —
1)V 0 is called Lukasiewicz’s t-norm. It is perhaps the simplest looking
nilpotent t-norm, just as multiplication is the simplest strict t-norm. In
any case, if /A is a nilpotent t-norm, it is isomorphic to A. There is an
element f of Aut(I) such that f(zoy) = f(x) A f(y). In the strict case,
a generator was an automorphism of Aut(I). In the nilpotent case, a
generator was not such an automorphism. But now we know that every
nilpotent t-norm ¢ comes about as zoy = f~1(f(z) A f(y)) for a unique
f € Aut(l). Such an f is an L-generator of the nilpotent t-norm o.
It is just the unique isomorphism of o with A. We will consistently use
A to denote the Lukasiewicz t-norm and Ay to denote the nilpotent t-

norm f~1(f(z) A f(y)). So f(x Ary) = f(z) A f(y), and this is for every
automorphism f € Aut(I).

Theorem 5.3.12 For f € Aut(l), let zAsy = f~1(f(z) A f(y)). Then
f — Ay is a one-to-one correspondence between Aut(I) and the set of
nilpotent t-norms.

This one-to-one correspondence between Aut(l) and the set of nilpo-
tent t-norms gives the latter set the structure of a group, namely the
binary operation defined by AyA, = Ay,. This is a triviality. Given any
group G and any set S and a one-to-one correspondence ¢ : G — S, then
S becomes a group under the binary operation st = ¢(¢ *(s)¢ ™ (t)).
However, our correspondence suggests a way to get “natural” sets of
nilpotent t-norms. For a subgroup G of Aut(I), what is the correspond-
ing set of nilpotent t-norms? One must compute f~((f(x)+ f(y)—1)V0)
for every f € GG. This may be difficult, the difficulty generally being in
computing f~!. There is one easy case, namely that of the subgroup R¥.
For any r € R*, we have the nilpotent t-norm r~1((r(z) +r(y) — 1) V0),



98 CHAPTER 5. BASIC CONNECTIVES

or if you will, ((z" +y" —1) Vv O)l/r. When r = 1, we get Lukasiewicz’s
t-norm, as should be.

Here is the formula for passing between generators and L-generators
of nilpotent t-norms.

Proposition 5.3.13 Let f be a generator of a nilpotent t-norm . Then
the L-generator of /\ is

_ Inf(z)
In f(0)

g(z) =1

The inverse of g is

g~ (@) = (07

Proof. A generator for A is h(z) = €71, and h=1(z) = In(z) + 1.
From Theorem 5.3.10, the unique isomorphism from A to A is

glz) = K ()R
_ Inh(0) oz
= o @
-1
In f(x)

~ Inf(0)

1

Calculating g~ is easy. B

Note that g(z) is independent of which f is picked, since any other
generator is rf for some r € RT. Also, if f(0) = e}, then g(z) =
1+1n f(z).

5.4 Negations

The complement A’ of a fuzzy set A has been defined by A’'(z) = 1—A(z).
This is the same as following A by the function [0,1] — [0,1] : z — 1 —=.
This latter function is an involution of the lattice I =([0, 1], <). That
is, it is order reversing and applying it twice gives the identity map. In
fuzzy set theory, such a map n : [0,1] — [0,1] is also called a strong
negation. A strong negation 7 satisfies:

(i) n(0) =1, n(1) = 0.

(ii) 7 is nonincreasing.

(iii) n(n(z)) = =.
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A map satisfying only the first two conditions is a negation. It is
clear that there are many of them: any nonincreasing map that starts at
1 and goes to 0. Such simple maps as n(z) = 1 if z = 1 and = 0 otherwise,
and n(z) = 0 if x = 0 and = 1 otherwise, are negations. But they are of
little interest to us here. We will restrict our attention to involutions, and
refer to them simply as negations. The reader should be warned that in
other areas, including logic programming, constructive mathematics, and
mathematical logic, strong negation has meanings other than involution.

We will use « for the particular negation © — 1 — x, and 7 to denote
a negation in general. Other commonly used notations are N and ’.

The negation « is not in Aut(I) since it reverses order rather than pre-
serves it. A mapping f : [0,1] — [0, 1] that is one-to-one and onto, and
such that f(z) > f(y) if and only if z < y is an antiautomorphism of I.
The set of all automorphisms and antiautomorphisms is denoted M ap(I),
and is a group under the operation of composition of functions. Aut(I) is
a subgroup of it. The composition of two antiautomorphisms is an auto-
morphism, the inverse of an antiautomorphism is and antiautomorphism,
and the composition of an automorphism and an antiautomorphism is an
antiautomorphism. All this is easy to verify.

An element f € Map(I) has order n if f* =1, and n is the smallest
such positive integer. If no such integer exists, the element has infinite
order. All the elements of Aut(I) have infinite order except 1, which has
order 1. All antiautomorphisms are either of order two or of infinite order.
Antiautomorphisms of order 2 are called involutions. So negations and
involutions are the same, and « is just a particular involution. Following
are the graphs of the involutions a(x) = 1—z and (z) = (1—z)/(1+5z).

11 1
087 089
0.6] 0.69
04] 049

0.2 0.2

0 o.‘z ().‘4 016 0.‘8 I‘ 0 02 04 06 08 1
alz)=1—= n(z) =1 —2x)/(1+ 5z)

In any group, an element of the form f~!gf is a conjugate of ¢. In
Map(I), conjugates of automorphisms are automorphisms, conjugates of
antiautomorphisms are antiautomorphisms, and conjugates of negations
are negations. So an element of the form f~'af is also a negation.

If g is an element of a group G, then the set {f € G : fg = gf}
is the centralizer of g. So this centralizer is just all those elements of
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G that commute with g. It is a subgroup of G. We will be interested
in a subgroup of the centralizer of «, namely those elements in Aut(T)
that commute with «. This subgroup we denote Z(«). It is the subgroup
{f € Aut(l) : fa = af}. It is the centralizer of « in Aut(I).

We will prove results analogous to those for t-norms in the previ-
ous sections. For example, every strict t-norm was constructed from the
strict t-norm multiplication and an automorphism f of I. In the same
vein, every negation comes from the particular negation o and an auto-
morphism. Here is the theorem.

Theorem 5.4.1 Let 8 be a negation in Map(l). Let

fla) = 2L

Then f € Aut(l), and B = f~ af. Furthermore, g~ tag = 8 if and only
if gf 7t € Z().

Proof. Since f is the average of the two automorphisms a8 and the
identity, it is an automorphism.

fB(z) = w
_ 1-z+58@)
2
and
af(z) = 1-%
_ 4Bz
2

so we have f8 = af,so 8= f'af. Now, g 'ag = f~'af if and only if
gf tafg t =aifandonlyif gf "'a = agftifand onlyif gf ~! € Z(a).

|

An automorphism f such that § = f~'af is a generator of 3. In
general, if 77 is a negation, we denote f~!nf by n¢. This means that f is
a generator of ay. So every negation has a generator, and we know when
two elements of Aut(I) generate the same negation. This theorem seems
to be due to Trillas [149], who takes as generators functions from [0, 1] to
[0, x0].

One consequence of this theorem is that two elements f and ¢ of
Aut(T) determine the same negation, that is, that g~tag = f~1af, if and
only if gf =1 € Z(a). But this is the same as Z(a)f = Z(«a)g. Hence we
have the following theorem.
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Theorem 5.4.2 The map ay — Z(a)f is a one-to-one correspondence
between the negations of 1 and the set of right cosets in Aut(I) of the
centralizer Z(«) of a.

Actually, we can give a method for constructing all elements of Z(a).
Proposition 5.4.3 Z(a) = {ﬁ%i  f € Aut(I)}.
Proof. If g € Z(«), then

agat+g gaat+g g+tg
2 2 2
so g has the right form. For the other inclusion, we have the equations
Ot TN L adols) + f(@)
2 2
2—afo(r) - f(z)

\V]

1 —afa(z) +1- f(z)
2
fa(z) + af(x)

(W“) @ _ foal) +fa()

This proposition gives a map

aga+g

Aut(l) = Z(«a) : g — 5

This map fixes Z(«) elementwise. It is not a group homomorphism.

Consider two systems (I, ) and (I,~) where § and ~ are negations.
They are isomorphic if there is a map h € Auwt(l) with h(8(z)) =
v(h(x)), that is if h3 = vh, or equivalently, if 3 = h~1yh. Let f and
g be generators of 5 and -y, respectively. If h is an isomorphism, then
hflaf = g 'agh, which means that

flaf =h"'g 'agh = (gh) 'agh

Therefore, f and gh generate the same negation, and so zf = gh for
some z € Z(a). Thus h € g7 Z(a)f. Tt is easy to check that elements
of g7'Z(a)f are isomorphisms (I,3) — (I,7). We have the following
theorem.
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Theorem 5.4.4 The set of isomorphisms from (I, ay) to (I, aeg) is the set
g Z()f ={g97 2f : z € Z(a)}. In particular, g~'f is an isomorphism
from (I, ay) to (I, cy).

Note that Z(«) plays a role for negations analogous to that of R™ for
strict t-norms. If we call two negations S and v isomorphic if (I, 5) =
(I,7), then the previous theorem says in particular that any two negations
are isomorphic. We have the following special cases.

Corollary 5.4.5 The set of isomorphisms from (I, ay) to (I, ) is the
right coset Z(a)f of Z(«). In particular, the generator f of a negation
B is an isomorphism from (I, 8) to (I, ).

Noting that f~'Z(a)f = Z(B), we have

Corollary 5.4.6 Aut(I,ay) = f~'Z(a)f = Z(ay), and in particular,
Aut(I, ) = Z(a).

Since z — f~1zf is an isomorphism from the group Z(a) = Aut(I,«)
to f71Z(a)f = Aut(L, B), we get

Corollary 5.4.7 For any two negations 8 and v, Aut(l, 5) = Aut(I,~).

Of course this last corollary follows also because the two systems (I, 3)
and (I,7) are isomorphic. The main thrust of all this is that furnishing I
with any negation yields a system isomorphic to that gotten by furnishing
I with the negation a: x — 1 — .

5.5 Nilpotent t-norms and negations

We get all negations as conjugates of «, but there are other ways to
construct them. Nilpotent t-norms give rise to negations in various ways,
and we look at three of those. In a Boolean algebra, \/{y : x Ay = 0}
exists and is the complement of z, and sending = to this element is a
negation in that Boolean algebra. Since [0,1] is a complete lattice, we
can certainly perform the same construction for any binary operation
A on [0,1], and in particular with respect to a nilpotent t-norm. For
a nilpotent t-norm, this does turn out to be a negation, and what that
negation is in terms of a generator and an L-generator for the t-norm is
spelled out in the following theorem.
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Theorem 5.5.1 Let A be a nilpotent t-norm, f be a generator of /\, and
g be the L-generator of /\. Let

al@) = Vy:yLz=0}
Ny(z) = f= (%)
ag(z) = g lag

Then na(x) = N¢(z) = ag(x) and this function is a negation. In partic-
ular, n¢(x) is independent of the particular generator f of A.

Proof. Let g be an L-generator of A. Then

na(x) = V{y:yALaz=0}
= Vy:9 " ((9(x) + g(y) — 1) V0) = 0}
= V{y:(9(z) +g(y) — 1) <0}
= V{y:(9(z) +g(y) — 1) =0}

Hence g(y) = 1 — g(z), whence y = g 'ag(z). Thus na(z) = ay(z), and

since g~ tag is a negation, so is N ().

N Ae - ( g) :

)
()

~H(f(0) v £(0))

S = =

Therefore Ny(x) (x). f y Az =0, then 0= f~1(f(y)f(x)V f(0))

<na
and so f(z)f(y) < f(0). Thus y < f~1 (—x) and the desired equality
) =

holds, that is, N¢(z) = na(x), and in particular Ny(z) is a negation. m

Definition 5.5.2 The negation in Theorem 5.5.1 is the natural nega-
tion associated with that nilpotent t-norm.

So there are three equivalent ways to get the natural negation of a
nilpotent t-norm A: from a generator, from its L-generator, and directly
from the t-norm as np () = \/{y : y A = = 0}. This is the residual of
x with respect to A. It is of no interest to make this construction for a
strict t-norm. In that case, na(z) =0 if x # 0 and n (0) = 1.
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Every nilpotent t-norm is of the form Ay for a unique f € Aut(I),
so we get 1, () = f~'af. This implies that distinct nilpotent t-norms
can have the same associated natural negation since f~'af determines
f only up to left multiplication by elements of Z(«). Restated, this says
that two nilpotent t-norms have the same natural negation if and only if
their L-generators f and g satisfy Z(«)f = Z(«a)g, that is, determine the
same right coset of Z(«) in Aut(T).

We now determine conditions on generators of nilpotent t-norms for
them to give the same natural negation.

Theorem 5.5.3 Let f and g be generators of nilpotent t-norms with
f(0) =¢g(0) =a. Then Ny = N if and only if for « € [a, 1],

197 () = 7w

Proof. We have n; =7, if and only if for all z,

() ()

Replacing = by ¢g~!(z), this is equivalent to

(75) =7 ()

and the theorem is proved. m

So N, = Ny if and only if the automorphism h = fg=* of ([a, 1], <)
satisfies the equation h(2) = h&). Such automorphisms are easy to de-
scribe. First notice that h(y/a) = 1/a, so that h induces an automorphism
of ([a,+/a], <). Further, h is determined on all of [a,1] by its action on

[a,/a] by the condition h(2) = ey or equivalently, h(z) = 7z Now

if h is any automorphism of ([a, \/a], <) define h on [\/a, 1] by :

h3)
Then h becomes an automorphism of ([a, 1], <) satisfying
a a
(0=
x h(x)
Let H, be this set of automorphisms of ([a, 1], <) just described. There

are lots of them: they are in one-to-one correspondence with the auto-
morphisms of ([a, v/a], <). Take any such automorphism and extend it to
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an automorphism of ([a, 1], <) as indicated and this gets an element of
H,.

The set H, is a subgroup of the automorphism group of ([a, 1], <).
Two generators [ and g of nilpotent t-norms with f(0) = g(0) = a give
the same negation if and only if fg~' € H,. In particular, f and hf for
any h € H, give the same negation:

o (48) - )
= ()
=t (57)
-t

A particularly simple class of nilpotent t-norms are those that have
straight lines as generators, as in the picture below. For a € (0,1) they
are the functions [0, 1] — [a, 1] given by the formula f(z) = (1 —a)z + a.

0.87
0.6
0.4

0.2

0 02 04 06 08 1

The generator f(z) = (1 —a)z +a, witha=1/3
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T—a
1—a

Ny(z) = [ (%)

- (=)

- ((1ach+a_a)/(1_a)

1—=
l—a
1+TZL’

The inverse is f~1(z) = and the resulting negation is

Since a ranges over (0,1), 1=% ranges over (0,00). A negation of the form

1—x
1+ bz

with b € (—1,00) is called a Sugeno negation. Therefore the nilpotent
t-norms with a linear generator give Sugeno negations, but only those
with b > 0. Those negations with b < 0 come from t-conorms, which we
will see in the next section.

5.6 t-conorms

The notion of t-norm plays the role of intersection, or in logical terms,
“and”. The dual of that notion is that of union, or “or”. In the case of
sets, union and intersection are related via complements. The well-known
De Morgan formulas do that. They are

AUuB = (AnBY
ANnB = (AUuBY
where ’ indicates complement. But in the fuzzy setting we have many

“complements”. Any negation plays such a role. For a binary operation
A on [0, 1], we can define its dual with respect to any negation 7, namely

z 7y =nn) Any))

Since 7 is an involution, this last equation holds if and only if

z Ny =mnnr)vny))

So if these equations hold, then we say that A and vy are dual with
respect to 7. In the case A is a t-norm, then v/ is called a t-conorm.
So a t-conorm is the dual of some t-norm with respect to some negation.
The following theorem gives properties characterizing t-conorms.
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Theorem 5.6.1 A binary operation 57 on [0,1] is a t-conorm if and only
if

1. 0vyz==x

2.axvy=yve

3.2 (yva)=@vy vz

4. Ifw<zandy<zthenwvyy<zvyz

Proof. Suppose that v/ satisfies the conditions of the theorem. Let
1 be any negation, and let x A y = n(n(x) v n(y)). Then A is a t-norm.
For example,

(xAhy)Lz = 7n
= n

= n

= n

= n

x

The rest of the verification that A is a t-norm is left for the reader.
Conversely, if 7y = n(n(x) An(y)) for a t-norm A and a negation 7,
then it is easy to verify that </ satisfies the conditions of the theorem. m

The most frequently used negation is x — 1 — z. If a t-norm and
t-conorm are dual with respect to this negation, we will just say that
they are dual. For a nilpotent t-norm, its natural dual is its dual with
respect to its natural negation. For example, the natural dual of A is
xVy = (z+y)Al,asis easily checked. This conorm is the Lukasiewicz
conorm.

Definition 5.6.2 A t-conorm is Archimedean if it is dual to a t-norm
that is Archimedean, is nilpotent if it is dual to a nilpotent t-norm, and
18 strict if it is dual to a strict t-norm.

A t-conorm v/ is nilpotent if and only if for = € (0,1], z"l = 1 for
some n, where 2"l means z conormed with itself n times. If a t-norm or
t-conorm is Archimedean, then a dual of it with respect to any negation
is Archimedean. Similar statements hold for nilpotent and strict.

If the t-norm A has a generator f, and 7 is a negation, then for the
dual 57 of A with respect to n we have

rvy = nn(z) Any))
= f ' (f(n@)(f(y) vV £(0))
= () ()@ () )V (f)(1))
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Thus Archimedean t-conorms have a representation by functions much in
the same way as Archimedean t-norms do. The function fn is a cogen-
erator for v7. It is an order reversing, one-to-one mapping [0, 1] — [b,1]
for some b € [0,1). If g is such a mapping, then

ey =g "(g9(x)g(y) Vg(1))

is an Archimedean t-conorm, is nilpotent if and only if g(1) > 0, and
is strict if and only if g(1) = 0. These statements follow easily using
the duality of t-conorms with t-norms. The conorm cogenerated by an
order reversing, one-to-one mapping g : [0,1] — [b,1] will be denoted
®,. S0 e, is a t-norm if g is an isomorphism and a t-conorm if g is an
anti-isomorphism.

If f is the L-generator of a nilpotent t-norm A, and 7 is a negation,
then

vy = nmz)An(y))

[
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Thus
oz y) = (fn)(z) A (fn)(y)

Therefore, fn is an anti-isomorphism from 17 to A, and necessarily the
only one. Such an anti-isomorphism is an L-cogenerator of the nilpotent
t-conorm Y/.

There is a negation associated with nilpotent t-conorms. The con-
struction is dual to the t-norm case. If 37 is a nilpotent t-conorm and g
is a cogenerator of it, the negation is

Ng(z) =g~ (%)

Furthermore, N (z) = A{y : vy = 1}, dual to the t-norm case.
The proof of the following theorem is routine.

Theorem 5.6.3 If f is a generator of a nilpotent t-norm /\ and B is a
negation, then the negation associated with the t-conorm with cogenerator
fB is BNaAB. That is, Nyg = BNgB. In particular, if 8 is the natural
negation of A\, then Nsg = Ny.

The cogenerators of nilpotent t-conorms that are straight lines give
Sugeno negations (1 —x)/(1+ Azx) for A € (—1,0). This is left as an
exercise.
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5.7 De Morgan systems

Let A be a t-norm and 8 a negation. Then v/ defined by z v y =
B(B(z) A B(y)) is a t-conorm. If a t-norm and t-conorm are related in
this way by the negation g, then (I, A, 8,v/) is a De Morgan system,
or a De Morgan triple, and the t-norm A and the t-conorm v are said
to be dual to one another via the negation .

For notational reasons, we are going to adorn our operators with their
generators. So a De Morgan system looks like (I, ¢, a4, ®5). Being a De
Morgan system implies however that e;, = e, . Now suppose that

q: (Hv.fyaga 'h) - (]L ‘u:am‘w)

is an isomorphism. Then g € Aut(T) and the following hold.

qzery) = q(x)e,qy)
q(ay(z)) = auq(r)
gz eny) = q(x)e,q(y)

But since = o;, y = ag(ay(x) o ay(y)) and = e, y = a, (0w (z) 4 ay(y)),
if the first two equations hold, then

qzeny) = qlag(ag(z)eray(y)))
= O‘UQ(

= ap(ay(q(x)) oy (aq(y)))
= q LE) ®*w Q(y)

Therefore to be an isomorphism, ¢ need only be required to satisfy
the first two conditions. That is, isomorphisms from (I, e, ay,e5) to
(I, oy, vy, ®,) are the same as isomorphisms from (I, ¢, ag) to (I, ey, ).
We will also call these systems De Morgan systems.

If the t-norm of a De Morgan system is strict, then so is its t-conorm,
and if the t-norm is nilpotent, so is its t-conorm. It is convenient to
separate the two cases—strict De Morgan systems and nilpotent
De Morgan systems.

5.7.1 Strict De Morgan systems

In this section, all our De Morgan systems will be strict. To determine
the isomorphisms ¢ from (I, e, ay) to (I, e,, ), we just note that such
a ¢ must be an isomorphism from (I, ef) to (I,e,) and from (I, o) to
(I, o). Therefore, from Theorems 5.3.6 and 5.4.4, we get the following
theorem.
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Theorem 5.7.1 The set of isomorphisms from (I, es, ay) to (I, ey, )
is the set
(v 'RTf) N (v_lZ(a)g)

This intersection may be empty, of course. That is the case when the
equation u~!rf = v~ !zg has no solution for » > 0 and z € Z(a). A
particular example of this is the case where f = g =u =1, v ¢ Z(a),
and v (3) = 4. Then r = v~'z with 7 > 0 and z € Z(«). But then

B))- () -

Thus 7 = 1, and so v = z. But v ¢ Z(«). So there are De Morgan
systems (I, e, ay) and (I, e, w,,) that are not isomorphic. When two De
Morgan systems are isomorphic, the isomorphism is unique. We need a
lemma.

Lemma 5.7.2 For any f and g € Map(I),
(fT'RTF) N (97 Z(a)g) = {1}

Proof. If f~'rf = g~'zg, then gf ~'r = zgf~'. There is x € [0, 1]
such that gf~'(z) = 4. For this z, gf 'r(z) = zgf'(z) = 2 (3) = 1,
and so gf~'(a") = 3. But gf~'(z) = 3, and since gf ! is one-to-one,

2

7 =1 and the lemma follows. =

Theorem 5.7.3 (I, 07, ay) = (I, 8, ) if and only if
(I, 0, ) = (I, @ ¢, argn)

for some h € Aut(l), in which case h=' is the only such isomorphism. In
particular, (I, ey, ay) ~ (I, @, agp-1).

Proof. It is easy to check that A~! is an isomorphism from (I, of )
to (I, ¢, agp). If k is such an isomorphism, then k = u=lrf = v='zg
for some r € RT and z € Z(«). Thus u = rfk~! and v = zgk~! and so
(I, 00, ) = (I, @51, tgp-1). If k were distinct from h~1, then kh would
be a nontrivial automorphism of (I,es,ay). But by the lemma, this is
impossible. m

One implication of this theorem, taking f = g, is that the theory of
the strict De Morgan systems (I, ®¢,af) is the same as that of (I, e, ).
More generally this holds for (I, es,ay) and (I,e,agr-1). This suggests
that in applications of strict De Morgan systems, one may as well take
the strict t-norm to be ordinary multiplication.
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Corollary 5.7.4 Aut((I,e¢,c,)) = {1}.

Corollary 5.7.5 (I,e,3) ~ (I,e,7) if and only if v = r~1pr for some
r € RT.

Taking 8 = « in this last corollary, we see that (I, e, a) = (I, e,7) if
and only if v = r~tar for some r € R*. So strict De Morgan systems
isomorphic to (I, e, ) are exactly those of the form (I, e, ov,.) with r € RY.
Negations of the form r~!ar are Yager negations [162]. Thus we have
the following corollary.

Corollary 5.7.6 The De Morgan systems (L, e, ) that are isomorphic
to (I, e, ) are precisely those with B a Yager negation.

Here are some examples of strict De Morgan systems. It is easy
to specify them. Just pick an f € Aut(I) and a negation 1. Then
(I,e¢,m,@5,) is a De Morgan system. Since the t-conorm ey, is deter-
mined by e and 7, one need specify only the t-norm and negation. But
it may not be easy to compute the t-norms, negations, and t-conorms
from given generators. In each of the examples below, we give t-norms,
negations, t-conorms, and the generators of the t-norms. Also, each ex-
ample will be a family of examples. Taking the same parameter(s) for
the t-norm, t-conorm, and negation, gives a De Morgan system.

Dombi

t-norm T:7>0

negation 1—x

t-conorm —:r >0

generator e (F) 1y >0
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t-norm

negation

t-conorm

generator

t-norm

CHAPTER 5. BASIC CONNECTIVES

Jane Doe #1-Hamacher

1
T:a>0,7>0
L+ [(52) + (59 + a2y (5]
11—z
: 0
14 (a— 1z “=
1
——:a>0,7>0
L+ | (587 + (57 a5 (54|
:L.T
ta>0,7>0
" +a(l —x)" “ "
Aczél-Alsina
tmorm e~ (CID )T s g

. 1
negation ez

: oL
t-conorm e_<(_lnx)ﬂ +H(=Iny)~") =7 7 >0

generator e~ (=¥ .y >0

Frank

(a* —1)(a’ — 1)

}:a>0,a7£1
a—1

log,, [1 +

negation 11—z

t-conorm 1 —log, {1 +

generator

(@' —1)(a*7¥ - 1)
a—1

x

T ra>0,a#1

]:a>0,a7€1
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Schweizer

1

t-norm (x—l(b—l—y%—l) “a>0

negation 11—z

1
1 1 T
t-conorm 1_<(1—x)“+(1—y)“_1> ta>0
generator e'"% " :a >0
Jane Doe #2
t-norm pye~tmzny . g >

negation 1—x
t-conorm 1 — (1 —xz)(1 —gy)ern(=2)In(-v) . 4 > 0

generator a>0

l—alnzx

Jane Doe #3
t-norm 1-1-(1-(1-2))1-1=-5)%:a>0

negation 11—z

1
a

t-conorm  (z% +y* — z%*)v :a >0

generator 1—(1—2)*:a>0

5.7.2 Nilpotent De Morgan systems

First we determine the isomorphisms between two nilpotent De Morgan
systems (I, ®¢, org) and (I, e, ov,,). By Theorem 5.3.10, there is exactly one
isomorphism from (I, ef) to (I, e,), namely u='rf where (rf)(0) = u(0).
By Theorem 5.4.4, the isomorphisms from (I, og) to (I, a,) are the maps
v=1Z(a)g. Sou™r f must satisfy the condition that v(u=lrf)g=! € Z(a).
All this translates to the following.

Theorem 5.7.7 For nilpotent De Morgan systems, (I, e¢,aq) = (I, 0, atyy)
if and only if

(]L .ua a’U) = (Hy .fh7 agh)
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for some h € Aut(I), in which case h=1 is the only such isomorphism.
Note that in particular, taking u(z) = e*~! and 7 = —In f(0)
Rt (T, or, ) — Loy, app-1,,) = (I, A, )

where h™1(z) = uw=lr=1f = 1+ (In f(x))/In f(0), and Ay = (x +y —
1) v 0. Thus any nilpotent De Morgan system is isomorphic to one whose
t-norm is the Lukasiewicz t-norm, just as any strict De Morgan system
is isomorphic to one whose t-norm is multiplication.

It is a little simpler to use L-generators here. Recall that

vAgy = L (F(@)Af(y)

where zAy = (z+y—1) V0. The only isomorphism from (I, Af) to (I, A,)
is u™'f, and so (I, Af,ay) =~ (I, Ay, a,) occurs only when vu=!fg~! €
Z(a). We get the same conclusion: (I, Ay, ay) = (I, Ay, @) if and only if
(]I, A, Oév) = (]L Ay, ozgh).

There are some very special nilpotent De Morgan systems. Nilpotent
t-norms have their natural negations, and for Ay that natural negation
is flaf = ay. We examine these De Morgan systems (I, A, ay).

Definition 5.7.8 If A\ is a binary operation on a lattice I with 0, an
element x* in L is the A-pseudocomplement of an element x if t Ny =
0 exactly wheny < x*. If every element x of L has a A-pseudocomplement
x*, then * is a A-pseudocomplement for L.

If A is the meet operation A of the lattice, then A-pseudocomplement
is simply pseudocomplement as defined in Chapter 2. An element has
at most one A-pseudocomplement. For a nilpotent t-norm, A, the nat-
ural negation 7, is a A-pseudocomplement. Equivalently, ay is a Ajf-
pseudocomplement. Pseudocomplements do not have to be negations,
but these are. There are nilpotent De Morgan systems reminiscent of
Stone algebras and Boolean algebras. We refer to [53] for a discussion of
such De Morgan systems. We mention briefly here those reminiscent of
Boolean algebras. These algebraic systems, which we call Boolean sys-
tems, are examples of MV-algebras, an important topic of study in fuzzy
mathematics [22].

Definition 5.7.9 The De Morgan system (I, /\,n,<7) is a Boolean sys-
tem if n is a A-pseudocomplement and x <7 n(x) = 1.

Theorem 5.7.10 The De Morgan system (I, A,;n,%/) is a Boolean sys-
tem if and only if /\ is nilpotent and 7 is its natural negation. Thus any
Boolean system is of the form (I, A, of, ¥ sa, ).



5.7. DE MORGAN SYSTEMS 115

Proof. If n is the natural negation of A, then it is the A-pseudo-
complement, and n(x v n(z)) = n(x) A nn(z) = n(z) A () = 0, so
7 n(xz) =1, and so (I, A,n,) is a Boolean system.

If (I, A,n,<7) is a Boolean system, then for a € (0,1), a A n(a) = 0,
whence A is nilpotent. m

A Boolean system is determined by its t-norm, but, as we know,
many nilpotent t-norms have the same natural negation. The systems
(I, Ay, g, Vo) are De Morgan systems if and only if ay = ay, that
is, if and only if f = zg for some z € Z(«). So in the Boolean systems
(I, Azg, g, Yog5a,), changing the z changes the t-norms and t-conorms,
but does not change the negation. And Z(«) is an uncountable group,
so there are uncountably many different Boolean systems with the same
nilpotent t-norm and t-conorm. Still, any two are isomorphic.

Theorem 5.7.11 Any two Boolean systems are isomorphic.
Proof. If (I, Ay, af, Vo, ) and (I, Ay, oy, ¥ga,) are Boolean systems,
then fg~'is an isomorphism between them, in fact the only one. m

A Boolean system is determined by its t-norm Ay with unique f €
Aut(T). Here are some examples of Boolean systems. We give, for each
parameter, a t-norm, its natural negation, its t-conorm with respect to
that natural negation, and the L-generator of the t-norm.

Schweizer-Sklar t-norm, Yager t-conorm

e~

t-norm ((z*+y*—=1)Vv0)*:a>0
natural negation (1 — x“)% ta>0
t-conorm ((x* + y“))% ANl:a>0

L-generators z%:a>0

Yager t-norm, Schweizer-Sklar t-conorm
t-norm I-AA((1—2)+(1-y)*)7):a>0
natural negation 1 — (1 — (1 —)%)% :a >0
t-conorm 1—(0V((1—a2)+(1—y)*)5):a>0

L-generators 1-(1—-2)*:a>0
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Weber t-norm, Jane Doe #5 t-conorm

t-norm (alz+y—1)—(a—Dzy)V0:a>0, a#1
1—

natural negation % a>0,a#1

t-conorm (z+y—2Lay)Al:a>0,a#1

L-generators 1-log,((6—1)1—-2)+1):a>0,a#1

Jane Doe #5 t-norm, Weber t-conorm

t-norm (fz+y-1-(a—1Day)V0:a>0,a#1
natural negation _ -z ca>0,a#1

14 (a— Dz
t-conorm (+y+(@a—1Dzy)Al:a>0, a#1
L-generators log,((a—1z+1):a>0,a#1

The system ([0,1],A,V,”), where A, V, and ' are max, min, and
2’ = 1—x forms a De Morgan algebra in the usual lattice theoretic sense.
If we replace /, which we have been denoting by «, by any other involu-
tion 3, then the systems ([0, 1], A, V,") and ([0, 1], A, V, 3) are isomorphic.
Isomorphisms between these algebras are exactly the isomorphisms be-
tween (I, &) and (I, 8). There are many such isomorphisms and these are
spelled out in Theorem 5.4.4. This suggests that in applications of De
Morgan systems where A and V are taken for the t-norm and t-conorm,
respectively, the negation may as well be a(z) =1 — z.

5.7.3 Nonuniqueness of negations in strict
De Morgan systems

We have noted that a De Morgan system (I, A, 3, v/) is determined by the
system (I, A, 8). Of course, it is also determined by the system (I, 5, /).
Is it determined by (I, A, 7)? How unique is the negation in a De Morgan
system? The following lemma is straightforward and applies to both strict
and nilpotent De Morgan systems.

Lemma 5.7.12 If (I, A, 8,v7) and (I, A,v,%7) are De Morgan systems
having the same t-norm and same t-conorm, then v3 € Aut (I, A\).
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Proof. We need

VB(a A b) =~pB(a) AvB(b)
By hypothesis
B(B(a) A B(b)) =~(v(a) A~(b))
Applying this to elements y(a) and ~y(b), we get

B(By(a) A By(b)) = v(a Ab)
and so
By(a) A By(b) = By(a Ab)

as desired. m

Corollary 5.7.13 If (I, A, 5,v) and (I, A, v, ) are nilpotent De Mor-
gan systems, then 3 = .

The situation is more complicated in strict De Morgan systems. Sup-
pose that (I, A, 8,v7) and (I, A, v, /) are strict De Morgan systems and
f is a generator of A. We know from the lemma that v3 is an automor-
phism of (I, A). But automorphisms of (I, A) are of the form f~lrf for
r > 0. Thus y8 = f~!rf and B = vf~'rf. Now f3 is of order 2, and so
is f~13f. Thus

B=afTtrf=f"rTy

and

FOF )
= iy =y =B

and so rfBf~lr = fBf~'. Let n = fBf~'. Then 7 is an involution and
ror = 1.

On the other hand, if n is an involution such that for some r > 0,
rnr =1, then it is routine to check that for any t-norm o with generator
f, f7'nf and f~lnrf are negations that give the same t-conorm. Are
there such involutions 7?7 Yes, of course, with » = 1. But when r = 1,
7B = f~lrf=1and v = B. Are there such involutions with r # 1?

Let e(x) = e Then er = r~'¢ for any positive real number .
Moreover, for any a > 0, aec is an involution satisfying raer = ae. So
f~tacf and f~laerf are negations that give the same t-conorm. We get
the following theorem.

Bt

Theorem 5.7.14 Let A be a strict t-norm with generator f, e(x) =
e/ and let a and b be positive real numbers. Then f~asf and f~'bef
are negations that give the same t-conorm for /\.
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We look a moment at the case when the t-norm is multiplication.
Suppose that the De Morgan system (I, e, ac) is isomorphic to (I, e, 3).
By the lemma, ac = r for some r € R*. So 8 = r~las. We sum up.

Corollary 5.7.15 The De Morgan systems (I, e, ae) for a € RT are all
isomorphic. If (I,e,ac) =~ (I,e,/), then 3 = re for some r € RT.

The negations ae satisfy raer = ac for all r € RT. There are no other
negations with this property. However, there is a large family of negations
B such that r@r = g for a fized r # 1 [50]. Thus for each one of these
negations /3, the negations v = f~'3f and § = f~1Brf produce the same
t-conorm from the t-norm generated by f. It seems likely that for some
such negations the De Morgan systems (]I, o, f_lﬁf) and (]I, o, f_lﬁrf)
are not isomorphic even though the t-conorms are the same. They will be,
however, whenever +/r3+/r = 3 also holds. Constructing and somehow
classifying all such 5 seems not to have been done.

Let A and vy be a strict t-norm and strict t-conorm with generator f
and cogenerator g, respectively. When does there exist a negation 8 such
that A and sy are dual with respect to 87 This means finding a negation
(3 such that

BUTHfBE)FB)) =9 (9(x)9(y))

This in turn means that f3 = rg for some r > 0. The existence of such a
B is equivalent to the existence of a negation in the set f~'Rtg. There
may be many or there may be no such negations.

5.8 Groups and t-norms

The group A of automorphisms of I = ([0, 1], <) has played a fundamen-
tal role in our development of Archimedean t-norms. Every strict t-norm
A\ comes from an element f € A via z Ay = f~1(f(x)f(y)), and every
nilpotent one via z Ay = f~1((f(z) + f(y) — 1) vV 0). For nilpotent ones,
the f is unique. For strict ones, f is unique up to a left multiple by an
element of RT. That is, f and rf, for r € RT give the same strict t-norm.
The antiautomorphisms in the group M of all automorphisms and antiau-
tomorphisms of I provided generators for t-conorms, and the involutions
in M are the negations in De Morgan systems. The symmetries, that is,
the automorphism groups of the algebraic systems arising from I with
additional operations such as a t-norm, or a negation, or both, are of
course subgroups of A. Suffice it to say that these groups form a basis for
Archimedean t-norm theory. In this section, we will investigate further
some group theoretic aspects of t-norms. A particular point we want to
make is that many of the examples of families of t-norms and t-conorms
arise from simple combinations of a very few subgroups of M.
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5.8.1 The normalizer of RT

The multiplicative group RT of positive real numbers is identified with a
subgroup of A by r(z) = 2" for each positive r. Multiplication of elements
of R corresponds to composition of functions in A. This subgroup R™
gained attention from the fact that the set of strict t-norms is in one-
to-one correspondence with the set of right cosets of RT in A. This is
the set {RTf : f € A}, and it forms a partition of A. Any two of the
R*f are cither equal or disjoint, and their union is all of A. This is
purely a group theoretic fact. If S is a subgroup of a group G, then
{Sg: g € G} is a partition of G. Were R* a normal subgroup of A, that
is, if f~'RTf = RT for all f € A, then the set of these cosets would
themselves form a group under the operation (R* f)(R"g) = R* fg. This
would put a group structure on the set of strict t-norms. But this is not
the case. The group RT is not a normal subgroup of A. However, for
any subgroup S of a group G, there is a unique largest subgroup N(S)
of G in which S is normal. This is the subgroup {g € G : g~'Sg = S},
and is called the normalizer of S in G. The first problem that arises is
the identification of N(R™). For this we will consider Rt as a subgroup
of M, so N(R™) is the set {f € M : f~!R*f = R*}. There is a t-norm
and t-conorm point to this. The elements of N(R™1) generate a set of t-
norms and t-conorms which carry a group structure, and besides its own
intrinsic interest, it turns out that many well-known families of t-norms
and t-conorms arise rather directly from N (R™). This section is based on
the material in [133].

We now proceed to the determination of N(R™). If f € N(R*), then
fIRYf = {f~trf:r € RT} = R", and in fact, p(r) = f~irf is an
automorphism of RT. This just means that ¢ is one-to-one and onto and
o(rs) = p(r)p(s). But it is more. The mapping ¢ is order preserving if f
is an automorphism of I, and order reversing if f is an antiautomorphism
of I. To check that ¢ is an automorphism of the group Rt is easy. To see
that it preserves order if f is an automorphism of I, suppose that r < s.
For o(r) < ¢(s), it suffices to show that for any z € [0,1], 2% > 2#(5),
We have, using the fact that f~! is an automorphism and hence preserves
order,

2#()

I
~
L
=<
=
8
~—

V
~
L
—
~
—
8
S—

|

8
S
=

Similarly, if f is an antiautomorphism, then ¢(r) > ¢(s), whenever r < s.
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Now we need to determine the order preserving automorphisms and
the order reversing automorphisms of R*.

Theorem 5.8.1 The order preserving automorphisms of the multiplica-
tive group RT of positive real numbers are the maps © — x'for positive
real numbers t. The order reversing ones are the maps x — xt for negative
real numbers t.

This theorem is well known. The proof is outlined in the exercises at
the end of this chapter.

We are now ready to determine the normalizer N(RT) of R*. Let
f € N(RT). Then f~lis also in the normalizer of R*, and r — frf=!is
an automorphism of R*. Thus frf~! = r* for some nonzero real number
t. Thus fr = r'f, and this means that for = € [0,1], f(2") = (f(.’E))Tt ,

w (7
(@)

Writing f(2) = e~ for a positive a, we get that f(z) = e—al=nx)" Tt ig
easy to check that ¢ > 0 gives automorphisms, t < 0 gives antiautomor-
phisms, and ¢ = —1 gives negations, or involutions. Hence we have the
following theorem.

f(=)

Theorem 5.8.2 The normalizer N(RY) of RT in M is given by
N®RY) = {f € M: f() =" 0> 0,6 £0}

The function f(x) = e=a(=)" s an qutomorphism of I if t > 0, an
antiautomorphism if t <0, and a negation if t = —1.

We now look more closely at the group structure of N(RT). Let R*
denote the multiplicative group of nonzero real numbers. For f(z) =

e—al= Inz)? and g (.’E) — =/ (= lnx)‘/’

(9f) (z) = e—a’(—ln(e—a(ﬂnzy))t/

+

e—a'(a(— In x)t)

1oyt tt/
e ¢ (a)" (=Inz)

Thus we have the following.
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Corollary 5.8.3 The normalizer N(R') of Rt in M is isomorphic to
the group
{(e,t) :c>0,t #0}

with multiplication given by
(d,t") (c,t) = (c/ct/,t/t) .

The subgroup Rt corresponds to {(c,1) : ¢ € RT} and the group N(RT)/RT
with {(1,t) : t # 0}. Thus the natural group structure carried by the set of

norms and conorms with generators in N(R™) is the multiplicative group

R* of the nonzero real numbers.

The group N(R™T) splits: N(R*) = R* x T, with Rt normal and T
isomorphic to R*.

To find the norms and conorms with generators in N(RT), for f €
N(RT), we must compute f~1 (f (z) f (v)). If

f (LL') — e—c(— Inx)*

then

and

L @) fy)=f" (e—c(—lnx)t_c(_lny)t>

1
_ t

€

(7 —c(—=Ina)t—c(— lny)t)

=

o~ ((=12)'+(~ny)")

Of course, the quantity ¢ does not appear in the formula since the norm
or conorm generated by f is independent of c. It is straightforward to
check the items in the following corollary.

Corollary 5.8.4 The t-norms with generators in N(R™T) are given by
2 Ay = e () my))?
with t positive. The t-conorms with generators in N(R™) are given by

27y = e~ ((Cl+(- 1))t
with t negative. Ordinary multiplication is the identity element of the
group of t-norms and t-conorms. That is, for t =1,

—(—Inz—Invy)

rAy=e = xy.
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The t-norms correspond to the positive elements of the group R*,

1
given by its parameter ¢ in e~ (@) +(=y))*  Phyg with each such
t-norm with parameter ¢, there is associated the conorm with parameter
—t. A negation is an element 71 of M of order 2. That is, 72 is the identity
automorphism. A t-norm A is dual to a t-conorm 17 with respect to a
negation 7 if
7y =nn() An(y))
It is an easy calculation to verify the following corollary.

—c(—Inz)~?!

Corollary 5.8.5 The negations in N(R™) are the elements e
ez, that is, the elements in N(RT) with parameter t = —1. For t > 0,
the t-norm )
T

e—((—lnx)t-‘r(—lny)t)
s dual to the t-conorm

(-2 (- ny) )7
with respect to any of the negations n(z) = ems .

1

All the generators of the norms and conorms e~ ((Cmo)+(=lmy)T o
in N(R"). This is because these norms and conorms do have generators
in N(RT), namely e—¢(-» "”)t, with the positive ¢ giving norms and the
negative t giving conorms. Generators are unique up to composition
with an element of RT, and since the group N(RT) contains R*, our
claim follows. Thus if a norm and conorm with generators in N(R™) are
dual, then they must be dual with respect to a negation in N(R™T). But
for a generator f(z) = e=°(=2)" of 4 norm, and negation e?/ @,
have fn(z) = e(=¢/d(=Mm2)™" The following sums it up.

we

1
s

Corollary 5.8.6 Let s andt be positive. The t-norm e~ ((—m@)*+(=ny)%)

_ L
is dual to the t-conorm e~ ((-m®) " +(=ny) ™) if and only if s = t, in
which case they are dual with respect to precisely the negations e&®z in
N(RT).

5.8.2 Families of strict t-norms

We are going to express the set of generators of some well-known families
of t-norms as simple combinations of just a few elements of M, a couple
of subgroups of M, and one special subset of A. These are the following;:

e the subgroup R* of A
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the subgroup T = {e~(~12®)" . ¢ £ 0} of M

the element a(x) =1 —z of M

—x

the element f(z) = e~ of A

the set F = {<=L:a>0,a # 1}

Now we list some families of t-norms (and t-conorms in some cases)
and express their sets of generators as promised.

1. The Hamacher family:

ry
t-norms ta>0
z+y—zytall—z—y+ay)

generators

x _
{ma>0}:f 1R+f

2. The Aczél-Alsina family:

t-norms {e—((—lnx)r-ﬁ-(—lny)r)% s 0}
1
t-conorms {e*((*lnw)w(*lny)r)r < 0}

generators {e_(_ )" £ 0} =T

Comments on this family: The only negation in this group of gen-
erators is the generator with » = —1, which gives the negation
e!/mx Qo this group gives a family of De Morgan systems, namely
the t-norm with parameter r, r > 0, the negation /™% and the
t-conorm with parameter —r.

3. The Jane Doe #1 family:
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t-norms :r>0

t-conorms r <0

generators {m LT O} = fITf

Comments on this family: The only negation in this group of gener-
ators is the generator with = —1, which gives the negation a. So
this group gives a family of De Morgan systems, namely the t-norm
with parameter r, 7 > 0, the negation «, and the t-conorm with
parameter —r.

4. The Jane Doe #3 family:

t-norms {L—ﬂ—(L—ﬂ—xVXLfﬂnyD%:a>0}

generators {1 —(1—z)%:a >0} =a 'Rta

5. The Jane Doe #1-Hamacher family:

1
t-norms — — — T
{H[(lf)w(%)rm(lx ) (4)r]r
a>mr>0}
: { !
-COnorms — — — T
1+ [(552) + (59 +a(52)r (L))
ra>0,7r< O}
l,r

3 —_— = f~IN(R*
generators {a:r—i—a(l—x)r a>0,r750} / (R*)f
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Comments on this family: The negations in this group of generators
are those with parameters a > 0, r = —1, which are the negations
(1 —-2)/(1+ (a—1)z). So this group gives a family of De Morgan
systems, namely the t-norm with parameters a > 0, r > 0, the
negation (1 —z)/(1+ (a — 1)x), and the t-conorm with parameters
a, —r.

6. The Schweizer family:
t-norms {(az’“ 4y —1)"":a> 0}
1—2@
generators {ef(w—“) ta > 0} = fR*
7. The Jane Doe #2 family:
t-norms {xyefah”h’y ta > O}

1
generators ———:a>0p=f"IRT
1—Ina@

8. The Dombi family:

t-norms T:7>0

t-conorms r <0

generators {e_(%)r £ 0} =Tf

Comments on this family: The coset Tf has no negation in it.
The t-norm with parameter r, » > 0, is dual to the t-conorm with
parameter r, r < 0, with respect to the negation «. Denote the
element ¢~ ("F5)" of Tf by t,.f. Then element faf ' = el/* =
t_1 € T. For a generator t,f of a t-norm in the Dombi family,

trfa=t.faf ' f =t t_f € Tf.



126 CHAPTER 5. BASIC CONNECTIVES

9. The Frank family:

eomms—fiog, (1 5= =) s 0,21

a—1

x

-1
T :a>0,a7él}:IF

a
generators {

Comments on this family: The set of generators of this family does
not seem to come from a group or a coset of a group of generators. It
is the set of t-norms A satisfying the equation x Ay+zyy = x4y,
where v/ is the t-conorm dual to A with respect to the negation «.
This family is discussed in Section 6.2.3.

5.8.3 Families of nilpotent t-norms

1. The Schweizer-Sklar family:
t-norms {((m“—i—y“— 1)V 0)a : a>0}
L-generators {z%:a >0} =R"

2. The Yager family:
t-norms {(1—((1—$)“+(1—y)“)%)\/0:a>0}
L-generators {1-(1-2):a>0}=aRT«

3. The Jane Doe #4 family :

t-norms {E@@+y—1+(a—1ay))V0:a>0,a#1}
L-generators {log,((a — 1)z +1):a >0, a# 1} =F!

4. The Weber family:
t-norms {lalz+y—1)—(a—1)xy)VO:a >0}

L-generators {1 —log,((a—1)(1—2)+1):a >0} =aF ta
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5. The Jane Doe #6 family :

t-norms {loga {(% Y 0) (a—1)+ 1] :

a>0,a7é1}

x

a
L-generators {

:a>0,a7é1}:]F
a—1

5.9 Interval-valued fuzzy sets

If A: U — [0,1] is a fuzzy subset of a set U, the value A(z) for a par-
ticular z is typically associated with a degree of belief of some expert.
An increasingly prevalent view is that this model is inadequate. Many
believe that assigning an exact number to an expert’s opinion is too re-
strictive, and that the assignment of an interval of values is more realistic.
In this section, we will outline the basic framework of a model in which
fuzzy values are intervals. This means developing a theory of the basic
logical connectives for interval-valued fuzzy sets. Some logical aspects
were discussed in 4.5.

For ordinary fuzzy set theory, that which we have been considering so
far, the basic structure on [0, 1] is its lattice structure, coming from its
order <. The interval [0, 1] is a complete lattice. Subsequent operations
on [0,1] have been required to behave in special ways with respect to
<. The basis of the theory we have discussed has come from the lattice
I= ([07 1]7 S)

Now consider fuzzy sets with interval values. The interval [0, 1] is
replaced by the set {(a,b) : a,b € [0,1], a < b}. The element (a,b) is just
the pair with a < b. As we have seen, there is a notation for this set:
[0,1] (1. So if U is the universal set, then our new fuzzy sets are mappings
A:U — [0,1]. Now comes the crucial question: with what structure
should [0, 1][2] be endowed? Again, lattice theory provides an answer.
Use componentwise operations coming from the operations on [0, 1]. For
example, (a,b) < (¢,d) if a < ¢ and b < d, which gives the usual lattice
max and min operations

(a,b) V(c,d) = (aVebVad)

(a,D) A(e,d) = (aNe,bAd)
The resulting structure, that is, [0, 1][2] with this order, or equivalently,
with these operations, is again a complete lattice. This complete lattice

is denoted I, We will use I® as the basic building block for interval
valued fuzzy set theory.
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There is a natural negation on Il given by (a,b) = (b',a’) where
2/ =1 —z. Since I?! comes equipped to provide the usual operations
of sup and inf, we have immediately the De Morgan algebra (H[Q], AV
This in turn yields a De Morgan algebra for the set of all interval-valued
fuzzy subsets of a set by

(AANB)(s) = A(s)AB(s)
(AVB)(s) = A(s)V B(s)
A(s) = (As))

5.9.1 t-norms on interval-valued fuzzy sets

Our first problem here is that of defining t-norms. There is a natural
embedding of I into I?/, namely a — (a,a). This is how 112 generalizes
I. Instead of specifying a number a (identified with (a,a)) as a degree of
belief, an expert specifies an interval (a, b) with a < b. So no matter how
a t-norm is defined on I, it should induce a t-norm on this copy of I in
it.

A t-norm should be increasing in each variable, just as in the case for
I. On I this is equivalent to the conditions a A (bV¢) = (a Ab) V (a Ac)
and a A (bAc¢) = (a Ab) A (ac). But just increasing in each variable
will not yield these distributive laws on I, However, these distributive
laws do imply increasing in each variable.

Now for the boundary conditions. Since t-norms are to generalize
intersection, we certainly want (a,b) A (1,1) = (a,b) for all (a,b) € 112,
It will follow that (0,0) A (a,b) = (0,0), but what about the element
(0,1)? How is it to behave? We require that (0,1) A (a,b) = (0,b).
There are some strong mathematical reasons for this, having to do with
fixed points of automorphisms, but we choose to forego that discussion.
We are led to the following definition.

Definition 5.9.1 A commutative associative binary operation /\ on 12!
s a t-norm if

1. (1,1) A (a,b) = (a,b)
2.z AN(yVz)=xzAyVe Az
S aA(yYnz)=xlhyhzAz

4. The restriction of A to D = {(a,a) : a € [0,1]} is a t-norm, iden-
tifying D with [0,1]

5. (0,1) A (a,b) = (0,b)
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Several additional useful properties follow immediately.
Corollary 5.9.2 The following hold for a t-norm /\ on 112!

1. A is increasing in each variable

2. (0,0) A (¢,d) = (0,e) for some e € [0,1].

Proof. Suppose that y < z. Then

xAyvVeAz = xzA(yVz)
= zAz

sox Ay <z Az For the second part,

(0,0) A (¢,d) < (0,1) A (¢,d) = (0,d)

The fundamental result about t-norms on I1?! is the following theorem.
Theorem 5.9.3 Every t-norm A on 112 is of the form
(a,b) A (¢,d) = (aoc,bod)
where ¢ s a t-norm on 1.
Proof. Since the t-norm induces a t-norm on D, we have
(a,a) A (c,c) = (aoc,aoc)
where ¢ is a t-norm on I. Now

(a,0) A(e,d) = (a,0) A(

A
= ((a,b) A(c,c

component the same as

(a,b) A (c,d) A (0,1) = (a,b) A(0,1) A (e, d) A (0,1)
= (0,6) A(0,d)

Thus, the second component of (a,b) A (¢, d) does not depend on a or c.
So a t-norm on I? acts componentwise. From (a,a) A (¢, ¢) = (aoc, aoc)
it follows that

(a,0) A (¢,d) = (aoc,bod)
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and the proof is complete. m

Now we define Archimedean, strict, and nilpotent t-norms on I2 just

as for t-norms on I. It is easy to see that in the notation of Theorem
5.9.3, a t-norm A is Archimedean, strict, or nilpotent if and only if the
t-norm ¢ is Archimedean, strict, or nilpotent, respectively. In effect, the
theory of t-norms on I!?) as we have defined them is reduced to the theory
of t-norms on I.

5.9.2 Negations and t-conorms

We will define t-conorms to be dual to t-norms, just as in the case of fuzzy
set theory. This involves negations, which are certain antiautomorphisms.
To determine these negations we must examine the set of automorphisms
and antiautomorphisms of 112,

Definition 5.9.4 An automorphism of ¥ is a one-to-one map f from
IR onto itself such that f(x) < f(y) if and only if * < y. An anti-
automorphism is a one-to-one map f from 12 onto itself such that

f(2) < £(y) if and only if x> y.

An antiautomorphism f such that f(f(z)) = « is an involution, or
negation. The map « given by a(a,b) = (1 —b,1 — a) is a negation,
as is f~'af for any automorphism f. It turns out that there are no
others. Furthermore, if f is an automorphism, that is, a one-to-one map
of [0,1] onto itself such that f(z) < f(y) if and only if < y, then
(a,b) — (f(a), f(b)) is an automorphism of 1%, Tt turns out that there
are no others. It should be clear that automorphisms take (0,0) and (1,1)
to themselves. Antiautomorphisms interchange these two elements.

In the plane, I is the triangle pictured. Each leg is mapped onto
itself by automorphisms.
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B
©.n amn

0.0

Lemma 5.9.5 Let A, B, and C be as in the picture. If f is an auto-
morphism, then f(A) = A, f(B) = B, and f(C) =C.

Proof. Let f be an automorphism. Since f(z) < f(y) if and only if
x <y, it follows that

flavy) = flx)V f(y)
fleny) = fl@)Afy)
£(0,0) = (0,0)
f1,1) = (1,1)

Suppose that f(a,b) = (¢,¢). Then

fla,b) = f((a;a) v ((b;b) A (0,1)))
fla,a) v (f(b,0) A f(0,1))

= (C’ C)

No two elements strictly less than a diagonal element (¢, ¢) can have join
(¢,¢) and no two elements strictly greater than a diagonal element (¢, c)
can have meet (¢, c). Since f(a,a)V (f(b,b) A f(0,1)) = (¢, ), we need
only rule out f(0,1) = (¢, ¢). So suppose that f(0,1) = (¢,c). Then every
element less than (c,c) is the image of an element less than (0,1). For
0<z<e, f(z,2) = f(0,d) with d < 1. Then f(0,d) = f(0,1)A f(d,d) =
(c,c) A f(d,d). Thus (z,2) < (c,c) implies (z,2z) = f(d,d) = f(0,d),
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and d = 0.. It follows that ¢ = 0. But f(0,0) = (0,0). Therefore only
elements from C go to C under an automorphism f. Since the inverse of
an automorphism is an automorphism, f(C) = C for all automorphisms

f.
If f(a,b) = (0,c), then
fla,b) = f(a,a) Vv f(0,b)
(d,d) vV f(0,b)
(0,¢)
Therefore d = 0, implying that ¢ = 0. Hence f(A) = A.
If f(a,b) = (¢,1), then
fla,b) = f(b,b) A f(a,1)
= (d.d) A fla,1)
= (1)
Thus d = 1, and so b = 1. It follows that f(B) =B. =

Theorem 5.9.6 Every automorphism f of 12 is of the form f(a,b) =
(g9(a), g(b)), where g is an automorphism of I.

Proof. Since f is an automorphism of C| it induces an automorphism
g of I, namely (g(a), g(a)) = f(a,a). Now f(0,1) = (0,1) since f(A) = A
and f(B) = B. Thus

fla;b) = fla,a) v (f(b,0) A F(0,1))
)
)

So automorphisms of T2 are of the form (a,b) — (f(a), f(b)) where
f is an automorphism of I. We will use f to denote both the automor-
phism of T and the corresponding automorphism of 12/, This theorem has
recently been proved for I = {(a1,...,a,) : a1 < ... < an, a; € [0,1]}
[158].

Let o be the antiautomorphism of I given by a(a) = 1 — a. Then
(a,b) — (a(b),a(a)) is an antiautomorphism of I?! which we also de-
note by a. If ¢ is an antiautomorphism of I, then ¢ = af for the
automorphism f = ag. Now

g(a,b) = «

1
NN
S =
===
=

Q

=

S

N~—

S~—
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We have the following.

Corollary 5.9.7 The antiautomorphisms of 12 are precisely the anti-
automorphisms (a,b) — (g(b),g(a)), where g is an antiautomorphism of
L.

The following are consequences.

Corollary 5.9.8 The negations of I are precisely the negations (a,b) —
(n(b),n(a)) where n is an negation of L.

Corollary 5.9.9 The negations of I are precisely the negations (a,b) —
(fraf(b), ftaf(a)) where f is an automorphism of 1.

Just as for I, we define a t-conorm to be the dual of a t-norm with
respect to some negation.

Definition 5.9.10 Let A be a binary operation and n a negation on I
The dual of A\ with respect to 1 is the binary operation V given by

z 7y =nnx) Any))
If A\ is a t-norm, then V is called a t-conorm.
Theorem 5.9.11 Every t-conorm 57 on I is of the form
(a,b) v (¢,d) = (a0 c,bod)
where ¢ is a t-conorm on L.

The proof is a consequence of the definition of t-conorm and the corre-
sponding theorems about t-norms and negations. The theory of t-norms,
t-conorms, and negations on I?l has thus been reduced to that theory on
L.

The following theorem gives properties characterizing t-conorms.

Theorem 5.9.12 A binary operation 7 on I that is commutative and
associative is a t-conorm if and only if

1. (0,0) v (a,b) = (a,b)

2.z (yVz)=zyyVvVevyz

3 axy(yhz)=xzJyAevz

4. The restriction of 7 to D = {(a,a) : a € [0,1]} is a t-conorm
5. (0,1) 7 (a,b) = (0,b)

Much fuzzy set theory can be extended to interval-valued fuzzy sets,
and we have just indicated the beginnings of such a theory for t-norms,
t-conorms, and negations. The theory and applications of interval-valued
fuzzy set theory, play an important role. See [98], for example.
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5.10 Type-2 fuzzy sets

Type-2 fuzzy sets are fuzzy sets with fuzzy sets as truth values. They
were introduced by Zadeh [172], extending the notion of ordinary fuzzy
sets. Mendel’s book [98] has a section (1.6) on literature on type-2 fuzzy
sets, and a rather extensive bibliography. Also, in [78], [81], [99], [102],
[103], and [124] are discussions of both theoretical and practical aspects of
type-2 fuzzy sets. Our emphasis is on the theoretical side. We endeavor
to give a straightforward treatment of the mathematical basics of type-2
fuzzy sets. We also present the material in a setting that includes both
the finite and continuous cases.

The material presented here is based on that in [155]. We define the
basic operations and order relations of type two fuzzy sets and derive
their basic properties. We establish some criteria for various subalgebras
to be lattices, distributive lattices, Kleene algebras, De Morgan algebras,
and so forth, and describe the relationship between interval-valued type-
2 fuzzy sets and classical interval-valued fuzzy sets. We also discuss the
notion of triangular norms for type-2 fuzzy sets.

5.10.1 Pointwise operations and convolutions

A fuzzy subset A of a set S is a mapping A : S — [0,1]. The set S has
no operations on it. So operations on the set Map(S,[0,1]) of all fuzzy
subsets of S come from operations on [0, 1]. Common operations on [0, 1]
of interest in fuzzy theory are A, V, and ’ given by

zAy = min{z,y} (5.1)
xVy = max{z,y}
¥ = 1-z

The constants 0 and 1 are generally considered as part of the algebraic
structure, technically being nullary operations. The operations A and V
are binary operations, and ’ is a unary operation. The algebra basic to
fuzzy set theory is ([0, 1],V,A,’,0,1). Of course, there are operations on
[0,1] other than these that are of interest in fuzzy matters, for example
t-norms and t-conorms. We have studied this algebra, and t-norms and
t-conorms extensively in previous chapters.

The situation for type-2 fuzzy sets is the same except that fuzzy sub-
sets of type-2 are mappings into a more complicated object than [0, 1],
namely into the fuzzy subsets Map(J,[0,1]) of a lattice J. The opera-
tions on the type-2 fuzzy subsets Map(S, Map(J,[0,1])) of a set S will
come pointwise from operations on Map(J, [0, 1]). This is where the diffi-
culty of type-2 fuzzy sets lies. Operations are put on Map(J, [0, 1]) using
operations on both the domain J and the range [0,1] of a mapping in
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Map(J,[0,1]). The equations that hold for the operations we put on
Map(J,[0,1]) will automatically hold for the set of type-2 fuzzy subsets
of a set S.

The lattices J that we consider are bounded and linearly ordered
and come equipped with an involution. Bounded means that they have
a smallest element and a largest element. We will denoted these by 0
and 1, respectively. An involution of J is a one-to-one order reversing
mapping ' with the property that " = z. The operations are denoted
the same as the operations on [0,1], so J = (J,A,V,”,0,1). In practice, J
is usually the interval [0,1] itself or a finite subset of [0,1] that includes
the endpoints.

We will put operations on Map(J, [0, 1]) that are of interest in type-2
fuzzy set theory, and develop some of their algebraic properties.

5.10.2 Type-2 fuzzy sets

The letter I will denote either the unit interval [0,1] or its associated
algebra ([0,1],V,A,’,0,1), and J will denote either a bounded linearly
ordered set with an involution or the associated algebra (J,V,A,,0,1).
Both I and J are Kleene algebras—bounded distributive lattices satisfy-
ing the De Morgan laws and the inequality z Az’ <y V'

Definition 5.10.1 Let S be a set. A type-2 fuzzy subset of S is a

mapping
A:S — Map(J,1)

So the set of all type-2 fuzzy subsets of S is Map(S, Map(J,I)). The
elements of Map(J, I) are ordinary fuzzy subsets of J. In the context of
type-2 fuzzy sets, they are called fuzzy truth values, or membership
grades of type-2 sets. Operations on this set of type-2 fuzzy sets will
come pointwise from operations on Map(J,I). For any operation on
I, we can put the corresponding pointwise operation on Map(J, I), but
the domain J also has operations on it, so we may use convolution to
construct operations on Map(J,I). The operation V on I, which takes
the maximum of two elements of I, actually can be applied to any subset
of I, taking the supremum, or least upper bound of that set. Similarly
for the operation A. Following is the definition of two basic operations
on fuzzy sets of type 2.

Definition 5.10.2 Let f and g be in Map(J,I).
(fug)(x) =V (Fy)Ag(2) (5:2)

(fMg)(z) V (fy) Ag(2)

YyNz=x
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The elements f LI g and f Mg are convolutions of the operations V
and A on the domain J with respect to the operations V and A on I. We
will denote the convolution of the unary operation ’ on J of elements of
Map(J,I) by *. The formula for it is

f@)=V fly) =f) (5.3)

y'=x

For f € Map(J,I), f' denotes the function given by f'(z) = (f(z)) .
Denote by 1 the element of Map(J,I) defined by

[0 ifzx#1
Uz) = { 1 ifz=1 (54)
Denote by 0 the map defined by
1 ifz=0
0(x) = { 0 ifz#0 (5:5)

These elements 0 and 1 of Map(J,I) can be considered nullary opera-
tions, and can be obtained by convolution of the nullary operations 1 and
0 on J, but we skip the details of that explanation.

Note the following:

o f el o (56)

5.10.3 The algebra (Map(J,I),L,1,*,0,1)

At this point, we have the algebra M = (Map(J, I),U,M,*,0,1) with the
operations L, M, *, 0, and 1 obtained by convolution using the operations
V,A,,0,10onJ, and V and A on I.

Although we are interested in the algebra M, the set Map(J,I) also
has the pointwise operations V, A, ’/, 0, 1 on it coming from operations
on the range I, and is a De Morgan algebra under these operations. In
particular, it is a lattice with order given by f < g if f = f A g, or equiva-
lently, if g = fV g. We will use these operations in deriving properties of
the algebra M. Pointwise operations are simpler than convolutions, so if
a convolution can be expressed in terms of pointwise operations, it prob-
ably should be done. We will use the order relation < on M extensively.

We make heavy use of two auxiliary unary operations on Map(J, )
which enable us to express the operations LI and M in terms of pointwise
ones. These unary operations also appear in [40, 157, 156]. There are
two benefits. First, it makes some computations much easier by replacing
computations with U and M by computations with pointwise operations
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vV and A on Map (J,I), thus with computations in a lattice. Second, it
provides some insight into the effect of convolutions. For example, f Ll g
is a function from J to I. What does its graph look like? Giving f U g in
terms of pointwise operations on known functions readily provides such
a graph.

Now we define these auxiliary unary operations and give some of their
elementary properties and relations with other operations.

Definition 5.10.3 For f € M, let f¥ and f% be the elements of M
defined by
fia) = Vy<af(y) (5.7)
fR(x) = vnyf(y)

Note that f¥ is monotone increasing and that f% is monotone de-
creasing, as illustrated by the following graphs in which J = I.
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The following proposition establishes relationships among the auxil-
iary pointwise operations V, A, L, and R that we use for Map (J,I) and
the x operation of M.

Proposition 5.10.4 The following hold for all f,g € M.
Lf<frf< i
9 (fL)L — fL; (fR)R — fR.
3. (fF)F=(fM*.
4= =)
5. (fAg) =f"Ng*: (fVg) =[fVg"
6. (fvg) =rvgh: (fvg=rRvgh.
7 (fAg) < fEAgh (FAg)t < fRAgh.
8. f < g implies f& < g* and fR < g®.

The proofs are immediate. Note that in item 3, (f£)f, which we will
write as fL or as fBL is the constant function which takes the value
Veesf(z) everywhere.

With respect to the point-wise operations V and A, Map(J,I) is a
lattice, and these operations on Map(J,I) are easy to compute with
compared to the operations LI and M. The following theorem expresses
each of the convolution operations LI and M directly in terms of pointwise
operations in two alternate forms.

Theorem 5.10.5 The following hold for all f,g € M.

fug = (FAgd" ) v (ffng) (5.8)
= (fvgA(ffngh)

fg = (FAg®)V(fFng) (5.9)
= (fvar(fnrgh
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Proof. Let f,g € M.
(fUg) () Viyvae x( ( )
(\/w\/z x
fl@) A

9(z )

sz x

( yVr= ac
( y<x

())
(«))

So we have flLlg=

(f A g") Vv (FE A g) Y viE) A ((F ng")
EY A (g™ v F5)) A ((
g" VI A((fVe)
/\((ng)Ag)

EngF) A (fVg)

g
f
Ag"

139

9(=)))
) (9(a)))

) A tote)

\/g)
fVvg A
ANg

")

(9" V)

In a totally analogous manner, we get the formulas stated for fMg. m

Here are some elementary consequences.

Corollary 5.10.6 The following hold for f, g € M.

L fuf=ffnf=r

2. fUg=gUf; fg=gnf

1nf=f;ouf=f

4. ful=fLand fN1= f2, where 1 is the constant function with
value 1.

5. f10=fuU0=0, where 0 is the constant function with value 0.

6. (fUg) =fNg:(fng)=fuUg

7. fPugh=fEngt=frug=fugt

8. fingt=ffnght=fing=fng"

9. If f >g, then fUg=fAg*, and f1g=fAgT.
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These are easy corollaries of the previous theorem. For example, to
prove item 7,

fL UgL _ (fL /\gLL)\/(fLL /\gL) :fL /\gL
fugh = (FAg"") v (fFFAagh) = fingh

One should notice that the pointwise formula for the binary operation
M follows from that of LI and item 4, which is, in turn, an immediate
consequence of the definition of * and the formula for L.

Proposition 5.10.7 The following hold for f,g € M.

(Fug=rtugh  (fngt=rrngt (5.10)
(fug)=frught  (fngt=ftngt '

Proof. By Corollary 5.10.6, fX L g= = L A g%, so for the first, we
only need to show that (f U g)L = fL A g, Now,

Jugt@ = VL)W=V <w\!_y (F)hg <v>>)
=V F@Ag@) =V F@) Vo) = M) Aghe)

so (fug)” = fragh.
The second follows from the first and duality, and Corollary 5.10.6,
as follows:

(fng™ = (fng™=(frug) T =(frugn)”
_ (f*L/\g*L)*:(fR* /\gR*)*:(fR/\gR)**:fR/\gR

For the third,

(fug@ = V (fug@=V ( v (f(U)Ag(v))>

=V @Agw)
uVo>x

= <> Ve[m](f(U)/\g(v)))

v ( N Ve[O ; (f (u) /\g(v))>

= (@) Ag" @)V (£ (2) A g™ (2))
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Thus (f I_Ig)R = (fEAgRE) v (fE A gh), and this is the formula for
FE U g®. The last equality follows from duality. m

We will use the formulas in (5.10) extensively.

Corollary 5.10.8 The associative laws hold for U and M. That is,

fU(@uUh) = (fug)Uh (5.11)
fr(gnh) = (frg)nh
Proof. Let f,g,h € M. Then
(FugUh = [((FVeA(Engh) va a[(Fug” ant]

= [((Fvan (fLAg)) R AL(F5 N g") nRE]

= [Fvav A ((FFAg") V)] A (F5 A g™ ARE)

= (fVgVR)A(ffEngh ARE) = fU(guh)

(fMg)nh)™ =((f"ug)uh’)" =(f"U(g"Uh))
= [M(gnh)

Thus the associative laws hold for both U and M. m

(frig)nh

In the course of the proof, we had the identity

(fug)Uh=(fVgVh)A(f“ng"AR") (5.12)

Notice the following consequences.

Corollary 5.10.9 The following hold for f1, fa,..., fn € M.
L AURU Ufy = (Y fa VoV DA () A ()" A A (f)F)
2. filfoll - Nf = (f1V fo VooV fn>A((f1)R A(f2) A A (fn)R)

Proposition 5.10.10 The operations U and M distribute over V. That
18,
fulgvh) = (fug)Vv(fuh) (5.13)
frilgvh) = (frig)V(fTTh)

Proof. Let f,g,h € M.

Fulgvhy = (Falgvm) )V (rE Ay )
= (FAGE VRV (7 hg) v (F2 A R))
= (fAGE)V(FAREYV (FEng) v (fE AR)
(fug v (fuh) = (FAg")V(fFrng) VvV (fARR)V (fFAR)
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Thus LI distributes over V. Now M distributes over V since

fr(gVh) [F(gVv ™ =[f"ulgVvr)
= [(ffug) Vv ur)" =[(fng)Vv(fNh)

Thus both operations distribute over the maximum. m

Various distributive laws do not hold in Map(J,I): U and M do not
distribute over A; V distributes over neither LI nor M, and similarly, A
distributes over neither LI nor M; and U and M do not distribute over
each other. There are easy examples to show this. But we do have the
following.

Lemma 5.10.11 For all f, g, h € M, the following hold.

fUlgnh) = [fAg" ARREVF A g"E AR
VA AgARE] VA gt AR
(fug)n(fun) = [fAgEARFETV [f AgTE AR

VIFEAgARE]V [FE A gT AR
VIFEAFEAgAREETV [FRA 2 A g AR

friguh = [fAgiARREV [fAgRE ART
VIfEANgARTV [fEAGE AH
(frgu(frh) = [fAgt ARV [f gt ART

VIFEANgARE]V [FEAgE AR
VIFENFENgAREETV [FE A FREA g AR

We omit the proof. It is straightforward but tedious. A consequence
of the lemma are the following inequalities.

Theorem 5.10.12 The following hold for f,g,h € M.

fu(gnh) < (fug)n(fuh) (5.14)
fr(guh) < (frigu(fnh)

The absorption laws state that

fn(fug) f (5.15)
fulfng = f
They do not hold in general, as we will see. However, strangely enough,

the following equality holds [102]. Thus if one absorption law holds, then
so does the other.
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Proposition 5.10.13 For f,g € M,

fu(fng =rn(fug) = rg") v (i artag) (5.16)
Proof. We use Lemma 5.10.11.

fufng = (FAfPAg™)v(fAffngh)
V(FENENGT) Y (FEA A g)
= (fAg"™)V(FEAfENg)

fafug) = (FAFENGT)V(F AP AT
V(FENFAG) YV (FEA R Ag)

= (FAG")V(FEAFENg)
It follows that fU(fMg)=fN(fug) forall fgec M. m

It is easy to see that the absorption laws do not always hold. For
example, taking f to have all its values larger than the sup of the values
of g, we get

frifug) = (ag") v (FEAffng) =g""

which is constant with value the sup of the values of g, and has no value
in common with f. The function f constant with value 1, and g constant
with value anything less than 1, will work for this counterexample.

5.10.4 Two order relations

In a lattice with operations V and A, a partial order is given by a < b
if a ANb = a, or equivalently if a V b = b. This gives a lattice or-
der, that is, a partial order in which any two elements have a least
upper bound and a greatest lower bound. Even though the algebra
M= (Map(J,I),U,M,*,0,1) is not a lattice under the operations U and
M, these operations have the requisite properties to define partial orders.

Definition 5.10.14 fCgif fMg=f; flgif fUg=yg.

Proposition 5.10.15 The relations C and < are reflexive, antisymmet-
ric, and transitive, thus are partial orders.

This is immediate from fM f = f = f U f, and the commutative and
associative laws for M and L.

These two partial orders are not the same, and neither implies the
other. For example, f C 1, but it is not true that f < 1.
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Proposition 5.10.16 The following hold for f,g € M.

1. Under the partial order C, any two elements f and g have a greatest
lower bound. That greatest lower bound is fg.

2. Under the partial order =, any two elements f and g have a least
upper bound. That least upper bound is f Ll g.

Proof. For two elements f and g, note that fMgC fand flMgC g
since fMgMNf = fMg, and similarly f Mg C g. Therefore fMg is a
lower bound of both f and g. Suppose that h C f and h C g. Then
h=hMf=hMNg,and so hM(fMNg)=hMNg=h. Thus hC fMg.
Therefore f Mg is the greatest lower bound of f and g.

Item 2 follows similarly. m

Proposition 5.10.17 The pointwise criteria for C and < are these:
1. fCgifand onlyif fENg < f < gf.
2. f =g if and only if f Ng" < g < .

Proof. If f C g then frig = f = (f V g)A(fF A %), whence f < g%
Also f = (f/\gR) \% (fR/\g), whence (fR/\g) < f. Conversely, if

(ffing) <f<g then frig= (fAg")V(fing)=FfVv(fFAg)=Tf
so fCg.
Item 2 follows similarly. m

The following proposition is obtained easily from the pointwise criteria
for these partial orders.

Proposition 5.10.18 The following hold for f,g € M.

1. fC1and 0 =< f.

2. fC g if and only if g* < f*.

o

. If f and g are monotone decreasing, then f C g if and only if f < g.

. If f is monotone decreasing, then f T g if and only if f < g™*.

S Y

. If f and g are monotone increasing, then f = g if and only if f < g.

6. If g is monotone increasing, then f < g if and only if g < fEL.
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5.10.5 Subalgebras of type-2 fuzzy sets

In modeling vague concepts in the fuzzy set spirit, one must choose
an algebra of values. For example, in the classical case that algebra
is ([0,1],V,A,,0,1), and a fuzzy subset of a set S is a mapping into
this algebra. Interval-valued fuzzy sets are mappings into the algebra
([0,1]2 v, A, ,0,1), which was the topic of Section 5.9. Type-2 fuzzy
sets are mappings into the algebra M. This latter algebra is the one for
which we have been deriving properties. In the case J = [0, 1], M contains
as subalgebras isomorphic copies of the algebras ([0,1],V,A,”,0,1) and
([0,1]21, v, A,”,0,1), or more generally, for any .J, M contains as subalge-
bras isomorphic copies of the algebras (J,V, A, ,0,1) and (JZ, v, A, 0,1).
This fully legitimizes the claim that type-2 fuzzy sets are generalizations
of type-1 and of interval-valued fuzzy sets. But M contains many other
subalgebras of interest. This section examines several of these subalge-
bras.

Definition 5.10.19 A subalgebra of an algebra is a subset of the alge-
bra that is closed under the operations of the original algebra.

Any subalgebra A of M will give rise to a subalgebra of type-2 fuzzy
sets, namely those maps in Map(S, Map(J,I)) whose images are in A.

A subalgebra of M is a lattice if and only if the absorption laws hold.
It is well known in lattice theory that the two partial orders coincide if
and only if the absorption laws hold.

Proposition 5.10.20 A subalgebra A of M satisfies the absorption laws
if and only if C=<=.

Proof. Let f,g € A and assume that the absorption laws f = f
(guf) and g = gU (gM f) hold for f,g € A. If f C g, this means
fMg=f,sothat g=gU(gM f)=gUf, and f < g. On the other hand,
if f < g, this means f g =g, sothat f = fM(gU f) = f Mg, whence
fEg.

Now assume that the two partial orders coincide. Then f Llg =
(fuflug = fU(fUg) implying that f < fUg, and thus that f C fUg.
But this means that f = fM(f Ug). Similarly, f=fU(fMg). m

The Lattice J

Type-1 fuzzy sets take values in the unit interval [0, 1]. To realize type-1
fuzzy sets as special type-2 fuzzy sets, we realize the algebra (I,V,A,”,0,1)
as a subalgebra of (Map(I,I),U,M,*,0,1). We can do this more gener-
ally, embedding (J,V, A, ,0,1) as a subalgebra of (Map(J, I),,1,*,0,1).
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Definition 5.10.21 For each a € J, its characteristic function is the
function a: J — I that takes a to 1 and the other elements of J to 0.

These characteristic functions of points in J are clearly in one-to-one
correspondence with J, but much more is true.

Theorem 5.10.22 The mapping a — a is an isomorphism from the
algebra (J,V,A,,0,1) into the subalgebra of M consisting of its charac-
teristic functions of points.

We will denote this subalgebra of M by J (or by I in the special case
that J = I). It should be noted that a V b is not the characteristic
function of a vV b. In fact, it is a routine exercise to show the following.

Proposition 5.10.23 Fora,b e J,
1. The characteristic function of a Vb is allb.
2. The characteristic function of a A'b is allb.
3. The characteristic function of a’ is a*.

Of course, if one wants to use type-1 fuzzy sets, they would simply
be taken to be maps into J or I, and not as maps into this subalgebra of
M. There would be no need to cloud the issue with type-2 sets.

The subalgebra J of characteristic functions of points in J is a Kleene
algebra since it is isomorphic to (J,V,A,”,0,1).

Intervals

The usual interpretation of interval type-2 fuzzy sets corresponds to the
subalgebra J2! of M consisting of those functions in M ap(J, I) that take
all elements of a closed interval of J to 1 and its complement to 0. Such
an interval can be identified by its two endpoints. In this context, the
elements of J are simply closed intervals for which the two endpoints
coincide. In particular, 1 and O are in this subalgebra. The empty set is
not an interval. This subalgebra is of particular interest in applications
of type-2 fuzzy sets. It seems that most applications of type-2 fuzzy sets
are restricted to these interval type-2 ones. See [98], 7.3.1, p. 222; 7.4, p.
224; and 10.9, p. 302.

The elements of the subalgebra J[2 will be called simply intervals. In
the previous section, we defined the characteristic function a of an element
a € J. A pair (a,b) € J? is identified with the function a A bf € JP,
Note the following.

|
C
CJ
d

al A bt
alvbl = (aub)®

(5.17)
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Now for intervals f = a® A b and g = ¢ A df¥, we have

fug =
(a” AB) A (cE na®)"| v [(a” ABR)" A (cF AR
(a* AbT) Act] v [a" A (cP AdT)]

(a® Act) ABF] v [(a¥ A ct) A df]

al Ack) A (bR v dR) = (ab uc) A (b v dF)

= (auc)*Aud)?

This says that the U-union of the intervals [a,b] and [c, d] is the interval
[aVc,bVd]. That is, we can compute LI coordinatewise. The formula for
f Mg can be gotten similarly, and is (afl c)L A (brl d)R, corresponding
to the interval [a A ¢,b A d]. Tt can also be obtained from the formula for
f U g using duality. This is summed up by the following theorem.

Theorem 5.10.24 The mapping (a,b) — a’ A bf is an isomorphism
from the the algebra (J2, v, A ,0,1) into the subalgebra I of M con-
sisting of closed intervals.

The upshot of all this is that if interval type-2 sets are used, one may
as well just use interval-valued type-1 fuzzy sets, that is, maps of a set
into J12, the intervals of J, and combining as indicated. The theory of
these has been worked out in detail in [51] for J = I. See also Section
5.9.

This subalgebra of fuzzy type-2 intervals is a De Morgan algebra under
L,M,*,0,1. Note also that J?! is a subalgebra of 27, the subalgebra of
all subsets of [0, 1], which is discussed later in this section.

There is another obvious interpretation of the phrase “interval type-2
fuzzy sets,” namely the characteristic functions of all intervals, including
open, closed, and half-open/half-closed intervals. This distinction van-
ishes when working with Map (J, I) for finite chains .J, but could be of
interest in other cases.

Normal functions

The usual definition of normality of an element f of Map(J,I), is that
f(x) =1 for some x. We use a slightly weaker definition that coincides
with the usual definition in the finite case.

Definition 5.10.25 An element f of Map(J,I) is normal if the least
upper bound of f is 1.
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There are convenient ways to express this condition in terms of our
operations on this algebra. The proof of the following proposition is
immediate from definitions.

Proposition 5.10.26 The following four conditions are equivalent:

1. f is normal.

2. fRL = 1.
3. fL(1)=1.
4. fR(0) = 1.

Proposition 5.10.27 The set N of all normal functions is a subalgebra
of M.

Proof. Here is the verification that it is closed under LI

fug @ = (ffud) @)= (" nd") Q)
= ffmrgt) =1
The other verifications are just as easy. m

The subalgebra N contains the non-empty subsets of J as character-
istic functions, and it contains the subalgebra J[2 of intervals. Normal
functions will play an important role later.

Convex functions

The subalgebra C of convex functions is a particularly interesting one.
It contains the subalgebra J2! of intervals, which in turn contains the
subalgebra J corresponding to the lattice J.

Definition 5.10.28 An element f of Map(J,I) is convex if whenever
<y <z, then f(y) = f(z) A f(2).

There is a convenient way to express this condition in terms of our
operations on this algebra.

Proposition 5.10.29 An element f of Map(J,I) is convex if and only
if f=f"nFE
Proof. Suppose that f = fX A ff and 2 < y < 2. Then since
FE(y) = fH(z) and fR(y) > f7(2), we get
FONF@ANFE) = (FEAT) @) A EALE) @) A (PP AT (2)
= [E) A ) A SE@) A PR ) AR A PR R)
= [E@) A FR@) A FEE) A () = fz) A f(z)
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Thus f(y) = f(z) A f(2).
Suppose that f is convex. Then f(y) > f(z) A f(2) for all z <y and

forall 2 > y. Thus f(y) > fy)ASf"(y) = (FFASF) (), s0 f = fEASE
But it is always true that f < f%A fE. Thus f = fEA fl. m

How do convex functions come about? Here is a simple description of
convex functions in terms of monotone functions.

Proposition 5.10.30 A function is convex if and only if it is the mini-
mum of a monotone increasing function and a monotone decreasing one.

Proof. We have seen that a convex function f is the minimum of
an increasing function and a decreasing one, namely f = fL A ff. Let
f be an increasing function and g a decreasing one, and suppose that
z <y <z Then

(FAQW)AfAg)(@)AfAG)(2))
fW) AN gly) A fx) Ag() A f(z) Ag(z)
= flx)Ang(z) A f(2) Ag(2)

so that (fAg)(y) = ((f Ag) (@) A (f(2) Ag(z)), and hence f A g is
convex. H

Proposition 5.10.31 The set C of convex functions is a subalgebra of
M.

Proof. It is clear that 0 and 1 are convex. Suppose that f is convex.
Then f = fL /\fR, and f* = (fL/\fR)* — fL* A fR* — f*L /\f*R~
Hence f* is convex. Now suppose that f and g are convex. Then

fug = (ffrg)v(frgh)
— (fL/\gL/\gR)\/(fL/\fR/\gL)
= (ffrgh)a(ffveh
Thus by Proposition 5.10.30, f L g is convex. Now f Mg is convex since
(fNg)" = (f*Ug*)is convex. m
Theorem 5.10.32 The distributive laws
fulgnh) = (fug)n(fuh) (5.18)
fri(guh) = (frig)u(frTh)

hold for all g,h € M if and only if f is convex.
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Proof. From Theorem 5.10.11, we have

fu(gnh)y = (fAgEAREE)V (f A g™EARY)
V(fEAng ARV (FEA gt A R)
(f AgEAREEY Y (f A g™ EARY)
V(fEAg ARV (fEn gt A R)
V(FENFEANGAREE)Y v (FEA 2 A g AR)

(fug)n(fuh)

If f is convex, then f A ff = f, and the last two terms in the expression
for (f U g) M (fUh) are smaller than the first two terms for that expres-
sion. Thus fU (gMh) = (fUg) N (fUh). The other distributive law
follows similarly.
Now suppose f U (gMh) = (fUg) N (fUh) holds for all g and h.
Then
(FAgEAREEYV (fFAgREAREY v (FEAgARTY Vv (fE A g AR)
= (FAG"AREEYV (FAG™EAREYV (FEAgARE) v (FE A gR AR)
V(FEANFEAGAREEYV (FREA fE A gRE AR)
Letting h be the function that is 1 everywhere, and g = 0, we get
(fAOE) v (FAORE) v (FE A 0) v (fE AOF)
= (fAOR)V (fAORE) v (L n0) v (FF A0
V(FENFEAO) V(R A FE A OB
and so
F=fv (oAt =fingt
Similarly, if fM(gUh) = (fMg)U (fMh) holds for all g and h, then f
is convex. B

Using f Mg = ff Mg from Corollary 5.10.6, note that
Fr(gfun®) = rn@un®=rtngun)
(Ffmg)u(finn) = (fng®)u(frnr)
and similarly
Fu(ghnat)y = julgnm®=rrulgnh)
— (fFug) () = (Fugt)n (Fun)

Thus the distributive law fM(gU k) = (f M g)U(f M) holds for any f if
both g and h are monotone decreasing, and fU(gMh) = (fUg)N(fUh)
holds for any f if both g and h are monotone increasing.



5.10. TYPE-2 FUZZY SETS 151

Convex normal functions

The set L of functions that are both convex and normal is clearly a
subalgebra of M, being the intersection of the subalgebra C of convex
functions and the subalgebra IN of normal functions. The absorption laws
hold by the following Proposition.

Proposition 5.10.33 If f is convex and g is normal, then

fulfng =fn(fug =f (5.19)
Proof. We showed in Proposition 5.10.13 that

fulfng)=rnifug) = FAgd"®) v (At ag)

Since f is convex and g is normal, we have

(FAG)V(FENFENG) =FV(fFAg) =F
Thus the absorption law holds for convex normal functions. m

The distributive laws hold by Theorem 5.10.32. From all the other
properties of M, the subalgebra L of convex normal functions is a bounded
distributive lattice, and * is an involution that satisfies De Morgan’s laws
with respect to L and M. Thus we have

Theorem 5.10.34 The subalgebra L of M consisting of all the convex
normal functions is a De Morgan algebra.

Both De Morgan algebras and Kleene algebras are, among other
things, bounded, distributive lattices.

Theorem 5.10.35 If A is a subalgebra of M that is a lattice with respect
to U and M and that contains J, then the functions in A are normal and
convez, that is, A C L. Thus the subalgebra L of all convex normal
functions is a mazimal lattice in M.

Proof. Let f € A. Since A is a lattice, the absorption laws hold, so
in particular,

afN(alf)=a and fN(fua)=7f
for all a € J. By Proposition 5.10.13,
a=all(alf) = (anf")v(@"ralt A f)

so that a(a) = 1 = fEB A f(a) implies that f(a) = fBX =1, so f is
normal. Again by Proposition 5.10.13,

f=rn(fua)=(fra"®) v (ffAf¥na)
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which implies that f(a) = f(a) V (¥ (a) A fE(a)) = YA fE(a).
Since this holds for all a € .J, we have that f=1rfEn f that is, f is
convex. W

The subalgebra L is a particularly important subalgebra of M, that
is, a particularly important algebra in the theory of type-2 fuzzy sets.

Subsets of the unit interval

Consider the set 27 = Map(J,{0,1}) € Map(J,I). It is very easy to see
that 27 is a subalgebra of M. For example, if f and g map into {0, 1},
then flUg = (f A gL) vV (fL A g) clearly does also. These elements can
be identified with the subsets of J via the correspondence f +— f~1(1).
If such an identification is made, the following are clear.

fVg=fUg and fAg=fng
ft'={z:2 > some element of f}
ff ={x:2 < some element of f}

Making this identification, the formulas for U and M become

fug = (fugnfingt=(fng")u(fFny)
fig = (fugnfing®=(fng")u(ffnyg)

Also, 1 corresponds to the set {1}, 0 to the set {0}, and the complement
of f to the map f’. This is not the same as f*. Its elements are the
subsets of J, but the operations LI and M are not union and intersection.
It satisfies all the equations that M satisfies, being a subalgebra of it, but
maybe some others as well.

This subalgebra is actually closed under several other operations. For
example, f and f% are in this subalgebra whenever f is. The constant
function with value 1, and the constant function with value 0, are in the
subalgebra. It should also be noted that this subalgebra is closed under
the pointwise operations of V and A.

Functions with finite support

A function has finite support if Supp (f) = {z € I : f (z) > 0} is finite.
It is easy to see that the set F of all functions in M with finite support
is a subalgebra of M. For example, if f and g have finite support, then
Supp (f U g) and Supp (f M g) are both finite, because

Supp(fug) = Supp ((fAg")V (f*Ag)) S Supp(f)U Supp(9)
Supp (fMg) = Supp ((fAg™) Vv (fFAg)) S Supp(f)USupp(g)
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Also, Supp (f*) = {«' : x € Supp (f)} is finite. Both 0 and 1 have finite
support. The set F is also closed under the operations A and V. Note
that although f¥ and f¥ are not in F, the functions f“ A g and f% Ag
have finite support for g € F, so are in F.

The set of finite subsets of J yields a subalgebra of F. Of course, if
J is finite, F = M. If J = I, F does not contain any convex functions
except singletons, and the subalgebra of M consisting of all convex normal
functions in F coincides with I. We have not investigated this subalgebra
of M beyond these observations.

5.10.6 Convolutions using product

In this section, we consider convolution of functions in Map(J, I'), where
instead of using V and A on I, we use V and ordinary product. As before,
we only assume that J is a bounded chain with an involution. Here are
the basic operations we consider.

Definition 5.10.36 For f,g € Map(J,I), U and @ are defined by the
convolutions

(fug)(z) = yv\z/:z (f(y)g(2)) (5.20)
(fmg)(z) = yA\Z/:z (f(y)g(2))

The other operations on Map(J,I) that we consider are the same as
before, namely the unary operation * and the two constants 0 and 1.
Our concern here is with the algebra P = (Map(J,I),U,m,*,0,1). And
principal tools are the auxiliary unary operations L and R.

Theorem 5.10.37 The following hold for all f,g € Map (J, 1)

fug = flgv fg* (5.21)
fmg = flgv fg”

The proofs are straightforward. For functions f and g in Map(J, 1),
fg of course means the function given pointwise by the operation of mul-
tiplication on [0, 1], that is, (fg)(z) = f(x)g(z).

Some algebraic properties of P are developed in [102] and in [124] for
J finite.

Remark 5.10.38 The algebra P is constructed by convolution opera-
tions on J using I with the operations V and ordinary multiplication e.
Since the algebra (I,V,e) is isomorphic to the algebra (I,V,A), where
A is any strict t-norm, the results we obtain for P will be the same as if
we were using A instead of e.
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Theorem 5.10.39 The following hold for f,g € Map (J, I).
1. U and M are commutative and associative.
22.00f=f;1mf=/f.

3. (fug) =f"mg*; (fmg) = f"ug

Proof. Items 1 and 2 are left as exercises. It should be noted that
Omf#0and 1U f # 1. We prove the first half of item 3.

(fug) (z) = (ffgVvig") (z)
(Ffg v fg*) (@)
= fra)g@) Vv f)g" (@)
= M (@)g" () Vv [ (z) g™ ()
= @) g @)V (@) g (@)
_ (f*Rg* V f*g*R) ()
= (f*mg")(x)

The proof of the second half of item 3 is similar. m

The associative law for U is the equation
fU(QUh) =(fug)uh (5.22)
and from (5.21), we get
FEg by FEghIVE (g8 k) "V F (gh")" = FEgh™ fgthEv (FEg)" b (fg")" b
Taking f = 1, the function that is 1 everywhere, we get the equation
g h Vv ght v (th)L Vv (ghL)L = ght v gtht v gthv gtn

from which follows

(9"h) "V (gh")" = g"n*
Ly ght L _ LpL

g g g
(guh)* = g"n*

But also

gLLUJhL :gLLhL\/thLL :thL nghL :thL
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From this and duality, we have the equations
(gun)t = glunl =gtnt (5.23)
(gnh) = gfanf =gt

The operations U and M are not idempotent. The idempotent law
holds only in the special cases described in the following proposition.

Proposition 5.10.40 The following hold in P.
1. fUf = fif and only if f(0) = 1; equivalently if and only if f* = 1.
2. fmf = fif and only if f(1) = 1; equivalently if and only if f& = 1.
Proof. Let f € Map(J,I). Then
fuf=rrfvift=rtr=1

if and only if f¥ (z) = 1 for all z € J, which is equivalent to f(0) = 1.
Item 2 follows similarly. m

Proposition 5.10.41 The normal functions form a subalgebra of P.

Proof. We already know that 0 and 1 are normal, and that if f
is normal, then so is f*. So we only need to show that if f and g are

normal, then so are f Wg and f Mg. A function f is normal if and only
if f£(1) = 1. Now if f and g are normal, then by (5.23),

(fug)® (1) = g"h (1) = g" (D" (1) =1
It follows that f WU g is normal, and dually that f @M g is normal since

fag=(fmg)™ =(f"ug)
is normal. m

The following proposition was left as an unsolved problem in [102],
and was settled in the affirmative by [124] for the case that J was finite.
We make no such restriction on .J here.

Proposition 5.10.42 The convex functions form a subalgebra of P.

Proof. Again, we need only to show that f U g and f Mg are convex
whenever f and g are convex. For a function f to be convex means that
f=fL A fE We have

fug frav fgt =t (g" ng™) v (FF A1) gF
— (ngL/\ngR)v(ngL/\ngL)
— ngL/\(ngR\/ngL)
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Similarly
fg=fg" n(fFg™ v fig")

The following two lemmas finish the proof. m

Lemma 5.10.43 If f is monotone and g is convex, then f g is convex.

Proof. Suppose that f is monotone increasing. Then f = f and
g=g"Ag". Wehave fAg= fEN (gL /\gR) = (fL /\gL) A g%, which is
convex by Proposition 5.10.30. Similarly if f is monotone decreasing. m

Lemma 5.10.44 For any functions f and g, fYg% v fRg" is convex.

Proof. Let S = {z: fl(z) < fR(z)} and T = {z : g¥(z) < g%(2)}.
Because both S and T are intervals of the chain J containing 0, we may
suppose, without lost of generality, that S CT. If x € S, we see that

fHa)=V fly) < V f(z) = fi(x)

y<z z>x

so that
=V flw) < ()

weJ

and we must have % (z) = fEL for x € S. Similarly, for x € T, g% (z) =
giliforz e J— S, fl(x) = fBL; and for x € J — T, g* () = gf*F. We
have respectively

(FEgREV fREGL) (2) if 2 € S
(Fhg™ v fRg") (2) = ¢ fREGRE if zeT -8
(fREgRV fRgRLY (2) if z€J-T

This function is monotone increasing for z € S, on T'— S it is constant
and greater or equal to the first part, and when z € J—T, it is monotone
decreasing and less or equal to the second part. Thus fLgft v fEgl is
convex.

Note that the function fLgf v fRg¢" has the general shape in the
diagram below. It may not, of course, be continuous, but it is increasing
on the left, flat on the top, and decreasing on the right.
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1.0T

0.6 T

04T

0.0 —+—F+—+—+—+—+—+—"F+—+—1
0.0 0.2 0.4 0.6 0.8 1.0

Corollary 5.10.45 The set of normal convex functions forms a subal-
gebra of the algebra P.

We described several subalgebras of M for which the functions took
values in {0, 1}, such as the algebra J of characteristic functions of points
of J; J the closed-interval type-2 fuzzy sets; and 27 = Map (J,{0,1}).
We note that these same algebras are subalgebras of P due to the obser-
vation that

(Map (‘L {07 1}) 7|—|7 |_|,* 507 1) = (Map(Jv {07 1})7 @7 rma* 707 1)

This follows immediately from the fact that minimum and product coin-
cide on the set {0,1}.

5.10.7 T-norms for type-2 fuzzy sets

In this section, we restrict ourselves to the case J = I, and look at con-
volutions with respect to V and A of the class of t-norms, and their duals,
t-conorms. The resulting operations will be called type-2 t-norms and
type-2 t-conorms. We take convolutions with respect to V and A, as
in the following proposition.

Proposition 5.10.46 Let A be a t-norm, and let A be its convolution

(fag)(x)= V (fly)rg(2))

yAz=x
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Let <7 be the t-conorm dual to /\ with respect to the negation’, and let ¥
be its convolution

(fvg ()= V (fly)rg(z))

Y=z
Then for f,g,h € Map (I,1)

1. A is commutative and associative.

2. fAl=f.

3. fAal=fE,

4- fA(gVh)=(fag)V(fAh).
5 Ifg<h,then (fAg) < (fAh).
6. (fAg) =1V

7. ¥ is commutative and associative.
8 fvo=f.

9. Y (gVh)=(fVYg)V(fVh).

10. If g < h, then (f ¥ g) < (fVh).

The proofs are routine. From mnow on, we assume that t-norms and
t-conorms are continuous. An equivalent condition is that if y A z > =z,
then z = y; A 21, with 3 <y and 2; < z, and similarly for t-conorms.

Proposition 5.10.47 The following hold for f,g € Map (I,1).
L (fag)t=["ag"
2. (fag)" = ag"
3. (fvg) = fvgt
4 (Fvg)t=rrvg
Proof. To prove item 1, consider

fa9)f@) = V V (f@)Argz)

w>xr yAz=w

= V (fly)rg(2)

yAz>x

(ffag) @ =V () 1rg"(2)

yAz=zx

- v <<\>/f(U)>A<\>/g(v)>>
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IfyAz>x, then x =y A 21, with y3 <y and 2, < z. So

fly)nglz) < ( V f(u)> A ( V 9(@))

u>yY1 v>21

Thus (ng)R < fPagh. If yAz =2xand u > y and v > 2z, then
uAv>zand f(u)Agv) < (ng)R(:lc). Thus (ng)R = fltagl.
Item 3 is proved similarly. To prove item 2,

(Fag)" = (Fag" = vg)™" = (FRvgh)
_ (fL* ng*)* _ (fLAgL)** _ fLAgL
and item 4 is gotten similarly. m

The distributive laws in the following theorem are analogous to the
laws

FA(@GAR) = (fFAQNANSf AR fA(gVR)=(fAgNS DM
fvgnh) = (fFvagn(fvh) fv@Vvh)=(fvagV(fvh

for t-norms and t-conorms.
Theorem 5.10.48 The distributive laws

fA(gnh) = (fAag)N(fAh) fA(gUR)=(fAg)U(fAh)
fYy(@nh) = (fyvgn(fvh) Y (@Uh)=(fvgu(fVvh)

hold for all g,h € Map (I,1) if and only if f is convex.

~—

Proof. We prove the second identity holds if and only if f is convex.
The rest follows immediately from this and the four identities

(fug)® = fng  (fng=rudg
(fag)' = ffvg  (fYg) =fag

It is easy to see that the following hold

() = (faum)@= \ (F@Ag) k()

yA(uVo)=z

(1) = (faglu(fah)(x)= V (f () ANg (@) A f(s)AR(2))

(pLg)V(sAt)=a

and clearly (I) < (I1).
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Assume that f is convex, and let (p A q) V (s At) = x. To show that
(I) > (II), we want y such that

yAqVvt)=(yALqV(yAtl)=

and
fWNg(@ANRE) = fp)Agla) A f(s)AR(t)

IftpAg=sAt==x,lety=pAs. Then (yAq)V(yAt) =z and
either f (y) = f(p) or f(y) = f (s). In either case

FWNg@NR(E) = F(p) Agl(a) A f(s)Ah(D)

Otherwise, we may as well assume that p A g < x and s At = z. If
s A\ q <z, then
(sAhq)V(sAht)=sAt=x

and, taking y = s, we have the same inequality as above. On the other
hand, if s A ¢ > z, then s A ¢ > s At implies ¢ > t. Thus we have
pAg<z<sAgqg

so there is a y with p < y < s and y A ¢ = 2. Then ¢t < ¢ implies that
yAt<yAq=xso that

A VvyLt)=@yLqg ==
Now since f is convex, f (y) > f(p) A f(s), so that

Fyng@nh(t)=fp)Agla) AF(s)Ah(E)
as desired. It follows that (I) > (II), and hence (I) = (II) when f is

convex.
Suppose f A (gUh)=(fUg) A (fUh) holds for all g and h. Then,
in particular,
FA(UD = (FAT)U(f A1)
The left side is
fa(lul)=fal1=f
and the right side is

(favu(far) = fuff=(vea(sart)
— fR /\fL
Thus f is convex. B

On the unit interval, t-norms are increasing in each variable. Convex
type-2 t-norms behave in a similar way with respect to the orders C and
<.
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Corollary 5.10.49 If f is convex and g C h, then
fAgE fAh and fYgC fVYh
If f is convex and g < h, then
fAg=fAh and fYg=fVYh

Proof. faAg=fA(gNh)=(fAg)N (f Ah), whence fAgC f Ah.
The other parts follow similarly. m

As we have seen in Section 5.10.5, the subalgebra L of normal con-
vex functions is rather special. It is a De Morgan algebra, for example.
A natural question is whether or not type-2 t-norms of convex normal
functions are convex normal. For continuous ones, this in indeed the
case.

Theorem 5.10.50 Let f and g be elements of L. That is, they are nor-
mal and convex. Let A be a continuous t-norm. Then f A g € L.

Proof. First we prove that f A g is normal. Since f and g are normal,
for € > 0, there exist a and b such that f(a) and g(b) are both > 1 —¢.
Thus

(f A g)(x)=Vazyn:zf(y) Ng(2) > fla) Ag(b) > 1 —¢

Thus f A g is normal.
Suppose that f and g are convex, and that a < b < ¢. We need

(fAg)(b)>(f Ag)(a)AN(f Ag)(c)

Vi=any (f(@) Ag(y) = Va=ziay (f(z1) Aglyr))]
A [Vezzany, (f(22) A g(y2))]
For a particular z1, x2, y1, Y2, we have 1 Ay < b < z9 A ys. Since A
is continuous, there exist x between x; and x2, and y between y; and yo
such that Ay = b. Since f and g are convex, f(x) > f(z1) A f(z2) and
9(y) = 9(y1) A g(y2). Thus

f@)Agy) = f(x1) Aglyr) A f(@2) Ag(ye)
The result follows. m

A proof of this theorem was furnished to us by Professor Vladik
Kreinovich. The proof above is a slight adaptation of his proof.

Corollary 5.10.51 If A is a continuous t-norm, then (L,A) is a subal-
gebra of (M,A).
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T-norms on the subalgebra [0, 1]

As we have seen, a copy of the algebra I = ([0,1],V,A,”,0,1) is contained
in the algebra M = (Map(I,I),U,M,*,0,1), namely the characteristic
functions a for a € [0,1]. The formula

(aab)(z) =V a(y)Ab(z)

yAz=zx

says that a A b is the characteristic function of a A b, as it should be. It is
clear that the t-norm A acts on the subalgebra of characteristic functions
in exactly the same was as the t-norm A acts on the algebra [0, 1]. More
precisely,

Theorem 5.10.52 The mapping a — a is an isomorphism from (I, A\) =
([0,1],V, A, A/ ,0,1) into (M, A) = (Map(I,I),U,1, A,*,0,1).

T-norms on the subalgebra of intervals

Consider the subalgebra of intervals, which are represented by functions
of the form a’ A b with a < b. From the formula

(a" AbT) & (" AdF) (z) = A\/: (a AbT) (y) A (c" AdT) (2)

we see that (a” Ab®) & (c& Ad”®) (z) =1 only for those x = y A z such
that y € [a,b] and z € [c,d]. Thus the smallest z can be is a A ¢ and the
largest is bAd, and for any value in between, (a” Ab%®) & (c& A dF) (z) =
1. Recalling that the characteristic function of @ A ¢ is a A ¢, this means
that (a” Ab%) & (cEAdP) = (aac)” A (bad)”, which in turn is
(aL ACL) A (bR AdR> . So t-norms on this subalgebra are calculated

coordinatewise on the endpoints of the intervals.

In Section 5.9, t-norms were defined on the set [0, 1] [l and the require-
ments resulted in exactly that t-norms were calculated coordinatewise on
the endpoints of the intervals. The fact that convolutions of t-norms
result in coordinate-wise calculations is interesting indeed. These consid-
erations apply to any t-norm, in particular to multiplication.

Theorem 5.10.53 The map (a,b) — a® A b is an isomorphism from
(12, 2) = (0,112, v,A,4,,0,1)

mnto
(MJ A) = (Ma/p<‘[7 ])7 |_|7 |—|7 A7* 707 1)
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5.10.8 Comments

There are many questions one can ask about the algebra M. No doubt
type-2 fuzzy sets will come to play an increasingly important role in appli-
cations. We have only touched on some of the more basic mathematical
facts. The reader is encouraged to consult the paper [155] for more details
and additional references.

5.11 Exercises
1. Verify that Ay, A1, A, Ag, Ay, A5 are indeed t-norms.
2. Show that if A is a t-norm, then

Ng <A< As

3. Show that A is the only idempotent t-norm.
4. Show that A; is nilpotent.

5. Show that As is continuous, but not Archimedean. Show that
A1, Ng, A3, and A4 are Archimedean.

6. Show that
s hy=1- (m (1-2)2+(1 —y)2]1/2)
is nilpotent.
7. Furnish the details of the proof of Proposition 5.1.5.

8. Let f be a generator of an Archimedean t-norm A. Show that

n times

alNalal---Na= f1(f(a)"V £(0))

Show that the t-norm is nilpotent if and only if f(0) > 0.

9. Let f and g be generators of nilpotent t-norms. Show that there is
an h € Aut(I) such that hf = g.

10. Complete the proof of Proposition 5.2.9.
11. Prove that Aut(l), is a subgroup of Aut(I).

12. Prove that an Archimedean t-norm A is strict if and only if x Ay
is strictly increasing for x,y € (0, 1).
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13.
14.

15.

16.

17.
18.

19.
20.

21.

22.

23.

24.
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Prove that the only t-norm isomorphic to min is min itself.

Let o be a t-norm. Show that the set of automorphisms of (I, o) is
a subgroup of Aut(T).

Show that if f is a one-to-one mapping of [0, 1] onto itself, o is an
Archimedean t-norm, and f(zoy) = f(z)o f(y), then f € Aut(, o).

Prove that if o is a strict t-norm, then f(xz) = x oz is an auto-
morphism and g(z) = (1 — z) o (1 — z) is an antiautomorphism of
IL

Prove that Map(I) is a group under composition of functions.

In Map(I), prove that
(a) conjugates of automorphisms are automorphisms,
(b) conjugates of antiautomorphisms are antiautomorphisms, and
(c) conjugates of negations are negations.

Prove that the centralizer of an element is a subgroup.

Show that the average (f(z) + g(z)) /2 of two automorphisms of I
is an automorphism of I.

Prove that Z(f~'af) = f~'Z(a)f, and so the centralizer Z(3) of
a negation 8 = f~'af is the group

aga+g

ROIERES

1g € Aut(]l)} f

Show that the map

aga+g

O Aut(l) - Z(a) 1 g — 5

is not a group homomorphism. In fact, show that
(f)2(g) = 2(f(9)) # 2(f9)

Let H be a subgroup of a group G, and let ¢ € G. Show that
h — g~ 'hg is an isomorphism from H to its conjugate ¢ ' Hg.

Show directly that if f, g € Aut(I), and
FHf @) + fly) = 1) v 0) = g~ ((9(2) + g(y) = 1) V0)
for all z,y € [0,1], then f =g.
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25. For r € RT and z € [0,1], let f.(z) =
reRt}

and let G = {f, :

R —
r—(r—1)z’

(a) Prove that G is a subgroup of Aut(I).
(b) Prove that r — f, is an isomorphism from the group R™ to G.
(c) Compute the set {As : f € G} of nilpotent t-norms.

)

(d) Compute the set {f~'af : f € G} of negations.

26. Let x Ay = ﬁy@ﬂ;) Prove that

(a) A is a strict t-norm.

(b) f(z) = 5% is a generator of A.

(c) g(z) = 3log(%%) is an additive generator of A.

27. Calculate the duals of Ag, A1, Ag, Ag, Ay, A with respect to a.
Denote this dual of A; by ;.

28. Show that

Dy
Vs

DNy <Dy < A3 <Ay <A

<
< VasvV3<V2SViI <V

29. Show that if V is a t-conorm, then

Vs <V < Vo
30. For p > 1, let
N,y = 1—1A[(1—2)P+ (1 —y)P]H/P
TVpy = LA (2P 4yP)r

a) Show that x A,y is a nilpotent t-norm with additive generator
p
fp(z) = (1 —2)?, and for y € [0,1],

fly)=1—y'"

(b) Show that x v/, v is a nilpotent t-conorm with additive gener-
ator gp(z) = 2P, and for y € [0, 1],

g9, () =y

31. Let A > 1.



166

32.

33.

34.

35.

36.
37.
38.
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(a) Show that

r+y—1+ Ay
14+ A

is a nilpotent t-norm with additive generator

cAyy=0V

B log(1 + A\x)
M) =1-a N
and for y € [0, 1],
M) =310+ ) 1]

(b) Show that z\7x y = 1 A (z 4+ y + Azy) is a nilpotent t-conorm
with additive generator

~ log(1+ Az)
gx(z) = m
and for y € [0, 1],
g3 ) = 310+ X — 1]

For p > 0, and x € [0,1], let f,(z) = %(m_p —1).

(a) Verify that f, is an additive generator for a t-norm.

(b) Find the inverse of f,, on the interval [0, f,(0)].

(¢c) What is the associated strict Archimedean t-norm?
Let A be a strict Archimedean t-norm. Let 22 = z A z, 2B =

cAzP 2l = 2 AzlP=1 Prove that for n > 1, f(zl™) = nf(2)
for z € [0, 1], where f is an additive generator of A.

Show that a t-norm is Archimedean if and only if its dual with
respect to « is Archimedean.

Show that a t-norm is strict if and only if its dual with respect to
o is strict.

Prove that natural dual of A isx Vy = (z+y) AL
Show that the only isomorphism from (I, Af) to (I, A,) is g~ ' f.

Show that any 7 : [0, 1] — [0, 1] such that < y implies n(z) > n(y)
and n? = 1 is one-to-one and onto and continuous, and thus is a
negation.
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39.

40.

41.

42.

43.

44.
45.

46.

47.

48.
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Show that a negation has exactly one fixed point. That is, show
that if 7 is a negation, then there is exactly one x € [0, 1] such that

n(x) ==

Let a(z) = 1 — x, and let 8 be any map [0,1] — [0, 1]. Show that
af = Ba if and only if B(z) + (1 —z) = 1.

Show that if a negation commutes with a(x) = 1 — z, then its fixed
point is %

Show that n(z) = (1 —z)/(1 + Ax), A > —1 is a negation. Find its
fixed point. (These are Sugeno negations.)

Prove that the cogenerators of nilpotent t-conorms that are straight
lines give Sugeno negations (1 —z)/(1 + Az) for A € (—1,0).

Let f € Aut(I). Show that if 7 is a negation, then so is f~nf.
Show that if

_ar+b

is a negation, then
11—z
(@) = 1+ Mz

for some \ > —1.
Let f(z) =% for z € [0,1].

(a) Verify that f is a generator for a t-norm and find that t-norm.

(b) Let g(x) = f(1 — x). Find the t-conorm associated with g.

Let g be an order reversing, one-to-one onto mapping [0, 1] — [b, 1]
for some b € [0,1). Prove that

ey =g "(g9(x)g(y) Vg(1))

is an Archimedean t-conorm, is nilpotent if and only if g(1) > 0,
and is strict if and only if g(1) = 0.

het ty—1+
(xAhy) = OVW, for a > —1
vy = 1A(z+y+azy), fora> -1

(a) Verify that A and 57 are norms and conorms, respectively.

(b) Find a generator for A.
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(c¢) Find a cogenerator for 5.
(d) Find the negation associated with A.

(e) When a = 0, show that the norm and conorm are A and vy,

respectively.
49. Let
1
r Ay = T+ fora >0
L |G -0+ (G -0e)
1
TNy = fora>0

—
1 _ 1 4l
1+ [;*1) a+(§*1) a:|
Show that these are norms and conorms, respectively. Find their
generators and cogenerators and determine whether these norms
and conorms are strict or nilpotent. Find the negation associated
with the norm if it is nilpotent.

50. Let

ANy = Lforae((),l)
xVyVa

_ sty-—ay—(@Aryn(l-a) .
VY S Ao ava-pve  recOll

Show that these are norms and conorms, respectively. Find their
generators and cogenerators and determine whether these norms
and conorms are strict or nilpotent. Find the negation associated
with the norm if it is nilpotent.

51. Prove Theorem 5.6.3.

52. Let R be the additive group of all real numbers, and let f be an
order preserving automorphism of R. Suppose that f(1) = r.

) Prove that r > 0.
) Prove that f(n) = rn for integers n.
(¢) Prove that f(1/n) =r(1/n) for nonzero integers n.
(d) Prove that f(m/n) = r(m/n) for rational numbers m/n.
) Prove that f(z) =rzx for r € R.
)

Prove that an order reversing automorphism of the group R is
multiplication by a negative real number.
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(g) Prove that an order preserving or order reversing automor-
phism f of the multiplicative group R™ is given by f(z) =
for a nonzero real number ¢.

Prove that if f is an antiautomorphism of I, and f is in the normal-
izer of R, then 7 — f~!rf is an order reversing automorphism of
the group RT.

Prove that in the normalizer
{e_“(_h”)t ca>0,t# 0}
of RT, the parameters ¢t > 0 give automorphisms of I, t < 0 give
antiautomorphisms of I, and t = —1 gives negations of I.
Prove Corollary 5.8.5.
Prove Theorem 5.9.11.
Prove Theorem 5.9.12.

Show that the elements 1 and 0 of Map(J,I) can be obtained by
convolution of the nullary operations 1 and 0 on J.

Prove the equalities in 5.6.

Prove Proposition 5.10.4.

Prove Corollary 5.10.6, except for item 6.

Prove Corollary 5.10.9.

Prove Lemma 5.10.11.

For the four operations LI, 1M, V, and A, which distribute over which?
Prove that the partial orders C and =< are not the same.

Prove Proposition 5.10.18.

Prove that the absorption laws do not hold in M.

Prove that a subalgebra of M is a lattice with respect to LI and M
if and only if the absorption laws hold in that subalgebra.

Prove Theorem 5.10.22 and Proposition 5.10.23.
Prove Proposition 5.10.26.

Prove Proposition 5.10.27.
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- Let flaf27~-~7fn € M. Show that if f1 C f2 C...C fn; then
11 i = fr. Show that if fi < fo <+ < fu, then [} f; = fu.

An element f of Map(J, I) is endmaximal if f& = f£ [124]. Prove
that the endmaximal functions form a distributive subalgebra of the
algebra (Map(J, I),L,M,*).

Prove that the endmaximal functions satisfy
(a) fO(gu(frh))=(fNg)U(fNh)
(b) fulgn(fuh)) =g n(fuh)

A function f : I — I is left-maximal (b-maximal) if f =
[124]. Prove that if g and h are left-maximal, then so are g LI h and
gh.

fLR

Prove that if g and h are left-maximal, then fM(gUh) = (fMNg)U
(fMh).

Prove Theorem 5.10.37.
Prove parts 1 and 2 of Theorem 5.10.39.

Prove Proposition 5.10.46.



Chapter 6

ADDITIONAL TOPICS
ON CONNECTIVES

This chapter is a continuation of the study of fuzzy connectives, and t-
norms, t-conorms and negations will still play a basic role in the topics
discussed. We begin with fuzzy implications, a topic that has applica-
tions in data fusion. The theory we develop for averaging operators puts
into context several phenomena observed in Chapter 5, and sheds new
light on the important family of Frank t-norms. The section on powers
of t-norms provides a definition of the r-th power of a t-norm, and char-
acterizes those automorphisms of the unit interval that are such powers.
Powers of t-norms have played an important role in the development of
t-norm theory, for example, in proving the existence of generators. The
sensitivity of a connective is a measure of its robustness, and that section
illustrates various such measures. Copulas are important objects in joint
distribution theory in statistics, and have some connections with t-norms.
This connection is explored briefly in the last section.

6.1 Fuzzy implications

In classical two-valued logic, the table for = is taken to be
=~ [[o]1]

0 1

1 0

This may be expressed on {0,1} by the formula (e = b) =a’ Vb. It
is a binary operation on the truth values {0,1}. In fuzzy logic, our set of
truth values is [0, 1], and so material implication = should be a binary

171
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operation on [0,1]. Such operations should agree with the classical case
for {0,1}.
A fuzzy implication is a map

=:0,1] x [0,1] — [0, 1]

satisfying
= [O0]t]
0 111
1 01
Here are some examples.
1 if z<y
L (33:>y)—{ 0 if z>y9

2. (z=>y)=0Q-z4+y) Al
3. (z=y)=0101-2)Vy

The class of all possible fuzzy implications consists of all functions
= defined on the unit square with the given values above on the four
corners. There are three basic constructions of fuzzy implications. They
arise from three ways to express implication in the classical case. The
following are equivalent for that case.

e (z=y)=\{z:zAz<y}
e (z=y)=2a'Vy
e (z=y)=2a"V(zAy)

These three conditions make sense on [0, 1] when a t-norm is used for
A, a t-conorm for V, and a negation for /. There is a second motivation for
the first class of implications. When we represent the fuzzy conditional “If
x is A, then y is B” by the fuzzy subset R = (Ax B)V (A’ xV), we realize
that R is the largest solution D of the inequality D A (A x V) < U x B.
For the first class we need only a t-norm. The resulting operators are
called R-implications, where R stands for residuated lattice.

Definition 6.1.1 An R-implication is a map
=:0,1] x [0,1] — [0, 1]

of the form

(2=y)=V{z€[0,1]:a Az <y}
where A\ is a t-norm. The function = is referred to as the R-implication
associated with /.
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The following calculations show that an R-implication is an implica-
tion. Let A be any t-norm.

e 1=0=\{z€0,1]:1A2<0}=0sincelAz=z2
e 0=>0=V{2€0,1]:0A2<0}=1since0Az=0
e 0=>1=V{2€[0,1]:0A2<1}=1since0A2z<1
e 1=1=\{z€[0,1]:1A2<1}=1sincel Az<1
For R-implications =, it is always the case that (x = y) = 1 for

z < ysince t A1l =2 < y. This is in agreement with classical logic:
a=b=a VvVb=1if a <b. Here are some examples.

e Forz Ay=zAy

(x=y) = V{z:zAnz<y}
_ 1 if z<y
o y if x>y
o Forz Ay=uay
(z=y) = V{z:zz2<y}

_ 1 if <y
o y/x if 0<y<uz

e Forz Ay=0V(z+y—1)

V{z:0V(z+2-1) <y}
IAN1—2+y)

(z=1y)

When A is an Archimedean t-norm, then there is a simple formula
for = in terms of a generator of A.

Theorem 6.1.2 Let A\ be an Archimedean t-norm and f a generator of

A. Then
(w=y)=f" (%/\Q
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Proof. We just calculate:

(z=y) = V{z:zhz<y}

Viz: fH(f (@) f(2) V f0) <y}
V{z: (f(2)f(2) V £(0)) < f(v)}
= V{z: f@)f(2) < f(y)}

= Viz:fG) s 55

- vl ()
P

Of course, if < y, we see that (z = y) = 1, and otherwise

~—

_ (1)
w=n=1"(75)
Also note that if > y, then
1)
HORS iR

so that f~1 is defined on f(y)/f(x). m

A simple example is the case + Ay = zy. A generator for A is
f(z) = z and we have

@=n = 1 (HOA)

I a1
X

In other words, (z = y) = 1 if # < y and is y/x otherwise.

We turn now to the second way of constructing fuzzy implications in
the spirit of Boolean logic, namely a = b = a’ V b. We simply use a
t-conorm V for V and a negation i for /. The analogous definition for a
fuzzy implication is the following:

Definition 6.1.3 A s/-implication is a map =: [0,1] x[0,1] — [0,1] of
the form (x = y) = n(x) Vy, where 7 is a t-conorm and 1 is a negation.

It is easy to check that such an = is indeed an implication operator.
Some examples follow.
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e Forryy=2Vyand n(z)=1-x,
(z=y)=0-2)Vy
e Foreyy=x+y—zyand n(z) =1-—x,

(z=y) = n@)vy
= (I-2)vy
= l-z+y—(1-2)y
= l—z+uzy

e Foreyy=1A(x+y),and n(z) =1—=,
(z=y)=1AN0-z+y)
This example is the one used by Lukasiewicz.

If the t-conorm involved is Archimedean, then it has a cogenerator g,
and so

(z=y) = nl@)vy
= g (g(n())g(y) V 9(1))

For example, let g(z) = e~* and n(z) = /T — 22. Then an easy calcu-
lation shows that

1 it <y
(x=y)=

Vi—x2+y? it x>y

Consider a rule R of the form “If x is A then y is B else y is C” when
A, B, and C are subsets of €. This rule is translated into

(r,y) € Ax Bor (z,y) € A’ xC

When A, B, and C are fuzzy subsets of U, this rule is translated into a
fuzzy subset of U x U like this:

R(z,y) = [(AxB)(z,y) v (A xC)(z,y)]
[A(z) A B(y)] v [A(z) & C(y)]
where (A x B) (z,y) = A(z) A B(y) for some t-norm A. Here v/ is a
t-conorm, and A’(x) = n(A(z)) with n a negation.
In particular, for C = U, C(z) = U(z) = 1 for all z € U, and we have
z/A1=z, and so

R(z,y) = [A(z) & B(y)] v n(A(z))
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This special form appears also in quantum logic where the implication
operators among formulas are defined by

A= B=A"V(AANB)

This is the third equivalent form of implications for Boolean logic, and
these implications are called Q-implications, with Q coming from the
word quantum.

Definition 6.1.4 Let (A,~7,n) be a De Morgan system. This means
that A and <7 are dual with respect to the negation n, which means that
x Ay =n(nlx) v n(y). A Q-implication is a binary operation = on
[0,1] of the form

(z = y) =n(z) v (zAy)

It is trivial to show that = is an implication. Two examples follow.

e For the De Morgan system

xAy = xTAy
VY = xVy
nr) = 1-u

the Q-implication is

(z=y)=(@Ay V(-1

e For the De Morgan system

Ay = (z4+y-1)vO
vy = (@+y Al
nx) = l1-z

the Q-implication is

(z Ay) v n(z)

[(z+ y—1)VO)+(1—2)] A1
y if z+y—-1>0

- {1—x if sty—1<0

(z=1y)

= (1-2)Vy
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6.2 Averaging operators

Taking the average of two elements of the unit interval [0,1] is a binary
operation on [0, 1]. This operation has come into play a couple of times in
Section 5.4. Every negation 3 is a conjugate of the negation a(z) = 1 —.
That is, there is an f € Aut(I) such that 3 = f~laf. One such f is given
by the formula

_af(x)+w
f(fc)—?

which takes the average of the elements a3(z) and z of [0,1]. Another
instance was in determining the centralizer Z(a) = {g € Aut(l) : ga =
ag}. It was shown that g € Z(«) if and only if for some f € Aut(I),

o) - { Lot 1))

Both these involve the involution a. Why should such group theoretic
properties of a involve + and division by 2, here the average of two real
numbers? Viewing average as a binary operation on [0,1], just what is
the special relation between average and «? The same formulas do not
work if « is replaced by some other negation. This section addresses
this issue. We define “averaging operators” on the unit interval, and
investigate especially their relation with negations and nilpotent t-norms.
Also, averaging operators provide new insight into the important class of
Frank t-norms.

The averaging operators we consider are not “weighted” averages in
the usual sense, although they share some of the basic properties. These
averaging operators can be thought of as “skewed” averages. They pro-
vide a continuous scaling of the unit interval that is not provided by the
lattice structure. Our characterization and many other facts about aver-
aging operators can be found in the references [3, 4, 5, 33, 45, 85, 104,
109, 163].

We use the following definition, which is a variant of those in the
references.

Definition 6.2.1 An averaging operator on I is a binary operation
+: 12 — I satisfying for all z,y € [0,1],

1. 24+ y=y+x (+ is commutative).
2. y < z implies x+y < x+z (+ is strictly increasing in each variable).

3. x+y <c<x+z implies there exists w € |y, z] with x +w = ¢ (+
s convex, i.e., continuous).
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4. x4z ==z (+ is idempotent).
5. (z+y)+(z4+w)=(=x+2)+ (y+w) (+ is bisymmetric).
The following properties of an averaging operator are well known.

Proposition 6.2.2 Let + be an averaging operator. Then for each x,y €
[0,1],

1. Ay <x+y <xVy—that is, the average of x and y lies between
x and y;

2. the function A, : 1 — [z + 0,2+ 1] : y — x+y is an isomorphism—
that is, A, is an increasing function that is both one-to-one, and
onto.

Proof. If z <y, thenzAy=az=ztz<zty<yty=y=axVy.
Similarly, ify < z, zAy < z+y < xVy. Clearly the function A, is strictly
increasing and, in particular, one-to-one. Suppose z+0 < ¢ < z+1. Then
by convexity, there is a number w € [0,1] with z +w = ¢. Thus A, is
onto. W

The standard averaging operator is the arithmetic mean:

Tty
2

av (z,y) =

Other examples include the power means and logarithmic means:

1
Tty = (ac —2|—y> , a>0

a® + a¥

2

zty = loga< ),a>0,a7é1

Indeed, for any automorphism or antiautomorphism -~y of I,

oty =t (L) s v @) )

is an averaging operator.
The preceding example is universal—that is, given an averaging op-
erator 4, there is an automorphism ~ of I that satisfies

7(@) + ()

7 (aty) = =

for all z,y € [0, 1]. Here is a brief outline of the proof. This automorphism
can be defined inductively on the collection of elements of [0, 1] that are
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generated by + from 0 and 1. Such elements can be written uniquely in
one of the forms

0, z=1, z=0+1, or
= (- ((041) Far) ) Fans) Fan

for ay,...,a, € {0,1}, n > 1, and + is then defined inductively by

¥(0)=0; ~(1)=1

v (z+a) = &2-&-& if v (x) is defined and a € {0,1}

The function  satisfies

(- ((041) Fwa) -+ ) ) = ;Q%ka

where x1,...,x, is any sequence of 0’s and 1’s. Now - is a strictly in-
creasing function on a dense subset of I and thus v extends uniquely to
an automorphism of I (see, for example, [3] page 287). Moreover, there
were no choices made in the definition of v on the dense subset. Thus we
have the following theorem.

Theorem 6.2.3 The automorphism v defined above satisfies

7(@) + ()

7 (aty) ==

for all z,y € [0,1]. Thus every averaging operator on [0, 1] is isomorphic
to the usual averaging operator on [0,1]—that is, the systems (]L +) and
(I,av) are isomorphic as algebras. Moreover, v is the only isomorphism
between (I,4) and (I, av).

If + is any averaging operator, then the algebra (I,+) is called a
mean system. By the theorem, any two mean systems are isomorphic.

Corollary 6.2.4 For any averaging operator +, the automorphism group
of (I,+) has only one element.

Proof. Suppose that f is an automorphism of (I,4). Then ~f is an
isomorphism of (I, +) with (I,av), so by the previous theorem, vf = 7.
Thus f=9y"t=1.m

When an averaging operator is given by the formula

v(m)+7(y)>

x+y=71< 5
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for an automorphism v of I, we will call v a generator of the operator +
and write + = +,. From the theorem above, the generator of an averaging
operator is unique.

An averaging operator on the unit interval [0, 1] enables us to define
an average of two automorphisms or of two antiautomorphisms of that
interval. Such averages will play a role in what follows.

Theorem 6.2.5 If f and g are automorphisms [antiautomorphisms] of
I, and + is an averaging operator on 1, then f+g defined by (f + g) (x) =
f(x) 4+ g (z) is again an automorphism [antiautomorphism] of L.

Proof. Suppose f and g are automorphisms of I. If x < y, then
f(x) < f(y) and g(z) < g(y) imply that f(z) + g(z) < f(y) + g(y)
since + is strictly increasing in each variable. Thus the map f + ¢ is
strictly increasing. Also, (f+g¢)(0) = f(0) + ¢g(0) =0+0 = 0 and
(f+9)(1) = f(1) + 9g(1) =1+1 = 1. It remains to show that f
maps [0,1] onto [0,1]. Let y € [0,1]. Then f(0) +g(0)=0<y<1=
7 (1) +g(1). Let

u = \{zel0,1]: f(z)+g@) <y}
v = Nfzel01]:f(@)+g(z) >y}

If u<w < w, then f(w)+ g (w) >y and f(w)+ g(w) <y, an impos-
sibility. Thus u = v and f (u) + g (u) = y. This completes the proof for
automorphisms. Similar remarks hold in the case f and g are antiauto-
morphisms of I. m

6.2.1 Averaging operators and negations

Now we turn to one of the main topics of this section, the relation between
averaging operators and negations. We show that each averaging operator
naturally determines a negation, with respect to which the averaging
operator is self-dual. Also we put in the general context of averaging
operators the facts mentioned earlier about conjugates and centralizers
of negations.

Theorem 6.2.6 For each averaging operator + on I, the equation
z+n(x)=0+1
defines a negation n =mn; on I with fired point 04 1.

Proof. Sincexz +0=0+2 <0+ 1 < z+ 1, by Proposition 6.2.2,
for each = € [0,1] there is a number y € [0,1] such that x +y = 0 + 1,
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and since A, is strictly increasing, there is only one such y for each z.
Thus the equation defines a function y = 7 (z). Clearly 1 (0) = 1 and
7n(1) =0. Suppose 0 <z <y < 1. Weknow z+n(z) =y+n(y) =0+1.
If n(z) <n(y), then x +n(z) <y+n(z) <y+n(y), which is not the
case. Thus n(z) > n(y) and 7 is a strictly decreasing function. Now
n(n(x)) is defined by n(z) + n(n(z)) = 04+ 1. But also, n(z) +z =
z +n(x) =0+ 1. Thus, applying Proposition 6.2.2 to 1 (z), we see that
n(n(z)) = x. It follows that 7 is a negation. If z is the fixed point of 7,
thenz=z+z=2+n(x)=0+1.m

It is immediate that the negation defined by the usual average (x +
y)/2 is «, or using the notation of the theorem, that 7n,, = «. Indeed,
(x4+n(x))/2=(041)/2 yields n(z) =1 — z.

Theorem 6.2.7 Every isomorphism between mean systems respects the
natural negation—that is, is an isomorphism of mean systems with nat-
ural negation.

Proof. Suppose f: (I,+1) — (I, +2) is an isomorphism. Then

f@d2f(np, (@) = fleting, (@) =f0+1)
= f(0)F+2f(1)=0421

Thus f (mrl (SB)) =n, (f(r)). =

For this reason, mean systems with natural negation (I,+,7;)
will be referred to simply as mean systems.
Corollary 6.2.8 If v is the generator of +, then n. = y~!
negation is the natural negation of some averaging operator.

ay. Fvery

Proof. In the theorem, let +1 =+, and +2 = av. Then f (1, (z)) =
ny, (f (z)) says that yn; = ay, or ny =~ 'avy. Since every negation is a
conjugate of , and «y is an arbitrary automorphism, the second statement
of the corollary follows. m

Recall that a negation of the form y~!

7, and is written as a, =y .

The corollary gives a way to compute the negation 7 associated with
an averaging operator—that is if the generator =y of the averaging operator
is known. Just conjugate a by «. Finding 7 directly from the equation

x4+ n(z) =0+ 1 may or may not be easy.

ay is said to be generated by

Example 6.2.9 Following are three examples of averaging operators and
their negations. That the negations are as stated is left as an exercise.
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Tty

1. Forx +y = 5

(@) =1-u.

xa_i_ya
2

1
2. For:v—i—yz( > s (@) =(1—29)7, a>0.

a® +a¥
2

3. Forw—]—yzloga<
a#0.

>’ n‘i‘a(x) ZIOga(1+a'_ax>v a>0,

If Ais a t-norm and f is an automorphism of I, then z Ay y =
I7Hf(z) A f(y)) is a t-norm. If f is an antiautomorphism, Ay is a
t-conorm. In particular, if f is a negation, Ay is the t-conorm dual to
A with respect to this negation. For an averaging operator + it follows
readily that if f is either an automorphism or an antiautomorphism of T,
then z +¢y = f~1(f(x) + f(y)) is again an averaging operator. Now an
averaging operator + has its natural negation 7. The following theorem
shows that + is self-dual with respect to its natural negation—that is,

z+y=n; (n; (v)+n; (@)

Theorem 6.2.10 Let 4 be an averaging operator on 1. Then n; is an
antiautomorphism of the system (I,+). Moreover, it is the only antiau-
tomorphism of (I,+).

Proof. Let n = ny. Since 1 is an antiautomorphism of I, we need
only show that n (z 4+ y) =n (y) +n (z) for all z,y € [0,1]. Now n (z + v)
is the unique value satisfying the equation (z +y) +n(z+y) =0+ 1.
But by bisymmetry,

@+y)+My) +n) = (@+n@)++ny)
— (0+1)+O+1)=0+1

It follows that 1 (x + y) = 1 (y) + n (z). The last statement follows from
Corollary 6.2.4. m

The centralizer Z(a) = {g € Aut(l) : go = ag} is the set of elements
of the form
afat f
2
for f € Aut(l), that is, the average of the two automorphisms afa and

f- This gives Z(«) in terms of « and the ordinary average. This is just
an instance of a general phenomenon.
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Theorem 6.2.11 Let + be an averaging operator on I and let n be the

negation determined by the equation z+n (x) = 0+1. Then the centralizer

Z (n) = {g € Aut(l) : gn =ng} of n is the set of elements of the form
nfn+f

for automorphisms f of I. Moreover, if f € Z (), thennfn+ f=f.

Proof. To show nfn + f is in the centralizer of 1, we need to

show that (nfn+ f) (n(z)) =n((nfn+ f)(x)). We prove this by show-
ing that (nfn+ f)n satisfies the defining property for n—that is, that

(nfn+f) @)+ nfn+ fn(z)=0+1. Now
(nfn+f) (m(x) =nfm (@) + fn(x) =nf (z) + fn(z)

and
n((nfn+f) (@) =nnfn()+ f(z))
By bisymmetry,

nfn(x) + f (@) + [nf (=) + fn(2)]

fn(x) + fn(2)] + [nf (2) + f (2)]
= [0+1]+[0+1]

[0+1]

Thus the expression (nfn + f) (n(x)) = nf (z)+ fn (x) satisfies the defin-
ing equality for n (nfn (z) + f (z)), and we conclude that

(mfn+Hm=nmnfn+f)

Clearly, if f € Z (n), then nfn+ f = f. It follows that every element of
Z (n) is of the form nfn + f for some automorphism f of I. m

To find an element to conjugate a by to get the negation (3, one

constructs
af(z) +x

fla) = 225

and 8 = f~'af. That is, conjugate o by the ordinary average of the auto-
morphisms a3 and the identity. Again, this is just an instance of a more
general phenomenon concerning averaging operations and negations. If 7
is a negation, then 8 = f~!'nf where f is the average an and the identity
with respect to any averaging operator whose natural negation is 7.

Theorem 6.2.12 For any negation n, all negations are conjugates of n
by automorphisms of 1. More specifically, if 8 is a negation, then

B=f""nf
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for f the automorphism of I defined by
flz) =np(z) + =,

where + is any averaging operator such that n = n, . Moreover, =
9 'ng if and only if gf~' € Z (n).

Proof. We observed earlier that every negation is the natural nega-
tion of an averaging operator. The map 73 + id is an automorphism of I
since the composition of two negations is an automorphism and the aver-
age of two automorphisms is an automorphism (Theorem 6.2.5). To show

that 8 = (n8 +id) ™" 5 (B +id) , we show that (n8 +id) 8 = n (n8 +id).
For any = € [0, 1],

(B +id) B (x) = BB (z) + B (z)) = n () + B (z)
and
n (0B +id) (z) = n (nb (z) + )
Now by bisymmetry

B (x) +al+n(z) +8@)] = b))+ 6 @)+ h)+ ]
= [04+1]+[0+1]=[0+1]
Thus, using the defining property of n, n (z) + 8 (z) = n (n8 (z) + z), or
(nB +1id) B =n (nB +id)
as claimed. m
The next theorem follows easily.

Theorem 6.2.13 Let + be an averaging operator on 1 , and let 1 be the
negation determined by the equation x +n(x) =0+ 1. The map

Neg (I) — Aut (I) /Z (n) : B+ Z (n) (nB +id)

18 a one-to-one correspondence between the negations of 1 and the set of
right cosets of the centralizer Z (n) of n.

6.2.2 Averaging operators and nilpotent t-norms

We begin with a review of some notation.

e 7, is the negation naturally associated with a nilpotent t-norm A
by the condition

na(z)=\/{y:zLry=0}

that is, # Ay = 0 if and only if y < nA (x). This was discussed in
Section 5.5. See also [53].
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e A is the symbol used for the Lukasiewicz t-norm.
rAy=(x+y—1)VvoO0
e A, stands for the nilpotent t-norm

wAyy=7""((v(2) +7(y) —1)V0)
generated by the automorphism . The automorphism + is the L-
generator of A..

1

® o, =y "av, the negation generated by +.

° 'i‘v is the averaging operator generated by =, and is given by

Ty =9"" (M)

e 7); is the natural negation determined by the averaging operator +,
and is given by
r+ny () = 0+1

It was observed in Corollary 6.2.8 that the negation generated by ~y
is the same as the negation associated with the averaging operator +.,—
that is, ay =1 i A similar relationship holds for the nilpotent t-norm
A,

Proposition 6.2.14 For an automorphism v of 1, the negations o,
UNS and ni, coincide—that is,

rAyy=0 ifandonly if y<o, ()

and
T4y, (@) =+, 0y () =0441

Proof. Since z A,y =7 ((v(z) +v(y) — 1) V0), we have A,y =
0 if and only if v (z) + v (y) — 1 <0 if and only if v (y) < 1—~(z) if and
only if y <77 (1 —v(z)) = a, (z). The last equation follows. m

We remark that this same negation is often represented in the form

- ()

for a multiplicative generator f of the nilpotent t-norm.
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There are a number of different averaging operators that give the
same negation, namely one for each automorphism in the centralizer of
that negation. The same can be said for nilpotent t-norms. However,
there is a closer connection between averaging operators and nilpotent
t-norms than a common negation. Given an averaging operator, one can
determine the particular nilpotent t-norm that has the same generator,
and conversely, as shown in the following theorem. This correspondence
is a natural one—that is, it does not depend on the generator.

Theorem 6.2.15 The condition
rAy<z ifand onlyif z+y<z+1

determines a one-to-one correspondence between nilpotent t-norms and
averaging operators, namely, given an averaging operator +, define A

by
xA+y:/\{z:az¥y§erl}

This correspondence preserves generators. That is, /A  and + have the
same generator.

Proof. By Theorem 6.2.3, we may assume that + = 4, for an
automorphism v of I. Then

TNy = /\{z:x—i—vygz—i—wl}

/\{Z:W (M) <! (M)}
A{z:v@+7@) <v() +1}

N{zir @ +7@) —1<7(2)}

= AN (@+7@) -1 Vo< ()}
= AN{z:7v " (V@) +7@) —1)V0) < 2}
= v (@) +v@)-1)VvO0)

Thus, in particular, z A y is a nilpotent t-norm. Moreover, A ; has the
same generator as +. Thus the one-to-one correspondence +, «— A, is
the natural one defined in the statement of the theorem. m

To describe the inverse correspondence directly—that is, without ref-
erence to a generating function, given a nilpotent t-norm A, define a
binary operation xa by

x*Ay:\/{z:zAzngy}
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and define 4+, by

z+py = (Txay) A (WA (WA (z) xa np (y)))

This definition relies on the fact that for an averaging operator +, 7
is an antiautomorphism of the system (]I, —@-), (Theorem 6.2.10), and in
particular, + is self-dual relative to n i

a+y=n; (ng(x) +n5 ()

The situation with strict t-norms is somewhat more complicated. We
explore that in the next section.

6.2.3 De Morgan systems with averaging operators

The family of t-norms A that satisfy the equation

(zAy)+(xvy)=z+y

for x 7y = a(a(z) A a(zx)), the t-conorm dual to A relative to a(x) =
1 — x, are called Frank t-norms [44]. Frank showed that this is the
one-parameter family of t-norms of the form
(@ 1) (a = 1)
a—1

xAp, y=log, |1+ ,a>0,a#1

with limiting values
T AR Y=Yy
T AR y=u1my
A y=(xr+y—1)VvO0

Note that all the Frank t-norms for 0 < a < oo are strict. The strict
Frank t-norms are generated by functions of the form

!
F,(z) = aa_l,a>0,a7é1
Fi(x) = =z

The limiting cases for a = 0, a = 1, and ¢ = oo give the t-norms A,
multiplication, and A, respectively.

A t-norm A is called nearly Frank [106] if there is an isomorphism
h: (I, a) — (I, Ap,«a) of De Morgan systems for some Frank t-norm
Ap—that is, for all z € [0, 1],

h(zAy) = h(z) Arh(y)
ha(z) = ah(x)
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Definition 6.2.16 A system (I, A,n,v/,+) is a Frank system if A
is a t-norm (nilpotent or strict or idempotent), 1 is a negation, 7 is a
t-conorm, + is an averaging operator, and the identities

(1) zvy=nn)Any) [IA,n,) isaDe Morgan system.]

(2) z4+n(x)=04+1 [(Ln,+) is a mean system with n =1, ]

(3) (zAy)+ (zxvy)=x+y [The Frank equation is satisfied.]
hold for all z,y € [0,1]. A Frank system will be called a standard Frank

system if + = av = +q.

Note that in a standard Frank system (H, AW /RVA —@—)7 A is a Frank
t-norm (nilpotent or strict) and n = . Also note that if + is generated
by h € Aut (I), the Frank equation is

oo (MDA T o (b))

2 2

which is equivalent to
h(zAy)+h(zvy) =h(@)+h(y)

If (]I, AN/ RV +) is a Frank system, we will say that (]I, A, +) deter-
mines a Frank system, since 7 is determined algebraically by +, and
v by n and A.

Theorem 6.2.17 The system (H,A,U,V,Jr) is a Frank system if and
only if it is isomorphic to a standard Frank system.

Proof. Suppose (]I, A;i—) determines a Frank system. There is an
automorphism g of I such that + = +,, and g is also an isomorphism of
Frank systems

g: (H, A, +g) ~ (]I, Ag—l, +id)
where +;4 = av. Thus Ag—l is a Frank t-norm. The converse is clear.

Thus (H, o, —i—g) determines a strict Frank system if and only if f and
g are related by g € F, 'R*f for some a. Note that for every strict
Archimedean, convex t-norm A = e; there is a two-parameter family of
Frank systems

Flrf: (H,.f,‘i'F;lrf> ~ (I,ep, av)

and for every averaging operator + = 4+, there is a one-parameter family
of strict Frank systems

g: <H7.Faga+g) ~ (I[a.F(ﬂaV)
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Also, for every nilpotent Archimedean, convex t-norm A = A, there is a
unique Frank system

v: (L Ay, +,) = (I, A, av)

Thus every system of the form (I, A) or (I, +) is part of one or more Frank
systems. However, not every De Morgan system can be extended to a
Frank system. The following theorem identifies those that can. Recall
that a nilpotent De Morgan system is called a Boolean system [53] if
the negation is the one naturally determined by the t-norm.

Theorem 6.2.18 A De Morgan system with nilpotent t-norm can be ex-
tended to a Frank system if and only if the system is Boolean. A De
Morgan system (I, \,n) with strict t-norm A\ can be extended to a Frank
system if and only if there exists a € RT such that for f,g € Aut (I) with
A=e;andn=aqay

FyRTfNZ(0)g#2

In this case,
F'RYfNZ(a)g={h}

and the Frank system is
(Leog, ag,41) = (L, @, n, v, +1)

Moreover, there is at most one such a. The t-norm in the Frank system
1s nearly Frank if and only if g is in the centralizer of «.

Proof. If the t-norm in a Frank system is nilpotent, it is generated
by the same automorphism as the averaging operator. Thus the negation

is also generated by the same automorphism as the t-norm.
Consider the De Morgan system (I, o ¢, v, ) with strict t-norm. Assume

FRYFNZ(a)g # 2
Then by Theorems 5.7.1 and 5.7.3,
F'RTfNZ (o) g ={h}.
Thus for some 7 € R and k € Z ()
Flrf=kg=h
Thus rf = Fyh, implying e = e ;. Thus

(I[a o, Qyg, +h) = (]L ®r. hyOh, +h)
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is a Frank system. If F, 'RTf N Z(a)g = {k} for some b € R, then
°r, . = ¢ = op 5, implying that ep, ;-1 = ep,. This implies by results
in [106] that kh~! =1 and, from that, that a = b [44].

Now suppose that (I, ef, ) can be extended to the Frank system
(H7of7ag,—i—h). Then oy is the negation for +5, so that ag = ajp and we
have hg~! € Z (a), or h = kg with k € Z («). Thus,

(]Ia ®r, (g, +h) ~ (]Ia ®rp-1,Q, +)

which is isomorphic to (H, °r ., —I—) for some a € R*. So rf = F,h for
some 7, a € RT, or

Flrf=h=kgc E;'RTfNZ(a)g

The intersection F, 'R* f N Z () g may be empty for all a > 0. That
is the case when the equation Flrf = hg has no solution for r,a > 0
and h € Z(«). For a particular example of this, take f = id, g (x) = z for
0 <z < 3. Then F, 'r = hg implies that h (z) = F; 'r (z) for 0 <z < §
and since h € Z(a), h(z) = 1 — F;'r(1—2) = a(F;'r(a(z))) for
% <z < 1. But then

T ingxg%
g(@) = -1 ~1 o1
ar 'FpaF, 'r(z) if 3 <z<1

Now simply choose g that is not differentiable at some zy € (%, 1), and
such an equality cannot hold for any choice of a and r. So there are De
Morgan systems (I, e ¢, o,) that are not parts of Frank systems.

6.3 Powers of t-norms

For positive integers n, the n-th power of a t-norm A is

n times

e e
s =zAzAN Az

We outline in this section the theory for arbitrary positive real powers
for Archimedean t-norms. The details may be found in [154].

For a strict t-norm, the notion of n-th power naturally extends to

1 1] [n]

n-th roots by defining (%] to be the unique solution to (x[W =z for

positive integers n. This leads to the definition of positive rational powers
1

m L
n

[m]
by setting :v[ I = (x[n]> for positive integers m and n. One can show
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that the value of (%] - is independent of the representation of the
rational 7*, and continue to develop the notion of real powers directly as
is done for real powers of real numbers. However, we will take advantage
of the fact that all strict t-norms are isomorphic to multiplication where
powers are already defined, observing that if f is an isomorphism f :
(I, A) — (I, ), then for positive integers n, f (x[”]) = (f (z))", so that
™ = f=1((f (z))"). We extend this to arbitrary positive real numbers,
calling on the continuity of the isomorphism.

Definition 6.3.1 Given a strict t-norm /\ and a positive real number r,
the r-th power of /\ is defined to be the function z") = £~ ((f (z))") =
ftrf (z), where f is any isomorphism of /\ with multiplication.

The function z["! is independent of the choice of isomorphism, since
any other isomorphism is of the form sf for some positive real number s,
and

ST @)
= (@)
= @)

Theorem 6.3.2 Given a strict t-norm A, the powers of /\ satisfy the
following:

(sf)" (sf (2)")

1. (xm)[s] =zl for all v, s € RT.

2. 2l A glsl = 2lr+s] for all v, s € RT.

3. (m[%])[n] =x for alln € ZT.

[m]

4.zl = limm . (x[%]) where n,m € Z+.

The proof is left as an exercise. Again, the details are in [154].

It can be shown [154] that a function 6 : [0, 1] — [0, 1] is the r-th power
for some strict t-norm A and some r € RT if and only if 6 € Aut (I) and
one of the following holds.

1. r>1and d(z) <z for all z € (0,1).
2. r=1and 0 (z) =z for all x € (0,1).

3. r<landd(x)>zforall ze(0,1).



192 CHAPTER 6. ADDITIONAL TOPICS ON CONNECTIVES

There are many strict t-norms that have the same r-th power for any
given power r # 1. Two automorphisms f,g € Aut(l) generate strict t-
norms having the same r-th power if and only if fg~ is in the centralizer
Z(r) = {z € Aut(l) : zr = rz}. Also, the precise form of the elements
of Z(r) has been worked out in [154]. However, if all the r-th powers
are known, the strict t-norm is uniquely determined. This is a direct
consequence of the proof of Theorem 5.2.3.

The powers of a general nilpotent t-norm depend on the powers of
the Lukasiewicz t-norm, in the same sense that powers of strict t-norms
depend on powers for multiplication. So we first consider the question of
powers for the Lukasiewicz t-norm z Ay = (z +y — 1) V0.

Proposition 6.3.3 Let n be a positive integer. Then

n times

—N—
TATA---Ax =(nz—n+1)VO0.

The proof is left as an exercise.

Now 2™ = (nz —n +1) V0 is a continuous function mapping [0, 1]

onto [0, 1], and restricts to an isomorphism [2=1,1] ~ [0,1]. Thus for

each = € (0,1] there is a unique solution to the equation y™) = z. Call

this solution x [+] .

Proposition 6.3.4 Let n be a positive integer and x € (0,1]. Then
Lo — % +1 is the unique solution to y™ = x.

n
The proof is left as an exercise.

Definition 6.3.5 For the Lukasiewicz t-norm, x € (0,1], and positive
real numbers r, the r-th power of z is defined to be z") = (rz — r + 1)V0.

For any positive integer n, 0 has multiple n-th roots, namely the
interval of numbers from 0 to the largest = € [0, 1] satisfying z[" = 0.
The usual convention is that 0"} = 0. Below are some examples of powers
for the Lukasiewicz t-norm.
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1] Ly

0.8 0.8

0.6 0.6

0.47 047

0.2 0.27
0 02 04 06 08 1 O s o4 06 os 1
2 =2z -2+1)Vv0 g/ =tz -14+1)vo

Proposition 6.3.6 For positive real numbers r and s, and x € [0,1], the
following hold.

1. () = gl if ol £ 0,
2' :L'[TJ"S] = x[r] A x[s]

The proof is left as an exercise.

From these propositions we see that for rationals ¢ = *, 2[%] is the
m-~th power of the n-th root of x and this definition depends only on the
rational number ¢ = % and not on the particular representation of ¢ as

a quotient of integers.

Definition 6.3.7 Given a nilpotent t-norm A\ and a positive real number
r, the r-th power of /\ is defined to be the function

2= 7N (- f (@) = r+ 1)V 0)

where f is the L-generator of A and r- f(x) denotes the ordinary product
of r and f (x).

It can be shown that a nondecreasing function ¢ from [0, 1] to [0, 1]
is the r-th power for some 7 € RT and some nilpotent t-norm A if and
only if one of the following holds.

1.7 >1,6(z) < z for all z € (0,1), and for some a € (0,1), § is
identically 0 on [0,a] and induces an isomorphism [a, 1] ~ [0, 1].

2. r=1and 6 (z) =z for all x € (0,1).

3. r<1,0(z)>=xforall zel0,1),6(0) =0 and for some a € (0,1),
d induces an isomorphism (0, 1] = (a, 1].
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The same as for strict t-norms, there are many nilpotent t-norms that
have the same r-th power for any given power r # 1. Two nilpotent
t-norms with L-generators f and g have the same r-th power if and only
if fg~! is in a certain subgroup of Aut(I) that is analogous to Z(r) for
the strict case. This subgroup is explicitly described in [154]. Again, if
all the r-th powers of a nilpotent t-norm are known, the nilpotent t-norm
is uniquely determined, and this is a direct consequence of the proof of
Theorem 5.2.3.

6.4 Sensitivity of connectives

The modeling of fuzzy concepts through the assignment of membership
functions as well as the choice of a fuzzy logic are subjective. This flexi-
bility reflects the very nature of fuzziness. In specific applications, some
choices must be made, depending of course on various factors. We il-
lustrate some possible choices when robustness is an important factor.
Here, by robustness we mean sensitivity of membership functions or of
fuzzy logical connectives with respect to variations in their arguments.
A logical connective is a mapping from either [0, 1]? or [0, 1] into [0, 1],
as in the case of t-norms or negations, respectively. For any mapping
f:0,1]™ — [0,1], an extreme measure of sensitivity of f is as follows.

Definition 6.4.1 For © = (21,22,..,Zn), ¥ = (Y1,Y2, -, Yn), and 6 €

[0, 1], let
ps0) =V |f(@) = f(y)l
lzi—yi| <6
The function p; : [0,1] — [0,1] is an extreme measure of sensitivity

of f.

In order to compare different operations f, we proceed as in standard
decision theory where p;(J) plays the role of the “risk” at ¢ of the proce-
dure f. We say that f is less sensitive than g if for all §, p;(d) < p,(6),
with strict inequality at some J. Here are some examples.

Example 6.4.2 If f(z,y) = = Ay, then for |[x —u| < d and |y —v| < 4,
we have t <u+d and y < v +J. So

Ay <(u+0)A(w+0d)=(uAv)+0d

Similarly,
uAv<zAy)+4d
<

so that t Ay —uAv < §. Thus p,(0) < J. Taking x = y = ¢ and
u=v=0,wehave t Ay —uAv=24,5s0 p,(d) >3d. Thus p,(§) =4.
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Example 6.4.3 If f(x) =1 — x, then |f(x) — f(y)| = |z —y| <, and
py(9) is attained at z = d, y = 0. Thus p;(5) = 6.

Example 6.4.4 If f(z,y) = zy, then p;(J) = 26 — 5%
Example 6.4.5 If f(z,y) =z +y —zy, then p;(5) = 20 — 62
Example 6.4.6 If f(z,y) = (z +y) A1, then pg(d) =20 A 1.
Example 6.4.7 If f(x,y) = x V y, then p;(0) = 4.

Proposition 6.4.8 For any t-norm A, it and its dual V with respect to
a(z) =1 — x have the same sensitivity.

The proof is left as an exercise.

Theorem 6.4.9 x Ay, x Vy, and a(x) = 1 — z are the least sensitive
among all continuous t-norms, t-conorms, and negations, respectively.

Proof. We showed in the first example above that p, () = 4. If A is
a t-norm, then

NAL—(1=03)A(1-0)

[1-(1-6)A(1-0)
< pa(6)

50(1=0)>(1—=0)A(1—=0)>1—pa(d). Thus pa () > = pr(9).
Note A is the only t-norm A such that pa (6) = 0. Indeed, for A # A,
there are x,y such that z Ay # z Ay and we may assume that z Ay < x.
Now
[tA1-1All=1-2zAy>1—x

so that pa (1 —x) # 1 — x. We leave the rest of the proof as exercises. m

An alternative to the measure above of extreme sensitivity of fuzzy
logical connectives is a measure of average sensitivity. Let f : [a,b] — R.
Assume that f has all derivatives and integrals necessary. A measure of
the sensitivity of differentiable functions f at a point in [a, b] is the square
f'(z)? of its derivative at that point. Its average sensitivity would then
be the “average” over all points in [a,b] of f/'(x)?. This “average” is
the quantity (f: f’(x)%x) /(b —a). More generally, if f : [a,b]” — R,
account needs to be taken of all the partial derivatives of f, and the

quantity
ox i

i=1
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is an appropriate one. Its average sensitivity is then

e s (22
T —ar

In the case [a,b] = [0,1], the case of interest to us, the average sensi-

tivity of f becomes
n 6f 2
-1, 2 ()
( ) [0,1] 7;21 afL'»L

Here are some examples for logical connectives on [0, 1].

Example 6.4.10 S (A) =S(V) = 1.

Example 6.4.11 S (A) = % fore Ay=xzyand forx Ay=z+y—zy.
Example 6.4.12 S(A) =1forz Ay = (z+y)Aland for x Ay =
OV(z+y—1).

Example 6.4.13 S(«) =1 for the negation a(z) =1 — x.

S() =

A t-norm and its dual with respect to a(z) = 1 — = have the same
average sensitivity. The functions A and V in the examples above are
differentiable at all points in the unit square except for the line x =
1y, so there is no problem calculating the integrals involved. In certain
situations, one may need to use more general notions of derivative.

Theorem 6.4.14 The connectives t ANy = zy, tJ y = ¢ +y — xy,
and a(x) = 1 — x have the smallest average sensitivity among t-norms,
t-conorms, and negations, respectively.

Proof. We need to show, for example, that A y = zy minimizes

LrtlranN?  (onN?
L)+ (5) e
A standard fact from analysis is that /A minimizes this expression if it
satisfies the Laplace equation
[ aVANNNNGLVAN
2 o

and of course it does. Similar arguments apply to the other two cases. m

0

As in the case of extreme measure of sensitivity, one can use the notion
of average sensitivity to choose membership functions for fuzzy concepts.
When facing a fuzzy concept such as a linguistic label, one might have a
class of possible membership functions suitable for modeling the concept.
A good choice could be the membership function within this class that
minimizes average sensitivity.
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6.5 Copulas and t-norms

The concept of t-norm is related to the familiar concept of joint cu-
mulative distribution functions (CDF’s) of random variables. Let X =
(X1,Xs, ... , X,) be an n-dimensional random vector defined on some
probability space (£2, A4, P). Suppose X takes values in the unit n-cube
[0,1]™ and that the CDF Fj of each component X is Fj(z) = «. That is,
each X is uniformly distributed over [0, 1]. Then the joint CDF F of X,
namely

F(iEl,.CCQ, 7I’n) = P(X1 S ZZ?1,X2 S o, ,Xn S SCn)
for x = (21,2, ...,x,) € R™ satisfies the following.

1. Fj(z;) = F(1,...,1,25,1,...,1) = x; for x; € [0,1]. (x; is in the
j-th place)

2. For any Borel subset B of [0,1]", P(X € B) > 0.

3. F(x1,x2,...,x,) = 0 if there is at least one j such that z; = 0.

Axiomatically, a function C : [0,1]™ — [0,1] is called an n-copula if
it satisfies

1. Each margin Cj(z;) = C(1,...,1,z;,1,...,1) = z; for z; € [0, 1],

2. Cis n-increasing: for any Cartesian product J = J; X Jo X ... X Jj,
of closed intervals J; = [d;, e;] € [0,1],

Vole(J) = ngn(v)C’(v) >0
v
the summation being over all vertices v of J. Soif v = (v1,v2,...,vy),
then v; = d; or e;, and

(v) = 1 if w; =d; for an even number of j’s
SIMUI=N 1 it v; = d; for an odd number of j’s

3. Cis grounded, that is, C(z1,x2, ..., z,) = 0 for all (z1, 22, ..., z,) €
[0,1]™ such that z; = 0 for at least one j.

Copulas are used in probability and statistics as follows. If F is a
CDF on R™ with marginal CDF F}’s, then there exists an n-copula C, in
general nonunique, such that for (z1, 2, ..., z,) € R™,

F(zl,xg, 73377,) = C(Fl(xl),FQ(l‘Q), ceey Fn(xn))
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Of course, if the F}; are n one-dimensional CDF’s, then the function F
defined as above is a bona fide CDF on R™.

There is a good discussion of copulas and their relation to t-norms in
[140]. We limit ourselves to some general comments. First, if A is a t-
norm, then T'(z1, X, ..., ) = &1 Dxs A ... Az, satisfies conditions 1 and
3 above in the definition of n-copula. So the relation between copulas and
t-norms hinges partly on the second condition. But commutativity and
associativity are issues. There are several pertinent theorems in [140],
but they are rather technical. We state some facts that may be found
there.

e The t-norms zy, x Ay, and x A y are 2-copulas.

Ay < C(z,y) < x Ay for any 2-copula C.

A 2-copula is a t-norm if and only if it is associative.

e A t-norm is a 2-copula if and only if it is 2-increasing.

A t-norm A is a 2-copula if and only if for a, b, c € [0,1], with a < ¢,
it satisfies
cAb—alAb<c—a

Copulas and t-norms can be used as aggregation operators, that is, for
ranking alternatives in multicriteria decision making. We mention here
an application of copulas in survey sampling. The problem in sampling,
say, from a finite population U of size n is this. Let § : U — R be a
quantity of interest, such as the annual income 6(u) of the individual
u in the population U. Suppose that we cannot conduct a census of the
population U, and are interested in some quantity related to the unknown
function 6 such as the population total o(0) = >_, ., 0(u). To obtain an
estimate of o(f) we could rely on the values of § over some relatively
small part A of U, that ison ) ., 0(u). This is the essential of inductive
logic: making statements about the whole population from the knowledge
of a part of it. To make this inductive logic reliable, we create a chance
model for selecting subsets A of U. This probabilistic approach not only
has public acceptance, but is also essential in avoiding biases as well as
providing necessary ingredients for assessing errors and the performance
of the estimation procedure. A man-made chance model is then specified
by a function f : 2V — [0,1] such that Y, f(4) = 1, where f(A) is
the probability of selecting the subset A of U.

In applications, it is desirable to specify the inclusion function 7 :
U — [0,1], where m(u) represents the probability that the individual u
will be included in the selected sample [66]. The function f is referred
to as the sampling design. With 7 being specified, we are looking
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for sampling designs f such that m(u) = >, .4 f(A). Without loss of
generality, let U = {1,2,...,n}. For each j € U, consider the Bernoulli
random variable I; : 2V — {0,1} where I;(A) = 1if j € A and 0
otherwise, with parameters

() =PL;=1)= Y f(4)

1;(A)=1

The sampling design f is equivalent to the joint probability distribution
of the Bernoulli random vector (11, Io, ..., I,;). This can be seen as follows.
Making the bijection between 2V and {0, 1},

A+— (81,52,...,5n) =cc {0, 1}n

with A, ={j € U:¢e; =1}. Wehave f(A.) = P(Iy = 1,10 = €2,..., I, =
€n). Thus if we specify 7, then (Iy, Io, ..., I);) has fixed marginal distrib-
ution. As such, this joint distribution is determined by some N-copula
according to Sklar’s theorem [111]. Specifically, let F; be the distribution
function of I;, namely

0 if <0
Fij(x)=< 1—-m(j) if 0<z<1
1 if x>1

Let C be an n-copula. Then the joint distribution function of (11, Ia, ..., I,)
could be of the form

F($1,1’2, veey l’n) - C[Fl(SCl),FQ(l'Q), ceey Fn($n)]

Thus, each choice of C' leads to a possible sampling design compatible
with the specified inclusion function 7. For example, choosing

n
C(ylvaa cey yn> = H Yj
j=1

we obtain the well-known Poisson sampling design
FA) =TI=6) [T -=@)
i€A i A
In this regard, see Exercise 41.
It is left as an exercise for the reader to verify that for the n-copula

n
C(y17y27 7yn) = /\ Yj
Jj=1

the corresponding design f is

FA) = ()P =\ 7(5)]

BCA j¢B
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6.6 Exercises

1.

10.

In the set of all subsets of a set show that

dUy=\V{z:zNnzCy}=2"U(zNy)

. Let A be a t-norm, V a t-conorm, and 7 a negation. Verify that

(x=y) = (zvy) An(x) is a fuzzy implication.
Is (z = y) = z Ay an implication?
Calculate the Q-implications (x = y) when

(@) zAy=ay,zavVy=z+y—zy nz)=1-z
b)) zAy=(z+y—-1)V0,zvy=(r+yAl),nx)=1-a

. Let = be a fuzzy implication. Show that

(z="y)=(1-2)=(1-y)

is a fuzzy implication. Find the fuzzy implication in terms of A,
7, and 7 corresponding to the fuzzy relation (A’ x V) U (U x B).

. Verify that

1 if z<lory=1
(z=vy) = , _
0 if otherwise
is a fuzzy implication.

Using (= y) = n(A{z : yv 2 > z}), find = when n(z) =1 -z
andryy=z+y—ay.

Let A be a nilpotent t-norm. Show that the R-implication associ-
ated with A is the same as (z = y) = nalz Ana(y)].

Let 7 be a continuous t-norm and 7 a negation. Verify that the
associated S-implication (z = y) = n(z) v y satisfies the following:

(a) (0=2z)=1and (1= 2z)=x for all z € [0,1].
(b) (z=(y=2) == (x=2).

For A > 0, and z € [0, 1], let

_ 11—z 2
A+ =N1 —2)

g(z)
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(a) Verify that g is a generator of a t-conorm v/.

(b) Find the inverse of g.

(¢) Find the s7-implication associated withs and the negation
n(z) = (1—-=z)/(1+=2)

11. Let 5/ be a t-conorm and 7 a negation.

(a) Show that

(@=y=n(Al=zeb1:zvy>a})

is an implication.
(b) Compute = given in part (a) when
zify=0
; () lifr <1
i x = yifz=0 , n(z)=
VY 7 Oifz=1
1 otherwise
i. (zvy)=1A(x+y), nlx)=1—2x
(c) Let f be a generator for a nilpotent t-norm. Show that
f0)f(y)
x

@ = (L2 v i)

is a fuzzy implication.

12. Show that a nilpotent t-conorm 57 has a linear generator if and only
if ny is a Sugeno negation (1 — z)/(1 — Az) with A € (—1,0).

a a

vty

2

13. Show that fora >0, z +y = ( ) is an averaging operator.

14. Show that f(z) = (a® — 1)/(a — 1) is a generator for the averaging
operator = +y = log,((a® +a¥)/2), a >0, a # 1.

15. Show that for ¢ > 0 and a # 0,

< (ec( Inxz)® + efc(f Iny)?® )) T
-1l —-In

¢ 2

e

is an averaging operator, and find its generator.

16. Find the averaging operator whose generator is
1
T_z\P
L+a(5%)
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17.

18.

19.

20.
21.
22.
23.
24.
25.
26.

27.
28.
29.
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Show that if + is an averaging operator and f and g are antiauto-
morphisms of I, then f-g¢ is an antiautomorphism.

Verify that the negations of the averaging operators in Example
6.2.9 are as stated.

Let m,n, p, g be positive integers. Show that for a strict t-norm A,
x € [0,1] there is a unique y € [0,1] such that y™ = z. Denote
this y by %), Show that (zlz])lml = (x[%])[p], and thus that z[%]
is independent of the representation of the rational number m/n.

Prove Theorem 6.3.2.

Prove Proposition 6.3.3.

Prove Proposition 6.3.4.

Prove Proposition 6.3.6.

Show that if ¥/ is dual to A, then pg, = pa.

Verify that z Ay = zy and =7y = = +y — xy are equally sensitive.

Compute p;(9) for

(a) f(z,y) =2y

(b) f(z,y)=(z+y) Al
(c) flw,y) =2 +y—uay
(d) fz,y)=zVy

Compute S (f) in Examples 6.4.10 - 6.4.13 of Section 6.4.
Let g(z,y) =1— f(1 —z,1 —y). Show that S(f) = S(g).

Let w = (wq, wa,...,wy) with each w; € [0,1] and > w; = 1. For
(w1, 22,..., ) € R", let ;) be the j-th largest x;, so that z¢; >
T(2) 2 ..o 2 T(n)- Let

Fy:R® = R (21,2, 8p) = 3 W)

F,, is an ordered weighted averaging operator (OWA) of di-
mension n.

(a) Show that

min(zy, Lo, .o, ) < Fp (21,22, ooy ) < max(x1, Za, ..., Ty)
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30.

31.

32.

33.

34.

35.

36.

37.
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(b) Determine Fy, in the following cases:

i, w=(1,0,...,0,0)
ii. w=(0,0,..,0,1)
iii. w=(1/n,0,...,0,1/n)

Show that a binary operation A on [0, 1] is 2-increasing if and only
ifforall0 <z <y <1and0<wu<wv <1, the inequality

yAu—xANu<yAv—zAv
holds.

Show in detail that C' : [0, 1] x [0, 1] — [0, 1], defined by C(z,y) = zy
is a 2-copula.

Let f : R — R. Show that f is l-increasing if and only if f is
nondecreasing.

Let C : [0,1)> — [0,1] : (z,y) — = + y — xy. Show that C is
nondecreasing in each argument. Is C' 2-increasing?

Let f:[-1,1]2 = [-1,1] : (z,y) — xy. Show that f is 2-increasing.
Is f nondecreasing in each argument?

Let C : [0,1]?> — [0,1] be 2-increasing and grounded. Show that C
is nondecreasing in each argument.

Let U = {uy, ug, ..., up } be a finite set. A random set on U is a map
S defined on a probability space (2, .4, P} and taking values in the
power set P(U). Its distribution is specified by its density function
f:PU)—1[0,1: B— P{w: S(w) = B}.

(a) Consider the {0, 1} valued random variables X;(w) = 1g () (u;),
j=1,2,....,n. Show that the distribution of S determines the
joint distribution of X = (X1, X, ..., X;,), and vice versa.

(b) Let A be a fuzzy subset of U. Let S(A) denote the class of all
random sets S on U such that A(u;) = P{w : u; € S(w)}.
Describe all possible distributions of S. (Hint: Use (a) and
Sklar’s Theorem.)

For z = (z1,%2,...,2n) and ¥y = (Y1,Y2, -, Yn), let T Ay = (z1 A
Y1, T2 A Y2,y ooy Ty A Yp ), where A denoted min. Write y \, z if each
y; \, z;. A function F' : R* — [0, 1] is a cumulative distribution
function (CDF) if it satisfies

(i) limg, .o F(71,22,...,2,) = 0 for each j, and
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limy, oo, ap—oo F(T1, 22, .., Tp) = 1.

(ii) F is right continuous, that is, if y \, « then F(y) \, F(z).

(ili) F is monotone decreasing, that is, if each z; < y;, then F(z) <
F(y).

(iv) For any k-dimensional rectangle A = (z1,y1] X (22, y2] X ... X
(zk, yr), and its set of vertices V' = {x1, y1 } x{z2, y2} X... x {zk, yi },
and for sgn(v) = (—1)7(*) where 7(v) is the number of z; in v € V.

Ap(A) = Z sgn(v)F(v) >0
veV
(a) Show that (iii) is equivalent to (iv) when k = 1.
(b) Let F : R? — [0, 1] be given by

1 if s>0,y>0,2+y>1

F(xay):{

0 if otherwise

Show that F satisfies (i), (ii), and (iii) above. Does F satisfy
(iv)?
(c) Let F : RF — [0, 1] such that for any a,as, as, ..., a, € R¥,

F(a’) > Z (_1)‘I|+1F</\b€{a,ai:i€l}b)
o#IC{1,2,....,n}

Show that such an F satisfies (iii) and (iv).
(d) Let F:R? — [0,1] be given by

1 if s>0,y>0,max(z,y >1
F(z,y) =

0 if otherwise

Show that F' is monotone nondecreasing. Does F satisfy the
inequality in part (¢)? (Hint: Consider a = (z,y), a1 = (1,41),
ag = (9, y2) with0 <21 <1<z <z and 0< gy <1<y <
Y1)

38. Show that the following t-norms are 2-copulas.

(a) z Ay =y
(b)) zAy=(xz+y—1)VvVO0
(c) xAy=uay/(z+y—zy)

39. Show that A < A for any t-norm A that is a 2-copula.
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40.
41.

42.
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Show that Frank t-norms are 2-copulas.

Let S be a finite subset of the real numbers R. Prove that

Z<Hu> [ a-wl|=1

TCS \ueT ueS\T

Prove that

3 (Hu> I -uw]=s

SeTCS \ueT u€eS\T

Prove that for the n-copula
n
O(ylvaa ey yn) = /\ Yj
j=1

the corresponding design f is

JA) = 3 ()AL \/ 7 ()

BCA j¢B






Chapter 7

FUZZY RELATIONS

Relations, or associations among objects, are of fundamental importance
in the analysis of real-world systems. Mathematically, the concept is a
very general one and has been discussed earlier in Chapter 2. There are
many kinds of relations: order relations, equivalence relations, and other
relations with various important properties. Relations are ubiquitous in
mathematics, and their generalizations to fuzzy theory are important.
This chapter presents some of these generalizations with an emphasis on
binary relations, especially fuzzy equivalence relations, which generalize
ordinary equivalence relations.

7.1 Definitions and examples

Generalizing relations to fuzzy relations is easy. An n-ary relation is
a subset R of the Cartesian product U; x Uy X ... x U, of n sets. The
generalization to the fuzzy case is the natural one.

Definition 7.1.1 An n-ary fuzzy relation in a set V = U; x Uy X
. xX U, is a fuzzy subset R of V. If the sets U; are identical, say U,
then R is an n-ary fuzzy relation on U. A 2-ary fuzzy relation is a
binary fuzzy relation.

So R(u1,us, ...u,) represents the degree to which (uy,us, ...uy,) is com-
patible with the relation R. We shall deal mostly with binary fuzzy rela-
tions on a set U. Indeed, the motivation for fuzzy relations is to be able
to quantify statements such as “John is much younger than Paul.” For
example, if R is a modeling of “much younger than”, then R(10,15) is
the degree to which 10 years old is considered as much younger than 15
years old. If R is a modeling of “is much greater than” on U = (0, 00),

207
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then R could be something like R(z,y) = max{0, (z —y) /z}. If R is to
represent “is close to” on the real numbers R, then a reasonable function
to use might be R(z,y) = e~ 1#= vl

The set F(U) of all fuzzy subsets of a set U gives rise to binary fuzzy
relations R on U x F(U) by R(u,A) = A(u). That is, R(u, A) is the
degree to which the point u of U is compatible with the fuzzy set A of U.

Probability values are in [0, 1], so conditional probability evaluations
can be also viewed as a binary fuzzy relation. If (2, A, P) is a probability
space, then P induces a binary fuzzy relation on A x B, where B ={b €
A : P(b) # 0}, by P(a,b) = P(alb), the usual conditional probability.

7.2 Binary fuzzy relations

The generalization of relations to fuzzy relations is just that of going from
subsets to fuzzy subsets. In fuzzifying various properties of relations, the
standard procedure is to identify a relation with its indicator function,
associate a property of a relation with properties of the indicator func-
tion of that relation, and translate those properties into properties of
membership functions.

We consider now the special case of binary fuzzy relations on a set U.
An ordinary binary relation on U is a subset of U x U. Following are some
important properties that these relations may have, and to generalize
these concepts to the fuzzy case we need to state them in terms of their
indicator functions. So let R be a relation on a set U. We identify R
with its indicator function. Thus R : U x U — {0,1} and the relation R
on U is

1. reflexive if R(z,z) =1

2. symmetric if R(z,y) = 1 implies R(y,z) =1

3. transitive if R(z,y) = R(y,z) = 1 implies R(z, z) =1
4. antisymmetric if R(z,y) = R(y,z) = 1 implies x =y

Many other properties of a relation are defined in terms of these. For
example, R is an equivalence relation if it is reflexive, symmetric, and
transitive.

There are many ways to translate these properties of a function from
UxU — {0,1} to a function U x U — [0,1]. But however translated,
they must correspond to the properties for relations when restricted to
that case. Let R be a fuzzy relation on a set U. Then R is

1. reflexive if R(u,u) =1
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2. symmetric if R(u,v) = R(v,u)
3. tramsitive if R(u,w) > R(u,v) A R(v,w)
4. antisymmetric if R(u,v) > 0 and R(v,u) > 0 imply u = v

These properties do become the corresponding ones for relations when
R takes values only in {0,1}, as is easily seen. The value R(u,v) repre-
sents the extent to which the elements v and v are similar, and certainly
reflexivity is demanded. To be symmetric just says that v is exactly as
similar to v as w is to v. Transitivity says that for all v, u is at least
as similar to w as the minimum of the similarity of v and v and the
similarity of v and w. This condition could be written as

V{R(u,v) A R(v,w) : v € U} < R(u,w)

We need a generalization of transitivity. The notion of transitivity
above is min-transitive or A-transitive. That is, R(u,w) > R(u,v) A
R(v,w). We can replace A by any t-norm. So for a t-norm A, the fuzzy
relation R is A-transitive if R(u,w) > R(u,v) A R(v,w) for all v € U.

Definition 7.2.1 A fuzzy relation R on a set U is a N\-fuzzy equiva-
lence relation for the t-norm A\ if R is reflexive, symmetric, and /\-
transitive. If A = A, then we say that R is a fuzzy equivalence
relation.

A-fuzzy equivalence relations are fuzzy binary relations generalizing
equivalence relations on sets. Intuitively, an equivalence relation on a set
specifies when two elements are to be considered equal. For example,
the relation “is the same age as” is an equivalence relation on any set of
people. But “is about the same age as” is not as sharply defined and may
demand modeling with a fuzzy equivalence relation.

Any equivalence relation is a A-fuzzy equivalence relation for any t-
norm A. The definition is made that way. Exercises 13 and 15 give
examples of A-equivalence relations.

Fuzzy relations R are fuzzy sets, and so have a-cuts R,. If R is a
fuzzy relation on U, then

Ry = R7Y([o, 1)) = {(u,v) : R(u,v) > a}
is a subset of U x U, and so is a relation on U.

Theorem 7.2.2 If R is a fuzzy relation on a set U, then R is a fuzzy
equivalence relation if and only if each a-cut, R, is an equivalence rela-
tion on U.
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Proof. Let R be a fuzzy equivalence relation. Then (u,u) € R, since
Rlu,u) =1 > a. If (u,v) € R,, then R(u,v) > a so R(v,u) > «
from symmetry, whence (v,u) € R,. If (u,v) and (v,w) € R,, then
R(u,w) > R(u,v) A R(v,w) > « so that (u,w) € R,. Thus R, is an
equivalence relation. The other half of the proof is left as an exercise. m

This theorem does not hold for A-fuzzy equivalence relations in gen-
eral. (See Exercise 19, for example.)

So with each fuzzy equivalence relation R on a set U, there is associ-
ated a family of equivalence relations of U, namely the a-cuts R,,, one for
each a € [0,1]. Each of these equivalence relations induces a partition P,
of U, so we also have the associated family {P, : « € [0,1]} of partitions
of U. Since the a-cuts of a fuzzy set determine that fuzzy set, then in
particular this family of equivalence relations, or equivalently, this family
of partitions, determines the fuzzy equivalence relation R. The set of
equivalence relations £(U) on U is a complete lattice, and each R, is
an element of £(U). This is discussed in Section 2.2. In this complete
lattice, we have for any subset I C [0, 1],

A Ra = [)Ra

aecl ael
{(u,v) : R(u,v) > « for all @ € I'}

= {(u,v): R(u,v) > \G/Ia }
- }aVaEIQ

Since the R, form a chain, it is easy to see that \/ ; Ra = Usecs Ra-
Thus

VR = |JRa

a€cl ael
= {(u,v): R(u,v) > « for some e € I}

> R/\ N
acl

This last inequality is an equality if I is finite. (See Exercise 11.) Thus
we have the following theorem.

Theorem 7.2.3 Let R be a fuzzy equivalence relation on U. Then the
map

[0,1] = EU): @ — R,

s a lattice antihomomorphism.
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The theorem just means that for any finite subset I C [0, 1],

R/\NEI a = \/ Ra
ael

RVQEIa = /\ Ra
ael

So each fuzzy equivalence relation gives a family of partitions satisfy-
ing these last two equalities. The order relation of the set of partitions
of a set is the one corresponding to the order relation on the associated
equivalence relation, which is inclusion. This means that one partition is
greater than another if its equivalence classes are unions of some equiva-
lence classes of the other. The condition in the following definition is the
characterizing condition for a family of partitions to be one corresponding
to a fuzzy equivalence relation.

Definition 7.2.4 A partition tree on a set U is a family {P, : o €
[0,1]} of partitions of U such that Py = U, and for any subset I of [0, 1],

PVQEIa = AaEI Pa'

One should note that when I = @, then \/ ;o =0and A .; P. =
U.

Theorem 7.2.5 Let S be the set of all fuzzy equivalence relations and P
be the set of all partition trees on U. For R € S, let P, be the partition
associated with the equivalence relation R.. Then

S—P:R—{P,:ael01]}
s a bijection.

Proof. First, we need to show that this is actually a map, that is,
that the family {P, : @ € [0,1]} is a partition tree. But that was noted
in the previous theorem. The map & — P is one-to-one since the a-
cuts of a fuzzy set determine that fuzzy set. We need only to show that
every partition tree is the image of some fuzzy equivalence relation. Let
{P, : a €0,1]} be a partition tree. Define R: U x U — [0, 1] by

R(u,v) = \/{a : w and v belong to the same member of P, }

The rest of the details are left as an exercise. B

Now we turn briefly to fuzzy partial orders. A relation on a set U is
a partial order if it is reflexive, transitive, and antisymmetric. A fuzzy
relation R on a set U is defined to be a fuzzy partial order if it is
reflexive, transitive, and antisymmetric. A basic fact, similar to the case
of fuzzy equivalence relations, is the following:
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Theorem 7.2.6 Let R be a fuzzy relation on a set U. Then R is a fuzzy
partial order on U if and only if for each « € (0,1], Ry, is a partial order
onU.

Proof. Suppose R is a fuzzy partial order on U. We will prove
transitivity. Suppose that (u,v) and (v,w) are in R,. Then R(u,v) > «
and R(v,w) > «, whence R(u,v)A R(v,w) > « and so (u,w) € R,. The
rest of the proof is left as an exercise. m

So with each fuzzy partial order on a set U, there is associated a
family of partial orderings, namely the a-cuts of this relation. Those a-
cuts determine the fuzzy partial order, of course, just as a-cuts determine
any fuzzy set.

7.3 Operations on fuzzy relations

Let f: U — V and g : V — W. If these functions are thought of as
relations in U x V and V x W, respectively, then the composition

gof = {ww)eUxW:g(f(u)=w}
{(u,w) e U x W : (u,v) € f and (v,w) € g for some v € V'}

This latter way of expressing this composition makes sense for arbitrary
relations R and S in U x V and V x W, respectively. This is how com-
position of relations is defined: (u,w) € Ro S if and only if there is
av €V with (u,v) € R and (v,w) € S. (Note that we reverse the or-
der from that ordinarily used for functions. Were R and S functions, we
would write So R for Ro S.) With a view to generalizing to composition
of fuzzy relations, identifying relations with their indicator functions, we
may define R o S by the equation

(Ro S)(u,w) = vé/V(R(u, v) A S(v,w))

Since [0, 1] is a complete lattice, this equation makes sense for fuzzy rela-
tions. Also in the fuzzy case, A may be replaced by any binary operation
on [0,1], and in particular by any t-norm. Here is the definition.

Definition 7.3.1 Let R and S be fuzzy relations in U XV and V x W,
respectively, and let A\ be a t-norm. The composition RoS of R and S
with respect to /\ is the fuzzy relation on U x W with membership function

(Ro S) (u,w) = \U/{R(u, v) A S(v,w)}
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When z Ay = x Ay, RoS is referred to as a max-min composition.
When z Ay = zy, RoS is a max-product composition. In the special
case where the sets U, V, and W are all finite, R and S can be represented
in the form of matrices with entries in [0, 1], and Ro S can be obtained as
the matrix product of R and S provided that in this operation, addition is
replaced by max and multiplication by A. (See Exercise 3, for example.)

The composition of these relations is associative and distributes over
sup and inf of fuzzy relations. For example, for any t-norm and fuzzy
relations R, S, and T in U x V, V x W, and W x X, respectively, we
have

Ro(SoT)=(RoS)oT (7.1)

If R; is a family of fuzzy relations on U x V| then

\/ (RioS) = (\/ Rz-) 08 (7.2)

%

N (RioS) = (/Z\Ri>oS

K2

and similarly in the other coordinate. These verifications are left as
exercises.

The direct image of a fuzzy subset D of U under R is the fuzzy
subset of V' defined by

R(D)(v) = V{E(u,v) & D(w)}

and the inverse image of a fuzzy subset F of V under R is the fuzzy
subset of U defined by

RTY(E)(u) = Vi, v) A E)}

These concepts are extensions of corresponding concepts in the case
of ordinary relations. When R is an ordinary subset of U x V', and D is an
ordinary subset of U, then v € R(D) if and only if there is a u € D such
that (u,v) € R. Thus R(D) is the projection onto V of RN (D x V).
Similarly, for R71(E) consider the inverse relation R~ on V x U.

In general, let R be a fuzzy relation in Uy x Uy x ... x U,. Let [ =
{i1,42,...,7k} be a subset of {1,2,..,n} with 41 < is < ... < ix. The
projection of R onto U;, x U;, X ... x U;, is defined to be the fuzzy subset
of Uil X Uig X ..o X Ulk given by

S(Wiy, Wigy ooy Ui ) = V{R(u1, u2...,up) t u; with j & I'}
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For example, if R is a fuzzy relation on U x V' x W then the projection
on U x V is given by S(u,v) =\ o R(u,v,w).

Let S be a fuzzy relation in U x V. We define a fuzzy relation R in
UxV xW by R(u,v,w) = S(u,v). Considering the set W as its indicator
function, R = S x W since

(S x W) (u,v,w) = min{S(u,v), W(w)} = S(u,v)

The fuzzy set S x W is called the cylindrical extension of S. It is the
largest fuzzy relation on U x V x W having S as a projection. Indeed if T'
is a fuzzy relation with T'(u,v,w) > R(u,v,w), then the projection of T
onto U x V has value at (u,v) at least T'(u, v, w) > R(u,v,w) =S (u, v).

7.4 Fuzzy partitions

An equivalence relation on a set gives a partition of that set, and vice
versa. The analogy for fuzzy equivalence relations suggests properties for
the notion of fuzzy partition. If R: U x U — [0, 1] is a fuzzy relation on
a set U, there is associated the family

{Ry,:U —[0,1] : v — R(u,v)}

of fuzzy subsets of U. If R were an equivalence relation, then R, would
be the equivalence class containing u, so this is an exact analog to the
crisp case. When R is a fuzzy equivalence relation, we have

1. R, (u)=1for eachu e U.
2. R, (v) =R, (u) for all u,v € U.
3. Ry (v) > Ry (u) A Ry (v) for all u,v,w € U.

This suggests that a fuzzy partition of U could be defined as a family
P ={R, : u € U} of fuzzy subsets of U satisfying these three properties.
There is a clear one-to-one correspondence between the set of all such
families and the set of all fuzzy equivalence relations on U. Note in
particular that property 1 says that each of these fuzzy sets attains the
value 1 for some u € U. Call a fuzzy set A normal if A(z) = 1 for some
T.

There is a different notion of a finite fuzzy partition that is of interest.
A finite set {4, , Ag, ..., A, } of nonempty subsets of a set U is a partition
of U if

Pl. A,UAU..UA, =U and
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P2. AiNA; = ifi# 3.

This is equivalent to the condition Y ;" | x4,(z) = 1 for all z € U.
In extending the notion of partition to fuzzy sets, we cannot simply
use properties P1 and P2 since max{A;(z) : ¢ = 1,..,n} = 1 and
min{A4;(z), Aj(xz)} = 0fori # jimply that A;(z) = 0 or 1 and that the A;
are crisp sets. The condition of normality together with > 1" | A;(z) =1
does lead to a useful definition of finite partition for fuzzy sets.

Definition 7.4.1 A finite fuzzy partition of a set U is a finite set of
normal fuzzy subsets {A,, A, ..., A} of U such that > A;(x) =1 for
allz € U.

This definition captures the meaning of properties P1 and P2 above in
the following sense. Fach x has a nonzero membership value for some A;.
If A;(z) =1 for some 4, then it is 0 for all others. In fuzzy partitions, the
degrees of membership of individuals in the various classes are measures
of the intrinsic heterogeneity of individuals.

The need to consider fuzzy partitions is manifested in the design phase
of fuzzy control, discussed in Chapter 13. Linguistic rules are of the form
“If 1 is a1, ..., T, 1S ay,, then y is b”, where the a; are fuzzy subsets of
the input spaces X, respectively, and b is a fuzzy subset of the output
space Y. It is necessary to consider on each space involved an appropriate
fuzzy partition of it, so that every input value can be classified according
to the predetermined fuzzy partition for triggering corresponding rules.
For example, for an interval of real numbers, a fuzzy partition could
be “negative big”, “negative medium”, “negative small”, “approximately
zero”, “positive small”, “positive medium”, and “positive big”.

7.5 Fuzzy relations as Chu spaces

As mentioned in the previous section, fuzzy partitions of the input and
output spaces are basic designs of fuzzy controllers. A fuzzy partition of
a space X is used to extract information from elements of X, say from
input data when X is the input space of a fuzzy controller. Specifically,
let A ={A;, As,... A} be a fuzzy partition of X. Then elements of X
are classified according to A via the evaluation relation r : X x A — [0, 1]
given by r(z, A;) = A;(z). Thus the triple (X,r, A) is a classification
scheme. That is, X is the class of things to be classified, A is a collection
of properties used to classify elements of X, and r specifies the degree
to which an element of X satisfies a property in A. To be more general,
the unit interval [0,1] can be replaced by some set K, for example a
complete lattice. These general classification schemes are also known as
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Chu spaces. See, for example, Barr [15]. Chu spaces offer a general
framework for modeling phenomena such as concurrency in computer
science, and information flow in distributed systems. We will elaborate
on this concept with an example related to fuzzy logic.

A K-Chu space for a set K is a triple (X,r, A), where X and A
are sets and 7 : X x A — K. Let C(K) denote the collection of all
K-Chu spaces. These are the objects of a category, with a morphism
from (X,r, A) to (Y,s,B) a pair (f,g) of maps, where f : X — Y and
g : B — A that satisfy the adjointness condition

r(z,g(b)) = s(f(x),b)

for x € X and b € B. That is, the following diagram commutes.

fx1
XxB—Y xB

1xg s

XXA—T>K

Composition of morphisms is defined as follows. If (f,g) and (u,v)
are morphisms from (X,r, A) to (Y, s, B) and from (Y, s, B) to (Z,t,C),
respectively, then the pair (uo f,gowv) is a morphism from (X,r, A) to
(Z,t,C). Indeed,

r(z,gov(e)) = r(z,g(v(c))

So composition of morphisms is given by (f,g) o (u,v) = (uo f,gowv).
Further, this composition of morphisms is associative, and the set of
morphisms from any object to itself has an identity. With objects K-
Chu spaces and morphisms as just defined, this yields a Chu category,
denoted Chu(K). This situation defines a category in general: a class of
objects O and for any two objects A and B in O, a set Mor(A, B), called
the morphisms from A to B. There is a map Mor(A, B)x Mor(B,C) —
Mor(A,C), composition of morphisms, and this map is required to be
associative, and each Mor(A, A) must have an identity. The generic
example is the class of sets with morphisms being maps from one set to
another.

Here is an example of a Chu category. Let K = [0, 1], and the objects
be (X,r, A) where X is a set, A = [0, 1], the set of all maps from X into
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[0,1], and 7(z,a) = a(x), the evaluation map. Note that the elements of
A are fuzzy subsets of X. We denote this category by FUZZ.
Let (f,g) be a morphism from (X, r, A) to (Y, s, B). Then we have

r(z, (b)) (0)(x)
(f (=),
(f(2))
Thus it suffices to specify f : X — Y since then g : B — A must be
g(b) = bo f. This correspondence between sets and “evaluation fuzzy
spaces” manifests itself through a functor F' from the category of sets to
FUZZ. For aset X, let F(X) = (X,r,[0,1]%) € FUZZ. Tf f : X — Y,
let F(f) = (f,¢(f)) where o(f)(b) = bo f. It is easy to check that
F(f) is a morphism (X, r,[0,1]%) — (Y,s,[0,1]Y) in FUZZ, and that
F(go f) = F(g) o F(f). This says essentially that FUZZ is equivalent
to the category of sets, the category whose objects are sets and whose
morphisms are ordinary maps.

This example can be varied in many ways. For example, take the
Chu spaces to be triples (X, ,[0,1]X) where X is a topological space and
[0,1]% is the set of all continuous maps from X into [0, 1] with its usual
topology. Morphisms are defined in the obvious way.

It seems that Chu spaces offer a general framework in which to de-
scribe various aspects of fuzzy set theory and its applications. For exam-
ple, the relational approach to fuzzy control as described in Section 13.2
can be put into this framework. If X and Y are input and output spaces,
respectively, of a control system, then a fuzzy system can be viewed as
a map from [0,1]% to [0,1]Y. Such a map can be defined from a fuzzy
relation r on X x Y by

r(a)(y) = \/ (r(z.y) Aa(x))

zeX

b)

g
= s
b

where a € [0,1]%, 2 € X and y € Y.

Morphisms between Chu spaces are novel for uncertainty analysis
since they can be used to model interactions among concepts once these
concepts are represented as Chu objects in a category.

7.6 Approximate reasoning

Approximate reasoning refers to processes by which imprecise conclusions
are inferred from imprecise premises. When imprecision is fuzzy in na-
ture, the term “fuzzy reasoning” is also used. We restrict ourselves to
the formulation of some deductive procedures such as modus ponens and
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modus tollens. Some further general aspects of approximate reasoning
will be discussed briefly.

Deduction processes are used in everyday human reasoning as well as
in mathematics and other sciences. The most common formal deduction
process has the following structural pattern: if we know that a implies b
and we know a, then we conclude b. This pattern of reasoning is called
modus ponens. In propositional calculus, as discussed in Chapter 4,
if a and b are formulas and a = b is true and a is true, then b is true.
Modus ponens is written as follows:

a = b
a

b

This argument is valid if for any assignment of truth values to a and b
that make both a = b and a true, then b is true. Now a = b is material
implication, which is a’ U b and its truth table is

a b||a = b
T T T
T F F
F T T
F F T

From this we do see that whenever a = b and a are true then so is b.

We wish to formulate the modus ponens pattern in a way suitable for
generalization to the fuzzy case. The strategy is standard: identify sets
with their indicator functions and generalize to fuzzy sets.

Consider p = “z € a”, ¢ = “y € b”, where a and b are subsets of U
and V, respectively. We write a (z) and b(x) for their indicator functions.
Material implication p = ¢ is the relation R = (a x b) U (a/ x V) C
U x V. Since b is the image of the projection of a x b into V, then
b(y) = V,ep (@ x b)(z,y). But

axb=[axb)U(ad xV)N(axV)

so that
(axV)(z,y) = {alz)AV(y)}
= {a(z) A1}
= a(z)
we have

by) = VA{R,y)AaxV)(zy)}
\/{R(z.9) A a(2))
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Thus, if we view a as a unary relation on U, then b is the max-min
composition b = Roa of R with a. We also write b = R (a).
Consider next a modified version of the modus ponens. Suppose p =
q, but instead of having p = “z € d”, we have p* = “x € a*”, where a* is
a subset of some set X that might be different from a. The question is
“what is the conclusion b*” in
p=4q
p*
?
By analogy, we take

R(a")(y) = \/{R(z,y) A a*(x)}

for b*. It can be checked that

o bifa*Ca
R(a”) = { V otherwise

From this, we have R(a*) = b when a* = a.
This situation is similar to another form of deduction known as modus
tollens. The structural pattern of this rule of deduction is

p=4q
q

/

p

That is, if p = ¢ is true and q is false, then p is false. In terms of sets,
let for p = “z € a” and ¢ = “y € b”. Then (z,y) € R=(axb)U(a’ xV)
and y ¢ b imply that (z,y) € (¢’ X V'), and hence = € o’. Thus p is false.
The conclusion a’ from

“If x € a then y € b”
“y e b/”
is obtained as follows. The projection in V' of
[(axb)U(a x V)NV xb)=Rx (V)

is a’, so that

d'(z) = \/ {R(z,y) V¥ (y)}

yev
For convenience, we denote this expression as R~1(b’) so that by definition
R (V)(x) = \/ {R(z,y) vV V' (y)}
yeV

Now if the fact turns out to be “y € b*” with b* # b’ then the new
conclusion is a* = R™1(b%)
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7.7 Approximate reasoning in
expert systems

We saw above that it is possible to use control experts’ knowledge to
arrive at control laws. This is a special case of a much broader and am-
bitious perspective in this era of artificial intelligence—construction of
machines capable of exhibiting human behavior in reasoning. It is well
known that humans or experts in specific domains use very general forms
of knowledge and different schemes of reasoning to solve problems. The
attempt to mimic experts’ behavior leads to expert systems. From a prac-
tical point of view, by an expert system we simply mean a computer
system that can act like a human expert in some domain to reach “in-
telligent” decisions. Interested readers might consult [56] for a tutorial
introduction to the field of expert systems. However, no prior knowledge
about expert systems is needed to read this section and the next, since
we focus our discussion only on the motivation for using fuzzy logic in
knowledge representation and reasoning in a general setting.

Solving problems in human activities such as perception, decision
making, language understanding, and so on requires knowledge and rea-
soning. These two main ingredients are obviously related, as we reason
from our knowledge to reach conclusions. However, knowledge is the
first ingredient to have, and we first address the problem of represent-
ing knowledge obtained, and propose an associated reasoning procedure
capturing, to a certain extent, the way humans reason. When knowledge
is expressed by propositions that can be either true or false, classical
binary logic is appropriate. In this case, the associated reasoning proce-
dure will be based upon inference rules such as modus ponens and modus
tollens. When this knowledge is uncertain in the sense that truth values
of propositions are not known, other knowledge representation schemes
should be called upon. For example, in the context of rule-based systems
where knowledge is organized as rules of the form “If ... then ...” and
propositions, both rules and facts might be uncertain. This is the case,
for example, in the rule “If the patient coughs, then bronchitis is the
cause” and the fact “The patient coughs”. In this case, knowledge can
be represented in the framework of probability theory, and the associated
reasoning is termed probabilistic reasoning in which the rules of the
calculus of probabilities are applied to derive “confidence” in possible de-
cisions. More generally, when the concept of human belief is emphasized,
the associated reasoning can be formulated using the theory of evidence.

Observe that in typical decision problems, such as in a medical di-
agnosis problem, domain knowledge contains uncertainties coming from
various sources. To name a few, uncertain knowledge is due to impreci-
sion, incomplete information, ambiguity, vagueness or fuzziness, and ran-
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domness. Thus reasoning under uncertainty is the main modeling task
for building expert systems. Also, general knowledge is qualitative in
nature, that is, is expressed in natural language in which concepts, facts,
and rules are intrinsically fuzzy. For example, “high temperatures tend
to produce high pressure” is such a general bit of knowledge. That this
type of qualitative, imprecise information is useful in everyday decision
processes. And humans do reason with this common type of knowledge.
Of course, from imprecise knowledge, we can expect only imprecise con-
clusions. The reasoning based on this principle is called approzximate
reasoning. In the next section we will consider the case where domain
knowledge contains fuzzy concepts in a natural language, so that an ap-
propriate candidate for modeling is the theory of fuzzy logic.

The context in which a theory of approximate reasoning seems indis-
pensable is manifested by domain knowledge containing uncertainty and
imprecision. This is the case when linguistic descriptions of knowledge
contain

1. fuzzy predicates such as small, tall, high, young, etc.

2. predicate quantifiers such as most, several, many, few, etc.

3. predicate modifiers such as very, more or less, extremely, etc.

4. fuzzy relations such as approximately equal, much greater than, etc.
5. fuzzy truth values such as quite true, very true, mostly false, etc.
6. fuzzy probabilities such as likely, unlikely, etc.

7. fuzzy possibilities such as impossible, almost impossible, etc.

As first-order logical systems extend propositional calculus to include
the quantifiers V and 3, and predicates, fuzzy logic also deals with vague
predicates, for example fuzzy propositions of the form “John is young”,
where the vague predicate “young” is modeled as a fuzzy subset of an ap-
propriate space, as well as nonextreme quantifiers such as “most”, “few”,
and linguistic hedges such as “much”, “highly”, “very”, and “more or
less”. Also, fuzzy relations are modeled by fuzzy sets and are parts of the
language of fuzzy logic.

As a generalization of exact predicates, a fuzzy predicate, such as
“young” can be identified with the fuzzy subset “young” on a set S of
people. Similarly, a binary fuzzy predicate such as “looks like” can be
modeled as a fuzzy subset of S?, that is, as a fuzzy relation on S. Thus,
fuzzy predicates are fuzzy relations.
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The quantifiers like “most”, “few”, and “some” are related to “fuzzy
proportions”. For example, consider “most birds fly”. This fuzzy propo-
sition is of the form “most a’s are b’s with a and b being the crisp sets
“birds” and “flying animals”, respectively. The common sense is that al-
though a is not quite contained in b, it is almost so. So, formally, “most”
is a measure of the degree to which a is contained in b. The proportion of
elements of a that are in b is #(a N b)/#(a), say in the finite case, where
# denotes cardinality. Thus, when a C b, we get “all” or 100%. When
we do not know exactly #(aNb), a subjective estimate of #(aNb)/#(a)
can be numerical. If the estimate is, for example, “most”, then, as we
already mentioned, we have a choice between specifying the meaning of
the fuzzy quantifier “most” by a statistical survey or by fuzzy sets of the
unit interval [0, 1]. More generally, when a and b are fuzzy concepts such
as “young student” and “people without a job”, and the proposition is
“most young students do not have a job”, we are talking about “inclu-
sion of one fuzzy set in another” with degrees. Of course, if p, < p;, then
we get the quantifier “for all”. As far as cardinality and propositions
are concerned, one can extend these to the fuzzy case, using membership
functions. For example, let S be a finite set. For a fuzzy subset a of S,
one can generalize the concept of cardinality of crisp sets as follows:

#@) = > pale)
zeS
#(anNb)
#(a)
P ACITDINIAC))
ZxES /.La(l')

Then “most a are b” is translated into “#(b/a) is most”. Perhaps the
notion of degrees of inclusion of a fuzzy set a ina fuzzy set b provides
a clear semantics for fuzzy quantifiers. “Fuzzy inclusion” should not be
confused with inclusion of fuzzy sets.

We emphasize that the modeling of the concepts above by fuzzy sets
reflects a sort of gradual quantification, closely related to the meaning of
the linguistic labels, in the spirit that in natural language, meaning is a
matter of degree. Fuzzy logic, as a logic for vague propositions, is quite
different from probability logic.

Below are some examples of fuzzy modeling of quantifiers and hedges.

0 it z<0
m(z) =1{ 42° if 0<2<0.5 = “most”
1 if 05<z

#(b/a) =
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”
0.81
0.6]
0.4]
0.2]
0 02 04 06 08 i
A fuzzy modeling of “most”
1 if <0
F(z)=< 1—1222+162% if 0<2<0.5 = “few”
0 if 0.5<ux
”
0.8]
0.61
0.4]
0.2]
0 02 04 06 08 i
A modeling of “few”
0 if ©<5.8
t(z) =14 (1/0.7)x—5.8/0.7 if 58 <z <65 =%“all”

1 it 65<z
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0.87
0.67
0.41

0.27

5 52 54 5.6 58 6 6.2 6.4 6.6 6.8 7

A fuzzy modeling of “tall”

From a membership functions ¢(z) for “tall”, a function commonly
used to model “very tall” is (t(z))>.

0.87]
0.67]
0.47]

0.27]

5 52 5.4 5.6 5.8 6 6.2 6.4 6.6 6.8 7

A fuzzy modeling of “very tall”

We describe now the problem of knowledge representation on which
inference rules are based. Consider the simplest form, called the canonical
form, of a fuzzy proposition, such as P = “John is tall”. A meaning
representation of P is obtained by translating P into a mathematical
equation. The implicit variable in P is X = height of John. This variable
is in fact a linguistic variable since its values could be tall, very tall, short,
and so on. The proposition P specifies a value of X, namely “tall”. Under
the “constraint” A = “tall”, X is viewed as a numerical variable with
values in a set S = [0,10], say, and A acts as an elastic restriction on
possible values of X. Now, suppose we model A by a fuzzy subset of U
by specifying a membership function, still denoted by A. Then for each
x € U, the assigned value X = z is compatible with P to the degree A(x).
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In other words, the possibility that X = x is A (z). Thus P induces a
possibility distribution on the variable X, given by

IIx:S—1[0,1]: 2 — A(x)

The translation of “X is A” into this possibility assignment equation is
symbolized by “X is A” — Ilx = A.

In the example above, the fuzzy predicate “tall” is somewhat sim-
ple, so that the implicit variable X is clearly related only to height. In
more general cases, several implicit variables can be attributed to a fuzzy
predicate. For example, when the linguistic variable “appearance” takes
on the value “beautiful”, several factors are responsible for the concept
“beautiful”, so that X is multidimensional.

Next, consider P = “X is mA” where m is a modifier such as “not”,
“very”, or “more or less”. Then P is translated into IIx = A", where A™
is a fuzzy modification of A induced by m. For example, if m = “not”,
then AT (x) = 1 — A(x), if m = “very”, then A*(z) = [A(x)]?, and if
m = “more or less”, then A" (z) = /A(x).

Consider next compound propositions such as P = “X is A” and “Y
is B” where A and B are fuzzy subsets of X and ), respectively. P is
translated into

3

H(X7y) =AxB
That is, the joint possibility distribution of (X,Y) is identified with the
membership function of the Cartesian product of fuzzy sets by

Mixvy(z,y) = A(z) A B(y)

When the logical connective is “or” instead of “and”, the possibility as-
signment equation becomes

Mix,y)(z,y) = A(z) \V/ B(y)

A conditional proposition of the form “If X is A then Y is B” induces
a conditional possibility distribution Iy x) which is identified with a
fuzzy implication A = B given by

My x)(ylz) = A(z) = B(y)

where J is a fuzzy implication operator. Since there are various interpre-
tations of fuzzy conditionals, in a given problem some choice of J should
be made.

As an example of propositions involving fuzzy relations, consider P =
“X and Y are approximately equal”. When we specify the binary fuzzy
relation R = “approximately equal” by a membership function, the propo-
sition P induces a joint possibility distribution for (X,Y") as

Oixyy(z,y) = R(z,y)

We turn now to quantified propositions.
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7.7.1 Fuzzy syllogisms

Consider P = “QA’s are B’s”. “Most tall men are fat” is an example. Q)
stands for a fuzzy quantifier such as “most”. The concept of fuzzy quan-
tifier is related to that of cardinality of fuzzy sets. Specifically, @ is a
fuzzy characterization of the relative cardinality of B in A. When A and
B are finite crisp sets, then the relative cardinality of B in A is the pro-
portion of elements of B that are in A, that is, the ratio #(AN B)/#(B).
In this case, the associated implicit variable is X = #(A N B)/#(A), so
that “Q) A’s are B’s” is translated into IIx = ), where Q is specified by
its membership function. For example, the membership function for Q) =
“most” might look like
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The notion of cardinality can be extended to fuzzy sets by defining
#(A) =3, c A(z) where A is a fuzzy subset of a finite set U. Thus the
relative cardinality of the fuzzy set B to the fuzzy set A can be taken
as the ratio #(A N B)/#(A) where N is modeled by a t-norm such as
T(z,y) = x Ay. So, in general, “Q A’s are B’s” is translated into

Iy anB) /44 (@) = Q(z)

7.7.2 Truth qualification

Consider P =“X is A is 77, for example “John is young is very true”,
where 7 is a linguistic truth value such as “very true”, and is modeled
as a fuzzy subset of [0,1]. This type of proposition is translated into
IIx(z) = 7(A(z)).

7.7.3 Probability qualification

Consider P =“Tony is young is very likely”, which is of the form “X is A
is A” where A is a linguistic or fuzzy probability value that is modeled as
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a fuzzy subset of [0,1]. Note that, for simplicity, we denote the implicit
variable by X, which is in fact the implied attribute of Tony, namely
X = age of Tony. The concept “young” is modeled as a fuzzy subset of
X =[0,100]. P can be rephrased as “The probability of (X is A) is A”.
Now A is a fuzzy event, that is, a fuzzy set whose membership function
is measurable, so that within the basic framework of probability theory
with X considered as a random variable with density f, we have

P(A) = /X A() f(z)de

This probability of the fuzzy event plays the role of the variable of interest
and has the possibility distribution given by

Hpay(u) = Alu)
for w € [0, 1].

7.7.4 Possibility qualification

Consider P = “X is A is possible”. This is translated into IIx(z) =
[A(z),1]. Note that the possibility distribution of X is interval-valued.
From the knowledge representation above, reasoning with possibility

distributions can be carried through using various rules of inference as in
7.6.

7.8 A simple form of generalized
modus ponens

In everyday life, we usually employ the following type of reasoning:

e It is known that “If a tomato is red, then it is ripe”. Then if we see
a red tomato, we will classify it as ripe.

e From “If x is large, then y is small” and “x is large” we deduce that
“y is small”.

The only difference from classical modus ponens is that the predicates
involved are linguistic labels in natural language, and thus are modeled
as fuzzy subsets of the appropriate sets. From

p= “risa’
q — (Ly is b??

where a and b are fuzzy subsets of U and V, and = and y are variables
taking values in U and V, respectively, we have the schema
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p=q : “if zisathenyis?d’
P : “risa”
q D Yy is b

Now p = ¢ is a fuzzy conditional R, and can be modeled by a fuzzy
implication operator =. R is a fuzzy subset of U x V with membership
function

R(z,y) = a(z) = b(y)

Note that in the crisp case,

= :{0,1} x {0,1} — {0,1}

u=v = (uAv)V(l—u)
by) = AR y) Aa(2)}
zeU

Now in the fuzzy case, we can look at

R(a)(y) = \/ [(a(z) = b(y)) & a(x)]

zeU

where A is some t-norm. The appearance of the t-norm A is due to the
fact that p = ¢ and p being fuzzy propositions, we need to model the
connective “and” by some t-norm. In the classical case, we have R(a) = b,
but this is not true in the fuzzy case for arbitrary t-norms and arbitrary
fuzzy implications =. But there are choices where R(a) = b does hold.
Here are a couple of examples.

Example 7.8.1 For

ulNv = uv
lifu=0
(w=v) = { IAv/uifu##0
we have
(a(z) = b(y))a(z) = a(z) A b(y)
Thus

V(@) = by))alz) = \/{a(z) Ab(y)}
= by)
Example 7.8.2 For

ulAv = (u+v—-1)VO0
(u=>v) = 1A1—-u+v)
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we have

and thus

VAla(@) = b(y)) & a(z)} = b(y)

7.9 The compositional rule of inference

Consider the rule “If a tomato is red then it is ripe”, and the fact “The
tomato is almost red”. What can be said about the status of this tomato?
This is a fairly general pattern of modus ponens. The so-called composi-
tional rule of inference that we are going to formulate mathematically
in this section is a simple proposed solution to this type of question.
It constitutes an inference rule in approximate reasoning in which it is
possible to draw vague conclusions from vague premises.

The mathematical pattern of the generalized modus ponens is this.
Let X and Y be variables taking values in U and V, respectively. Let
A, A* and B be fuzzy subsets of appropriate spaces. From “If X is A
then Y is B”, and “X is A*”, find a reasonable fuzzy subset B* of U so
that “Y is B*” can be taken as a logical conclusion. We can view the
conditional statement above as a binary fuzzy relation R, that is, a fuzzy
subset of U x V, and A* as a unary fuzzy relation on U. As such, the
generalized modus ponens can be examined within a general framework
of relations. First, if f : U — V is a function, then the value b = f(a)
may be viewed as the image of the projection of {a} into V, that is, as the
(one-element) set {b € V : (a,b) € f}. When f is replaced by a relation
R, and A is a subset of U, then the image of the projection of A into V'
is the set

B={veV:(u,v)€ R for some u € A}

In terms of indicator functions,

B(v) = \/{(AXV) (u,v) A R(u,v)}

xzeU

V {A(u) A R(u,0)}

zeU

This can be written as B = R o A. Note that the notation A o R is also
used to retain the analogy with matrix operations in the finite case, where
addition and multiplication are replaced by maximum and minimum.
When R and A* are fuzzy subsets of U x V' and U, respectively, the
same composition R o A* yields a fuzzy subset B of V. When applying
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this procedure to the generalized modus ponens schema

If Xis AthenY is B
X is A*

we get the conclusion B* = R o A*, where R is a fuzzy relation on
U x V representing the conditional “If X is A then Y is B”. Thus
R(u,v) = (A(u) = B(v)) where = is a fuzzy implication operator. More
generally, the special t-norm A can be replaced by an arbitrary t-norm
A in the composition operation among relations, leading to

B*(v) = \/ {(A(u) = B(v)) & A*(u)}

uelU

Note that if we insist on the coincidence with the classical pattern of
modus ponens, that is, when A* = A, we get B* = B, then appropriate
choices of A and = are required. This choice problem can be broken
down into two pieces:

e For each fixed fuzzy implication operator =-, determine those t-
norms A such that B = Ro A.

e For each fixed t-norm A, determine those = so that B = Ro A.

These problems belong to the area of functional equations and will
not be discussed further.

7.10 Exercises

1. Let R and S be two A-fuzzy equivalence relations on U. Show that
W.UxU—1[0,1] : (u,v) = R(u,v) A S(u,v} is a A-fuzzy equiva-
lence relation on U.

2. Let
U = {ul,u2,...,un}
\% = {Ul,'UQ’...7Um}
W = {wi,ws,...,wk}

Let R and S denote relations in U x V and V' x W respectively,
in the form of n X m and m x k matrices, respectively. Verify that
Ro S is obtained by the product of the two matrices R and S when
addition is replaced by V and multiplication is replaced by A.
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Let
0.1 0.0 0.6 02 05 0
R=102 03 1 and S=1[09 1 03
0 04 05 1 05 04

Find the max-min, and max-product composition of R and S.

Let R be a fuzzy relation in U x U. Show that Ro R < R if and
only if R is transitive.

Let R be a fuzzy relation in U x U. For a € (0, 1], let
R. = {(u,v) : R(u,v) > «a}
That is, R, is the a-cut of the fuzzy set R. Show that

(a) R is symmetric if and only if the relations R, are symmetric
for all a € (0,1];

(b) R is min transitive if and only if R, are transitive for all a €
(0,1].

Suppose that R and S are fuzzy equivalence relations on a set U. Is
R o S a fuzzy equivalence relation?

Show that if R and S are fuzzy equivalence relations on a set U,
then so is R A S. What about RV S?

Prove the other half of Theorem 7.2.2.
Complete the proof of Theorem 7.2.5.
Complete the proof of Theorem 7.2.6.

Let {P, : € [0,1]} be a partition tree. Show that for any subset
Tof [0,1], Pp._ 0= Vaer P

acl © o

Verify equations 7.1 and 7.2.

Let d be a metric on the set U. That is, d : U x U — R* and
satisfies
(a) d(z,y) =01if and only if =y

(b) d(z,y) = d(y, z)
(c) d(z,y) < d(z,2) +d(z,y)
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14.

15.

16.

17.

18.

19.

20.
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Suppose that d(z,y) < 1 for all z,y € U. Define a fuzzy binary
relation R on U by R (z,y) = 1—d(z,y). Show that R is a A-fuzzy
equivalence relation on U, where A is the t-norm

rAy=(zx+y—1)VvO0

Let o denote max-/\ composition of binary fuzzy relations on U,
where A is any t-norm. Let R be a fuzzy binary relation on U
which is A-transitive and reflexive. Show that Ro R = R.

Let R be an equivalence relation on a set X, and let A be a contin-
uous t-norm on X. Verify that R is a A-fuzzy equivalence relation
on X.

Let A be a continuous t-norm and let R : [0,1] x [0,1] — [0, 1] be
defined by

R(z,y)=sup{z €[0,1] : 2 A (zVy) <z Ay}
Show that R is a A-fuzzy equivalence on [0, 1].

Let R be a fuzzy subset of [a,b] X [a,b] with membership function
R(z,y) = e 1*7¥l. Show that R is a product-fuzzy equivalence
relation on [a,b]. That is, show that

(a) R(z,z) =1
(b) R(z,y) = R(y, )
(c) R(z,y) > R(z,2)R(2,y)

Show that the a-cuts for R in the previous exercise do not all form
equivalence relations.

Construct an example of a A-fuzzy equivalence relation R on a
finite set U so that for some a, R, is not an equivalence relation
on U.

Let R be a fuzzy equivalence relation on U. Define d : UxU — [0, 1]
by d(z,y) =1 — R(z,y). Show that d is an ultrametric. That is,
show that
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21. Let {A1, Ag, ..., Ay} be a fuzzy partition of a set U. Verify that if
the A; are crisp, then they are pairwise disjoint and have union U.
Does a fuzzy set A together with its fuzzy complement A’ form a
fuzzy partition? Hint: think about normal fuzzy sets.

22. Are the following fuzzy partitions of [0,10]? Draw pictures of them.

(a) Ai(z) =x/10, As(x) =1—2/10
_f1—-x/5 if z<5
(b) Al(w)_{ @/5-1 if 5<u
_ z/5 i x<b
A2(”3)_{ 2-z/5 if 5<a
(c) Ai(z) =sin®z, As(z) = cos’
(d) Ai(z) =x/30, Az(z) = 22/100, Asz(z) =1 — /10
23. In the definition of morphisms of Chu categories, prove that compo-
sition of morphisms is indeed associative, and, that for each object,

the set of morphisms of that object to itself has an identity under
this composition.

24. In the definition of the functor F' from the category of sets to the
category FUZ Z, verify that F(f) is a morphism and that F(fog) =

E(f) o F(g)-
25. Show that b # R(a) for

ulAv=uAb, (u=v)=(uAv)V(1l-—0v)

26. Is b = R(a) in the following cases?

i) wbhv = u+v-1Vv0
N _ 1 if wu<w
YTET 100 usw

(i) wuhAhv = u+v—-1VvO0
u=v = l—-u+w

(iii) wAv = u+v—-1V0
u=v = 1l—uVwo

27. Verify that generalized modus ponens and generalized modus tollens
do generalize their classical counterparts.

28. Let u = v =1—uAwv. Find an operator A such that b = R(a).
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29. Consider the following classical modus tollens:

Rule : If XeAthenY € B
Fact . YeB*
Conclusion : X € A*

Verify that
A it B
1 U otherwise

where A, A* CU and B,B* C V.



Chapter 8

UNIVERSAL
APPROXIMATION

This chapter is devoted to an example of system modeling in which fuzzy
logic is put into effective use. We consider a system as an input-output
map: y = f(x). We assume that the internal structure of the system is
unknown, but qualitative knowledge about its behavior is available, say,
under the form of a collection of “If...then...” rules. The problem is to
construct a mathematical description of the system, based upon available
information, so that it will represent faithfully the “true” system. The
construction process consists of translating linguistic rules into mathe-
matical expressions using fuzzy sets and fuzzy logic, and defuzzifying the
combined fuzzy output. The systems so obtained are shown to be within
a class of designs capable of approximating the “true” input-output rela-
tion to any degree of accuracy.

8.1 Fuzzy rule bases

A system in which aspects of fuzziness are involved is called a fuzzy sys-
tem. Computer programs that emulate the decision making of human
experts, where the knowledge available and the reasoning processes in-
volve fuzzy concepts in a natural language, are fuzzy systems. Similarly,
dynamical systems that are controlled by fuzzy controllers are fuzzy sys-
tems. A fuzzy controller itself is a fuzzy system since the control law is
built using rules involving fuzzy concepts.

Consider a system where an input = (x1,...,%,) € R” will produce
an output y € R. Suppose the relationship y = f(x) is not known, but
the behavior of the output with respect to input can be described as a

235
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collection of linguistic rules of the form
R;: “Ifxyis Ay,...,xznis Ay thenyis B;”, i=1,2,...,k

where the A’s and B’s are fuzzy sets. When an input (z1,...,z,) is
observed, one needs to find an appropriate value for the output y.

In some areas of applications, for example fuzzy control, the inter-
pretation of “If...then...” in the fuzzy rule base is slightly different from
fuzzy implication of the previous chapter. Perhaps “If x is A then y is
B” really means “If x is A then y is B, ELSE, if z is not A then y is
undefined ”. This statement can be represented by the fuzzy relation

(Ax B)U (A" x ©)

where @ denotes “undefined”, that is, @(y) = 0 for all y. The membership
of this fuzzy relation is

(AAB)v (N(A)A@) = (AAB)v (N(4)A0)
= (AAB)vO
AAB

where (AA B) (z,y) = A(z) A B(y), and similarly for the t-conorms.
Thus in

R;: “Ifxyis Ay, ..., x,is Ap; thenyis B;”
each value y has a “rule weight” of
(AjcjcnAji(zi)) A Bily)

From this interpretation, given a rule base of k rules, the property
C, “appropriate values of output”, is represented by a fuzzy subset of R,

depending on input (x1,...,%,), which can be written informally as
Cly)= “IfaxyisAj1,. . ., oy is Ay then y is By”, or...
.or “Ifxyis Ay, . . ., xp is Apg  then y is By”.

Formally, with t-norm A and t-conorm v/, we have

Cly) = Vici<klAni(z1) & Agi(z2) A
ANApi(zn) A Bi(y); i =1,2,... K]

For example, if a Ab=aAband asyb=a Vb, then

Cly)=\ {Au(z1) A AAi(zn) A Bi(y)}

1<i<k
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The choice of A and 7 might depend on the problems at hand, or
might be justified by some criteria for sensitivity analysis.

The rules R; above are the result of modeling linguistic labels by fuzzy
sets. This is done by choosing membership functions reflecting the se-
mantics of the linguistic labels. Adjustment or tuning parameters of these
membership functions may be necessary to get a faithful representation
of the linguistic rules. We will not discuss these practical issues here.

From a theoretical viewpoint, assuming that we have a set of rules
with specified membership functions and logical connectives, the prob-
lem is how to produce a single output corresponding to an input x =
(z1,...,2y). Before treating the question, we consider some special cases.

Suppose the rules above are more precise in the sense that the B;’s
are singletons, that is,

R;: “Ifxiis Ay, ... ,z,i8 Ay theny=vy", i=1,2,...,k

In this case, B; = {y;}, so that

A 1 i y=wy
Bl(*”‘{o ity

Therefore, for y £ y;, i1 =1,2,...,k,

1A...A1A0=0

IN

and hence
Cly)=0v...v0=0
For y = y;, for some j € {1,2,...,k},
Alj(iﬂl) JANNRWAN An](.’lfn) Al= Alj(iﬂl) VANNIWAN An](l'n)

so that

C(y]) = V[O,...,O, (Alj(:vl)A,,A,Anj(xn)),AOAO]
== A1j<.’L‘1) VANNIWAN An](.’L‘n)

One can view C(y;) as a weight for y; (or a normalized weight w; =
Cly,)/ Zle C(y:)). A plausible single output value could be a weighted
average

k
Y= Z W;Y;
i=1
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As another example, consider the case where all fuzzy concepts in-
volved express a form of measurement errors around some plausible val-
ues. In this case, Gaussian-type membership functions seem appropriate,

so we can take
1(z—a;)?

o
1(z—b;)?
Bj(z) = exp {—72]}
2 B
For each rule R;, b; is a plausible candidate for the rule output, but with
some degree depending upon A;;(z;), i =1,...,n.

For example, choosing a A b = ab (product inference), the normalized
weight of the output b; of the rule R; is

_ IT Av()B; (y)
>y iy A ()

so that the overall output of the system, as a weighted average, is

k
vt =) w
i=1

wj

8.2 Design methodologies
Consider again the fuzzy set (output)
C(y) = Vici<k[Ari(m1) & - A Api(zn) A Bi(y)]

In order to obtain a single value for the output corresponding to an input
z = (x1,...,Zn), we need to transform the membership function C(y)
into a real number D(C). That is, we have to defuzzify the fuzzy set
C'. Such a transformation is called a defuzzification procedure. Some
defuzzification procedures are centroid defuzzification

JyCy)dy
D(C) = &==—=—"=
©) [ Cly)dy
and center-of-maximum defuzzification
p(C) = D=t ;””

where
m_ =inf{y : C(y) = maxC(z)}
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and

my =sup{y : C(y) = max C(z)}

A chosen defuzzification procedure is used to produce an output for
the system, namely

y* (z1,...,2,) = D(C)

where C(y) = [Aij(z1) A - A Api(xn) A Bi(y); i =1,...,k]. Thisis
known as a “combine-then-defuzzify” strategy, that is, we first combine
all the rules using fuzzy connectives to obtain an overall fuzzy set, and
then defuzzify this fuzzy set by some chosen defuzzification procedure.

Note that the two examples in Section 8.1 present another strategy,
namely “defuzzify-then-combine”. Indeed, for each rule R;, one first de-
fuzzifies the rule output, say, by selecting a plausible output value y; for
the rule, and then combine all these y;’s via a discrete version of the cen-
troid defuzzification procedure (weighted average) applied to the fuzzy
set (yi,w;), i =1,... k.

Again, like the case of fuzzy logical connectives, the choice of defuzzi-
fication procedures might depend on the problems at hand. However, it
is possible to make this choice “optimal” if we have some performance
criteria.

So far we have described an inference design, based on a fuzzy rule
base, without a rationale. Of course, a design is only useful if it leads to
a “good” representation of the input-output relation. Now, the “true”
input-output relation y = f(z) is unknown, and only some information
about f is available, namely in the form of a fuzzy rule base. The pre-
vious designs are thus only approximations of f. Therefore, by a “good”
representation, we mean a “good” approximation of f.

For a design methodology, that is, a choice of membership func-
tions for the A’s and B’s, of logical connectives A, 57, and negation, and
defuzzification procedure D, we produce an input-output map

fri(@n e mn) = Y7

We need to investigate to what extent f* will be a good approximation of
f. Basically, this is a problem in the theory of approximation of functions.
The following is a little technical, but it is necessary to spell out the main
idea. The design above will lead to a good approximation if for any € > 0,
one can find an f* such that ||f — f*|| < €, where || -|| denotes a distance
between f and f*. The following section contains necessary mathematical
tools for investigating this problem.
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8.3 Some mathematical background

In order to formulate and to prove some typical results about the ap-
proximation capability of fuzzy systems, we need some information about
metric spaces. A metric space is a set with a distance on it. Here is the
formal definition.

Definition 8.3.1 Let X be a set. A map d: X x X — R is a distance,
or a metric if

1. d(z,y) > 0 and d(z,y) = 0 if and only if x =y,
2. d(w,y) = d(y,v), and
3. d(z,y) < d(z,z) + d(y, 2).

A set together with such a function on it is a metric space. Condi-
tion 3 is the triangle inequality.

Some examples follow.
e Rwith d(z,y) =]z —y|
o R with d((w1,Z2, .., Tn), (Y1, Y25 - Un)) = /Dreyq (i — y;)?. This

is the ordinary distance on R".
L Rn Wlth d((.’l?h.’L‘Q, sy mn)u (y17y27 sy yn)) = Sup?:l{l Ty —Yi |}

e R" with d(($17$25 "'7z7l)5 (y17y25 7yn)) = Z;L:l | Ti —Yi |

e For an interval [a,b] of real numbers, let C([a,b]) be the set of all
continuous functions [a,b] — R. For f,g € C([a,b]) let d(f,g) =
SUPgeap) |f(2) — g(z)|. This is called the sup-norm on C([a, b]).

e If (X, d) is a metric space, then e(x,y) = d(z,y)/(d(z,y) +1) makes
X into a metric space.

e If X is any set, then d(x,y) =1 if z # y and d(z,z) = 0 makes X
into a metric space.

The verifications that these are indeed metric spaces are left as exer-
cises.

Let (X,d) and (Y,e) be metric spaces. A function f : X — Y is
continuous at a point x € X if for any € > 0 there is a § > 0 such that
e(f(z), f(y)) < e whenever d(z,y) < 6. The function f is continuous
if it is continuous at every z € X. If for each € > 0 there is a d such
that for all x,y € X, e(f(x), f(y)) < € whenever d(x,y) < 4, then f is
uniformly continuous on X.



8.3. SOME MATHEMATICAL BACKGROUND 241

A subset A of X is open if for each a € A there is € > 0 such that
B(a,€) = {z: d(z,a) < e} C A. The complement of an open set is called
closed. A point x is an accumulation point of A if for every € > 0,
B(z,e) N A # @. The closure of A, denoted A, is A together with all
its accumulation points. The closure of a set A is closed, and A=Aif
and only if A is closed. In particular, A = A. The set A is dense in X
if A= X. If Ais dense in X then for each x € X, there is an element
a € A arbitrarily close to it. That is, for any ¢ > 0 there is an element
a € A such that d(z,a) <e.

The set R of real numbers is a metric space with d(z,y) = | z — y |
and for a < b, the interval [a,b] is a closed subset of it. A classical
result is that with respect to this metric d, if the union of any collection
of open subsets of R contains [a, ], then the union of finitely many of
them also contains [a,b]. This is phrased by saying that any open cover
contains a finite subcover. A subset A of a metric space is compact if
any open cover of it contains a finite subcover. The subset A is bounded
if sup{d(x,y) : z,y € A} < co. Compact subsets of the Euclidean spaces
R™ are the closed and bounded ones.

If (X,d) and (Y, e) are metric spaces and f is a continuous map from
X to Y, then the image of any compact subset of X is a compact subset
of Y. If X itself is compact, then such a continuous map is uniformly
continuous. That is, a continuous map on a compact space is uniformly
continuous.

Let (X, d) be compact and C(X) the set of all continuous real-valued
functions on X with the metric sup ¢y | f(z) —g(z) |. If K is a compact
subset of C'(X), then for each € > 0 there is a 6 > 0 such that if d(z,y) <
d, then | f(x) — f(y) |< e for all f € K. Such a family K of functions is
called an equicontinuous family.

A classical result known as the Weierstrass theorem is that contin-
uous functions on a compact set [a,b] can be approximated uniformly by
polynomials. There is a generalization to metric spaces that we need. The
Stone-Weierstrass theorem is this. Let (X, d) be a compact metric
space. Let H C C(X) satisfy the following conditions.

e H is a subalgebra of C(X). That is, for a € R and f,g € H, we
have af, f+ g, and fg € H.

e H vanishes at no point of X. That is, for x € X, thereisan h € H
such that h(z) # 0.

e H separates points. That is, if z,y € X then there is an h € H
such that h(x) # h(y).

Then H is dense in C(X). That is, H = C(X). This means that any
real continuous function on X can be approximated arbitrarily closely
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by a function from H. Polynomials on an interval [a,b] satisfy these
conditions, and so continuous functions on [a, b] can be approximated by
polynomials. This is the classical Weierstrass theorem. For a proof, see
136).

8.4 Approximation capability

The design of a fuzzy system is aimed at approximating some idealistic
input-output maps. The problem is well known in various branches of
science, for example, in system identification and in statistical regres-
sion. Fuzzy systems are viewed as a tool for approximating functions.
In applications, the approximation techniques used depend on available
data.

Typically, a fuzzy controller, or more generally, a fuzzy system, is a
map from R™ to R constructed in some specific way. From a set of rules
of the form “If for i = 1,2,...,n, x; € Ay;, theny € B; for j =1,2,...,77,
where the variables x; and y take values in R and the A;; and B; are
fuzzy sets, one constructs a value y* = f*(x1 z9, ..., x,) by combining the
rules above. For example, choosing a t-norm A for the logical connective
“and” and a t-conorm vy for “or”, one arrives at a membership function

wy) = Vi<j<r [A1j(21) & o A Apj(mn) A Bj(y)]

and the quantity
. Urynly)dy)

(fz n(y)dy)

The map z — y* = f*(x) depends on
e the membership functions A;; and By,
e the t-norm A and t-conorm v/, and
o the “defuzzification procedure” p(y) — y*.

If we denote by M a class of membership functions of fuzzy concepts
on R, by L a class of fuzzy logical connectives, and by D a defuzzification
procedure, then the triple (M, £, D) is referred to as a design method-
ology and specifies the input-output map y* = f*(x). The function f
also depends on the number r of rules, and this dependency is indicated
by the notation f,.. The approximation capability of fuzzy systems is that
under suitable conditions on (M, £, D), the class of functions {f, : r > 1}
is dense in the space of continuous functions C(K) from compact subsets
K of R” to R with respect to the sup-norm. To illustrate this, we look
at two instances.
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Let F be the class of functions f : R®™ — R of the form

Do (Ayg(en) A Agy(an) A A Agy(en)

fz) =

where © = (z1, %2, ..., %), and z;,y; € R, A is a continuous t-norm, and
A;; are of Gaussian type. That is,

Aij(z) = Ozijef(zfa"'j)Q/ki"

If K is a compact subset of R™, then Fx will denote the restriction of
elements of F to K.

Theorem 8.4.1 Let a Ab = ab, oraAb = aANb. For any compact
subset K of R, Fk is dense in C(K) with respect to the sup-norm.

Proof. We prove the theorem for the case a A b. It suffices to verify
the hypotheses of the Stone-Weierstrass theorem. First, one needs that
Fi is a subalgebra, that is, if f,g € Fx and a € R, then f + g, fg, and
af are in Fx. This follows readily using the facts that (A{a;}) (A{b;}) =
Ni Nj {a;b;} whenever the a; and b; are positive, and that products of
Gaussian are Gaussian.

To show that Fx vanishes at no point, simply choose y; > 0 for all j.
Then f(x) > 0 since each p;;(z;) > 0.

We now show that Fx separates points in K. For f defined by

1 2

Nife”z(@i—ui)
fl@) = ——= ,_{,2 _}; )z
/\i{e 2(371, u;) }.’-/\Z{e 2(7/'1, v;) }

then for u,v € K with u # v, f(u) # f(v). Thus if g € C(K) and € > 0,
there is an f € Fg such that ||f — g|| < &, where ||g|| = Veex |g(z)]- @

The class F of continuous functions appears in the design situations
discussed in Section 8.1. We consider now a general class F(M, L, D) of
designs as follows. M consists of those membership functions p such that
w(z) = polazx +b) for some a,b € R and a # 0, and pg(x) is continuous,
positive on some interval of R, and 0 outside that interval. L consists
of continuous t-norms and t-conorms. D is a defuzzification procedure
transforming each membership function p into a real number in such a
way that if p(x) = 0 outside an interval (o, 8), then D(u) € [«, 5]. For

- 2 = ([ antarae) /([ uteris)

is such a procedure.
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Theorem 8.4.2 For any design methodology (M, L, D) and any compact
subset K of R™, F(M, L, D)|k is dense in C (K) with respect to the sup-
norm.

Proof. We need to show that for f € C (K) and for any ¢ > 0, there
exists g € F(M, L, D)|k such that || f —g| < e. Since f is uniformly
continuous on the compact set K, there exists d(¢) such that whenever

\/{|xz —yil:i=1,2,...,n} <d(e)

we have
[flz) = fly)l <e/2

Let r > 1. Since K is compact, there is a covering by r open balls with
the j-th centered at z\/) and with each of radius d(¢)/2. Consider the
collection of 7 rules of the form “If z; is A;; and xg is Ay and ... and =z,
is A,; then y is B;”, where the membership functions are chosen as
follows. Let pg be a continuous function positive on an interval («, )
and 0 outside. The function

fio(t) = po <Bgat+ﬁ42—a>

is in M, is positive on (—1,1) and 0 outside. Take

(4)
. t—z

0
Bt = i (—t L )>

Then for A,57 € L, let

() = \/ [A(m) A Agj(ai) A -+ A Apj(ai) A Bj(y)]

1<j<r

We will show that g(x) = D(u,) approximates f to the desired accuracy.

In view of the properties of D, it suffices to verify that p, is not
identically 0 and p,(y) = 0 when y ¢ (f(z) —e, f(z)+¢€). Now for z € K,
there is () such that

it

xT; — zgj)’ 1= 1,2,...,n} < d(e)

Thus
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for all 7 since )
T; — Z(])

5 - e (-1,1)

Taking y = f(21)), we have B;(y) = ji,(0) > 0. By properties of t-norms
and t-conorms, it follows that p,(y) > 0.

Next, let y ¢ (f(xz) — ¢, f(z) + €). By t-conorm properties, to show
that p,(y) = 0 it suffices to show that for j =1,2,...,r,

pj = [Arj(xi) & Agj(xi) & - A Ayj(xi) A Bi(y)] =0

Since A is a t-norm, p; = 0 if one of the numbers A;;(x;), B;(y) is 0. If
all are positive, then | f(z) — f(z(J))| < £/2 by uniform continuity of f
on K. On the other hand, by hypothesis, |y — f(z)| > ¢, and so

y — f(z9)
ey
Thus )
B;(y) = i <—y _Ef/(; )> =0
™

In summary, there exist various classes of fuzzy systems that can
approximate arbitrarily closely continuous functions defined on compact
subsets of finite dimensional Euclidean spaces. Fuzzy systems themselves
are finite-dimensional in the sense that the number of input variables is
finite. However, as we will see, they can be used to approximate con-
tinuous maps defined on infinite-dimensional spaces. This is particularly
useful for approximating control laws of distributed parameter processes.
In view of results such as the last two theorems, to handle the infinite-
dimensional case, it suffices to reduce it to the finite one.

Theorem 8.4.3 Let F' be a compact subset of C(U), where U is a com-
pact metric space. Let J : F' — R be continuous. Then for each ¢ > 0,
there exists a continuous function © from F to the finite-dimensional
Euclidean space R? for some q, and a continuous function J. defined on
the compact subset w(F') such that for every f € F,

|J(f) = Je(m(f)) < e

Before giving the proof, we remark that the problem of approximating
J by a fuzzy system is reduced to that of approximating J., which is a
continuous function of a finite number of variables. If a fuzzy system g
approximates J. to within e, then g also approximates J. In fact,

() = g (D] < |Je(m () = g(x (D] + [T(f) = Je(x ()] < 2
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This reduction is necessary for practical implementation purposes. This
procedure is parallel to computational techniques in H.-control in which
the H..-optimization problem for distributed parameter systems is re-
duced to a finite dimensional problem of finding weighting filters [43].

Proof. We use the notation ||-|| to denote the various norms that
appear. Since F' is compact, J is uniformly continuous on F', so there
exists §(¢) such that whenever || f — g|| < d(g), we have ||[J(f) — J(g)| <
€. Let G be a finite set of points in F' such that for every f € F', there
exists a g € G with ||f —g|] < d(g)/3. Since F is a compact subset of
C(U), F forms a family of equicontinuous functions, so that there exists
B(g) > 0 such that whenever ||u —v| < B(g), we have ||f(u) — f(v)| <
d(e)/4 for every f € F. Choose a finite set {v1,va,...,v,} =V C U such
that for every u € U, there exists a v € V such that ||ju — v|| < B(¢).

Define 7 : F' — R? by w(f) = (f(v1), f(v2), ..., f(vg)). Obviously

I =m@ll =V {|fe)-Fe)|}

1<i<gq
< \If =gl

so 7 is continuous and hence 7(F) is compact.
Define J. : 7(F') — R by

_ Saag(9)

) = g e

where for every g € G,

ag(f) =Vv{0,6(e)/2 = |I=(f) == (9)I}

is a continuous function of w(f). For every f € F, there exists a g € G
such that

l7(f) =@l < IIf -4l
< 4(e)/3
< 4(e)/2
$0 Y g(f) > 0. Thus J. is well defined and continuous on 7 (F).

Now
[J(f) = Je(m(M] < VII(f) = J(9))]
with the V over all g € G such that ||7(f) —7(g)|| < é(¢)/2. For every
u € U, there exists a v € V such that |ju — v|| < 8(¢), so
[f(w) —gu)le < [f(u) = f()[+|f(v) = g(0)[ + |g(v) = g(u)]
< 0(e)/4+f(v) —g(v)| +0(e) /4
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Hence

[l VAIF () = g}
G

5(e)/2 4 I=(f) = =(g)ll

Thus, when ||7(f) — 7(g)|| < d(¢)/2, we have ||f —g| < d(¢). Hence
|J(f) — J(g9)| < e, implying that for every f € F, we have

[J(f) = Je(m(f)) < e

IN

The theorem follows. m

8.5 Exercises

1. Show that the examples following Definition 8.3.1 are indeed metric
spaces.

2. Let F denote the class of all (real) polynomials in one variable z.
Verify that F is a subalgebra of C([a, b]), separating points in [a, b]
and vanishing at no point of [a, b].

3. Let F be the class of all even polynomials in one variable, that is,

those such that f(z) = f(—xz). Show that F does not separate
points in, say, K = [—2,+2].

4. Let F C C(K) satisfying the hypotheses of the Stone-Weierstrass
theorem. Let x # y.

(a) Let g,h € F such that g(z) # g(y), and h(x) # 0. Consider
o = g + Ah where X is chosen as follows.
If g(z) #0, then take A =0.
If g(x) =0, then take A # 0 such that

Alh(z) — h(y)] # g(y) #0

Verify that ¢ € F and ¢(x) # 0, o(z) # ¢(y).
(b) Let o = u?(x) — u(w)u(y). Verify that o # 0. Define

Verify that f1 € F and fi(z) =1, fi(y) =0.

(¢) By symmetry, show that there exists fo € F such that fo(z) =
0 and fo(y) = 1. Define f = f1 + fo. Verify that f € F and

flx)=fly) =1
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5. Let K = [0,1], and let G be a family of continuous functions on

K. Let F be the class of polynomials with real coefficients in the
elements of G, that is, polynomials P of the form

k
Pa) =Y algn (@)™ - [gim ()"

where «a;’s are real, g;; € G, and n;’s are integers > 0.

(a) Use the Stone-Weierstrass theorem to show that if G separates
points in K, then elements of C([0,1]) are approximable by
those of F.

(b) Show that if G’ does not separate points in K, then there exist
continuous functions in K that cannot be approximable by
elements of F. (Hint: There exist z # y such that for all

g € G, g(z) = g(y), implying that for all p € F, p(z) = p(y).
If f is a continuous function such that f(xz) # f(y), then f
cannot be approximable by F.)

Two metrics d and e on a metric space are equivalent if there are
positive real numbers r and s such that rd < e and se < d. Let
x = (x1,22,....,2,) and y = (Y1, Y2, ..., Yn) € R™. Show that

(a) dl(x7y) = ZZ:I |.’Ek - yk|7

(b) da(z,y) = V1gigk{|xk — Ykl}, and

() ds(w,y) = /3oy (wk — vk)?

are equivalent metrics on R”.

Let d be the discrete metric on R™. That is, d(z,y) = 1 if x # y
and 0 if z = y. Show that the metric d is not equivalent to any of
the three in the previous exercise.

Let X be a compact metric space and C (X)) the set of all continuous
functions from X into R. Operations on C (X) are defined for
frg€eC(X),a€R,and z € X by

(f+9)(x) = f(z)+g(z)
(fo)(x) = f(z)g(=)
(af)(x) = af(x)

(a) Verify that C'(X) is an algebra of functions.

f
f



8.5. EXERCISES 249

(b) Let [a,b] be an interval in R, and 1 and « the maps [a,b] — R
such that 1(c¢) = 1 and z(¢) = ¢ for all ¢ € [a,b]. Show that
the smallest subalgebra containing 1 and z is the set PP of all
polynomials in x with coefficients in R.

(c) Show that IP is not a closed set of the metric space C([a, b]).

9. Let X be a compact metric space. Then
d(f,g) = sup | f(z) —g(z) |
zeX

is a metric on C'(X).

(a) Let H be a subalgebra of C(X). Use the Stone-Weierstrass
theorem as stated in Section 8.3 to show that H is dense in
C(X) if for x # y € X and a,b € R, there is an f € H such
that f(z) = a and f(y) =b.

(b) Verify that if the subalgebra H contains the constant function
1 and separates points, then it satisfies the condition of the
previous part.

10. Let X be a compact metric space. Verify that C(X) is a lattice
under the order f < g if f(z) < g(x) for all x € X.






Chapter 9

POSSIBILITY THEORY

This chapter is devoted to a quantitative theory of possibility. We will use
some facts about random sets to provide a firm foundation for possibility
measures.

9.1 Probability and uncertainty

As discussed earlier, uncertainty arises in real-world problems in various
forms, of which randomness is only one. In formulating the structure of
a random experiment, such as games of chance, we list the collection of
all possible outcomes of the experiment. It is on the concept of chance
that we focus our attention. The theory of probability is first of all in-
tended to provide an acceptable concept of quantitative chance. Despite
the fact that events can be possible or probable, the lack of a quantita-
tive theory of possibility has led us to focus only on probability. One of
the contributions of probability theory to science is the rigorous quan-
tification of the concept of chance, together with a solid theory of this
quantification. This chapter is focused on the quantification of another
type of uncertainty, namely possibility. But it is appropriate to review
basic facts about probability theory, especially the concept of random
sets, which will play an essential role in developing the foundation for
other uncertainty measures, including belief functions in Chapter 10.
The quantitative concept of chance arose from games of chance, and
later was formulated in general contexts via an axiomatic approach due to
Kolmogorov. The uncertainty measure involved is a set function known
as a probability measure. Specifically, the mathematical model of a ran-
dom experiment is this. A set 2 is intended to represent the set of all
possible outcomes of the experiment, called the sample space. This name
is inspired from sampling survey theory, in which the random experiment

251
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consists of choosing, in some random fashion, a sample from the popula-
tion. A collection A of subsets of € is intended to represent events whose
probabilities can be assigned or defined. Here is the formal definition of
the concepts.

Definition 9.1.1 Let 2 be a set. A o-field or a o-algebra of subsets of
Q is a set A of subsets of Q such that

1. Qe A
2. If Ae A, then A’ € A, where’ denotes complement.

3. If S is a countable collection of subsets of A, then UacsA € A.
The pair (2, .A) is a measurable space.

A probability measure is a function P : A — [0,1] such that

4. If the elements of the countable collection S of subsets of A are pair-
wise disjoint, then P (UacsA) = Y 4cs P(A). (This is o-additivity. )

5. P(Q)=1.
The triple (0, A, P) is a probability space.

The triple (€2, A, P) is a common mathematical model of random phe-
nomena. There are some elementary immediate consequences.

e P(2)=0.
o If AC B, then P(A) < P(B).

e For a finite subset S of A,

P(Uaesd) = D (DTHP(Nacrd)
o#TCA

P(Naesd) = D (D7TFP(Usecra)
o#TCA

These last two equalities are Poincaré’s equalities.

A typical example for us will be that € is a finite set, and A is the
set 2 of all subsets of 2. When P is allowed to take values in [0, o], we
say that P is a measure, and that ({2, .4, P) is a measure space.

The uncertainty in games of chance and random phenomena is mod-
eled by probability measures, in which the range of a random variable of
interest is simply regarded as the set of all possible values of that vari-
able. Thus, any value in the range is possible, whereas any value outside
of the range is impossible. The intuitive concept of possibility does not
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seem to add anything to the analysis of chance. Although, from time to
time, we use the qualitative concept of possibility just to express some
form of optimism about uncertainty whenever precise quantitative prob-
abilities are not available. The framework of probability theory and its
calculus are designed to use objective empirical data gathered from nat-
ural random phenomena. But human perception about randomness can
also be expressed by what are known as subjective probabilities. Except
for the o-additivity of probability measures, the calculus of subjective
probabilities is the same as that of objective probabilities.

Now, in the realm of modern technology, known as intelligent tech-
nology, we are witnessing other useful forms of uncertainty. First, as
illustrated in Chapter 13 on fuzzy control, the essence in the design of
intelligent systems is the ability to imitate remarkable human intelligent
behavior in, say, decision making and control. To arrive at this level of
technology, we need a way to model perception-based information of hu-
mans. Since perception-based information is mostly linguistic, we need
to model it for processing. It is precisely the theory of fuzzy sets that
provides this modeling capability.

Typical perception-based information is a proposition of the form,
“Tony is young”. The analysis of such a proposition by Zadeh is this.
There is a underlying variable X in this proposition, namely X = age,
and its range is, say, [0,100]. The adjective “young” is then a fuzzy
subset A of [0,100]. Ignoring the variable X, A is simply a fuzzy subset
of [0,100], that is, a mapping A : [0,100] — [0,1]. But having X in
mind, the value A(x) has also another meaning, namely the degree of
possibility that X takes the value x. This is simply a natural extension
of the common sense that, if A is a crisp set, then A : [0,100] — {0, 1}
tells us that if € A, that is, if A(z) = 1, then X = z is possible with
degree 1, and if x ¢ A, that is, if A(x) =0, then X = z is impossible, or
its degree of possibility is 0. Thus according to Zadeh, fuzzy sets provide
a way to quantify the concept of possibility. From this natural extension,
Zadeh went on to propose the measure of possibility for a subset B of
[0,100] as sup,cp A(x).

Thus, as a set function, a possibility measure, defined on 2[%1%9 and
taking values in [0, 1] should satisfy the axiom

e for any index set I and A; C [0,100], ¢ € I,

Poss(X € Ujer4;) = sup(Poss(X € 4;))
il

Such a set function is no longer additive.

We are going to offer a foundation for the heuristic approach above
to possibility measures. Our idea came from asking a basic question.



254 CHAPTER 9. POSSIBILITY THEORY

Admitting that information gathered by humans is perception based,
“what is precisely the process underlying this information gathering?”.
This is somewhat similar to understanding, even in some rough fashion,
how our brain processes information led to the invention of neural network
computations.

Now, if we look at information of the form “Tony is young”, then we
realize that we might say so since we do not know the exact age of Tony.
In other words, the values of the variable X are not observable. The
process of perception consists of forming a coarsening, that is, picking a
collection of subsets, fuzzy or not, of [0, 100] for the purpose of extracting
imprecise information. Thus, we replace X by a set-valued function S
such that the true value of X is in S. For example, a coarsening could be
a fuzzy partition of [0, 100], for example, into "young", "middle age", and
"old". In the following, we will make the above rigorous. We choose to
use a nonfuzzy setting and a probabilistic framework, perhaps biased by
coarse data analysis in statistics. Our analysis will bring in an essential
ingredient from probability theory, namely the concept of random sets.
Note that in Section 1.4, we have pointed out that there exists a formal
relation between fuzzy sets and random sets. Here, as we will see, random
sets enter fuzzy analysis in a much more natural way. The idea is that
coarsening schemes are viewed as random sets. But first, we will outline
the concept of random sets in the next section.

9.2 Random sets

Roughly speaking, a random set is a set obtained at random. The most
concrete situation is in survey sampling. Let U be a finite population
of size n. To select a sample from U at random, we create a game of
chance by specifying the random selection mechanism, which causes a
subset to be chosen with a given probability. For example, this selection
mechanism may specify that each subset of size k be chosen with equal
probability 1/(}). The outcomes of this random experiment are subsets
of U of size k. The theory of probability provides a general framework to
include this type of random phenomenon.

Definition 9.2.1 If (2, A, P) is a probability space and (V,V) a measur-
able space, then a random element with values in 'V is a map X : Q -V
which is A —V measurable. That is, for B € V, X 1(B) = {w € Q :
X(w) € B} € A. The probability law of X is the probability Px on V
defined by Px(B) = P(X"Y(B)), B € V. When V = Ror R, X is
referred to as a random wvariable or vector, respectively. When V is a
collection of subsets of some set, X is called a random set.
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We discuss the random set case. Let U be a finite set with n elements.
Let V = 2Y and V be the power set of V. Then X : Q — V is a finite
random set provided that for A C U, {w € 2 : X(w) = A} € A In
this case, Px is completely specified by the probability density function
f:2Y —[0,1], where f(A) = P(X = A). The function f is a density on
2V since Y 4 f(A) = 1.

Let F: 2V — [0,1] be given by F(A) = P(X C A). Then clearly
F(A) = Y pcaf(B). Since (2Y,C) has Mobius function pu(A,B) =
(—=1)IP\] we have f(A) = ZBCA(71)|B\A‘F(B). (See Section 10.2 for
properties of the Mobius function.) The set-function F plays the role of
a distribution function for a random variable. It determines completely
the probability law Px. Note that F' is not additive.

We need a more general type of random set. Let V = F(R?), the
class of closed subsets of R?. To construct the o-field V, we topologize
F = F(RY) as follows. For A C R?, let

Fa = {FEF:FNA+g}
FA4 = [FeF:FnA=g}

Also let @ and K denote the classes of open and compact subsets of R?,
respectively. The so-called hit-or-miss topology of F is the one generated
by the base

B={F5 ¢ KEK G €O, n>0}

where
FE . a, =FNFe,n..NFq,

See [97] for details.

The space F(R?) with the hit-or-miss topology is a topological space.
The smallest o-field containing the open sets of this topology is called the
Borel o-field of F, and is denoted B(F). Taking V = B(F), a measurable
S:Q — F(RY) is a random closed set with probability law Px on B(F).
As in the case of finite random sets and of random vectors, it turns
out that Py can be determined by much simpler set functions. In the
case of finite random sets, the distribution function F' of a random set
X : Q — 29 with Q finite is F(A) = P(X C A), A C U. A conjugate
function T of F also uniquely determines Py, where T : 2 — [0, 1] with
T(A) =1-F(A) = P(XNA # @). The set function T is called the
capacity functional of X.

If X is a random vector with values in R?, then { X} is a random closed
set on R? whose probability law Px of X, viewed as {X}, is completely
determined by the set-function T': K — [0, 1] given by T(K) = P({z} N
K # @). Indeed, since R? is a separable, complete metric space, the
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probability measure Px is tight ([18]), and as a consequence, for A €
B(RY), we have Px(A) = sup{Px(K) : K € K,K C A} by observing
that T(K) = P(X € K) = Px(K).

It can be checked that T satisfies the following basic properties.

1. 0<T<1,T(2)=0.
2. f K,, and K € K and K, \, K, then T(K,) \, T(K).

3. T is alternating of infinite order, that is, T is monotone increasing
on K, and for any K1, Ko, ..., K,,, n > 2,

)=, 5

GAIC{1,2,...,n} il

A set-function T, defined on K and satisfying the properties above
is called a capacity functional. The upshot is that such a capacity
functional determines uniquely a probability measure on B(F), that is,
the probability law of some random closed set on R?. This remarkable
result is due to Choquet. A probabilistic proof of it can be found in [97].
Here is the Choquet Theorem.

Theorem 9.2.2 If T : K — R is a capacity functional, then there exists
a unique probability measure Q on B(F) such that Q(Fi) = T(K) for
al K € K.

9.3 Possibility measures

“Events can be improbable but possible.” Thus, from a common sense
point of view, possibility is a different type of uncertainty than chance.
The qualitative concept of chance has been quantified by probability mea-
sures, which are set-functions satisfying Kolmogorov’s axioms. In view of
potential applications in the field of artificial intelligence, we are facing
the same foundational problem, namely how to axiomatize quantitatively
the concept of possibility.

Numerical degrees of possibility are detailed specifications of the com-
mon sense concept of possibility. This is somewhat similar to human
control strategies of, say, dynamical systems. For example, consider the
problem of controlling a pendulum. Its mathematical model is discussed
in section 13.1, and in particular how control laws for the pendulum
can be developed from this model. But human operators can success-
fully balance the pendulum without the knowledge of the mathematical
model. This is due to the fact that they use more detailed rules than the
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ones for the mathematical model, in which linguistic terms like “posi-
tive” and “negative”, are specified further like “positive small”, “positive
medium”, “positive big”. These are examples of coarsenings in gathering
perception-based information. See Chapter 13 for further details.

The following situation in probability theory is subtle. Let X be a
random variable uniformly distributed on the unit interval [0, 1]. That
is, consider the experiment of picking at random a number in [0, 1]. Any
z € [0,1] is a possible value for X, but for any =, P(X = z) = 0. The
distribution function of X is F(z) = P(X < z) is

0 for <0
Flz)=¢ = for 0<z<1
1 for z>1

The derivative f of F, which exists almost everywhere except 0 and 1, is
f(z) =1forz € (0,1) and 0 for x < 0 and x > 1. Now, f(z) # P(X = z),
but since any z in [0, 1] is possible, f(z) could be used to denote the
possibility of the value z. Clearly, if A C [0, 1], then the possibility for
X € A should be 1, that is Poss(X € A) = sup,c 4 Poss(X = x).

We now proceed to elaborate on coarsening as a perception-based
data-gathering process. If we look at look-up tables in the successful
field of fuzzy control, we often see rules containing linguistic labels such
as “small”, “medium”, and “large”. This is a coarsening of the underly-
ing variable, say, distance to some referential location. Being unable to
measure distance accurately with the naked eye, humans try to extract
useful information by considering some simple schemes over the correct
measurements. These fuzzy sets “small”, “medium”, and “large” form
a fuzzy partition of the range of the variable under consideration. In
stronger terms, when you cannot measure exactly the values of a variable
X, coarsen it.

Let us specify this in a familiar context of statistics in which, to make
matters simple, we will consider only crisp sets. Extensions to the fuzzy
case require the theory of random fuzzy sets.

Suppose we perform a random experiment to gain information about
some random variable X of interest. Suppose, however, X cannot be
observed directly or with accuracy, but instead, its values can only be lo-
cated in some regions. This is refered to as coarse data in recent statistics,
such as censored or missing data in survival analysis, and in biostatistics.
See for example [73].

A simple situation involving this type of imprecise data is this. Sup-
pose the random variable X of interest cannot be observed precisely,
but instead, its outcomes can be located in known subsets of a space U,
say Uy, Us,...,Up,,, a measurable partition of U. Inference about its un-
known density g(x|6), 6 € O, from coarse data is desirable. The partition
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Uy,Us,...,U,, is a coarsening of X. Specifically, this coarsening gives rise
to the observable nonempty random set S : Q@ — {Uy, Us, ..., Uy, }, defined
on some probability space (2,4, P). Since each X (w) is observed to be
in some U;, the random set S is an almost sure selector of X and it has
the density given by

f(U) = P(S =U;) = / o(]0)da

i

A coarsening of X is a nonempty random set S such that P(X € S) = 1.
See Definition 10.1.2.

Let S be a coarsening of X on a finite set U. If S(w) N A # @,
then all we can say is that “it is possible that A occurs”. A plausible
way to quantify these degrees of possibility is to take P(S(w) N A # o.
First, it seems to be consistent with common sense that possibilities are
larger than probabilities since possibilities tend to represent an optimistic
attitude as opposed to beliefs. (See Chapter 10.) This is indeed the case
since as an almost sure selector, we clearly have {X € A} C {SNA # o},
and hence

P({X € A}) < P({SN A # @})

Now observe that the set function T'(A) = P({SN A # @}) characterizes
the distribution of a random set. However, not all such T" can be used to
model possibility measures.

According to Zadeh, a subjective concept of “possibility distributions”
is primitive: 7 : U — [0, 1], just like a membership function of a fuzzy
concept. From m, possibilities of events could be derived. Now, in our
coarsening scheme, there exists a canonical random set which does just
that. This canonical set has its roots in an early work of Goodman [58]
concerning relations between fuzzy sets and random sets.

Here is the analysis. From T(A) = P({SN A # &}), we see that
when A = {u}, T({u}) = P(u € S) = n(u), the covering function of the
random set S, where w : U = {uy,ua, ..., ux,} — [0, 1]. Given m, there exist
many random sets S admitting 7 as their common covering function.

Let Vi(w) = S(w)(u;), i = 1,2,..., k, where, again, for A C U, we write
A(u) for the value of the indicator function of the set A at u. Each Vj is
a {0,1}-valued random variable with

P(V; = 1) = Plu; € §) = p(us)

The distribution of the random vector V- = (V1, V3, ..., Vi) is completely
determined by Pg and vice versa. Indeed, for any = = (1,22, ...,2x) €
{0,1}*, we have P(V = x) = P(X = B), where B = {u; € U : 2; = 1}.
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The distribution function of Vj is

0 if y<0
Fiy)=4 1—m(u;) if 0<y<l
1 it oy>1

Thus, given the marginals Fj, the joint distribution function F' of V is of
the form

F(y17y2a -'-7y/€> = C(Fl(y1)7F2(y2)7 "'7Fk(yk))

where C is a k-copula, according to Sklar’s theorem [111].
Examples of 2-copulas are zy, x Ay, and (z+y — 1) VO.

k
For C(y1,y2,..,yx) = [] i, we obtain the well-known Poisson sam-
i=1

pling design with density '
FA) =TI~ [T -=G)
JjEA JeEA’
For C(y1,y2, ..., yx) = Ay;, we get
FA) =Y (0PI = \/{=(5) : j € B'Y]
BCA

which is the density of the following nested random set. Let a : @ — [0, 1]
be a uniformly distributed random variable. Let S(w) = {u € U : w(u) >
a(w)}. This random set is referred to as the canonical random set
induced by 7. Then 7(u) = P(u € S), and moreover

P(SNB+#@)=P ({w:a(w) < \/ W(u)}) = \/ m(u)

ucB ueEB

Using this canonical random set, which is a coarsening scheme, we thus
arrive at Zadeh’s axioms for possibility measures.

Definition 9.3.1 A possibility measure on a set U is a function w :
2V — [0,1] satisfying

1. 7(@)=0,(U) =1,
2. for any family {A;}icr of subsets of U, m(Uier(A;) = sup;e; m(A;).

Of course, the restriction of 7 to one-element subsets gives a map
U — [0,1] that is the possibility distribution associated with 7. The
function 7 and f clearly determine one another.
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At the application level, a possibility distribution is specified, and the
axioms of possibility measures provide the basis for calculations. This
specification of possibility distributions is somewhat similar to that of
inclusion or covering functions in survey sampling that leads to desired
sampling designs.

The example above of the canonical random set S is obtained by ran-
domizing the a-level sets of the possibility distribution. Of course there
are many other random sets that have the same covering function. This
is completely similar to sampling designs with given inclusion function.
See Section 6.5.

Let ¢ : U — R. The function T : 2V — R such that T(K) =
sup,ci ¢(x) is very special. It is maxitive in the sense that for any
Ay and Ay T(A1 U Ay) = max{T(A41),T(A2)}. Such set-functions are
necessarily alternating of infinite order. This result is interesting in
its own right.

Theorem 9.3.2 Let C be a nonempty set of subsets of a nonempty set
U containing @ and stable under finite intersections and unions. Let
T : C — R be mazitive. That is, let T(AUB) = max{T(A), T(B)}. Then
for elements Ay, As, ..., A, of C,

T ((n] AZ-) < > (= (U AZ-)
i=1 o#JC{1,2,...,n} ieJ

That is, T is alternating of infinite order.

Proof. Since A C B implies T(AU B) = T(B) = max{T(A4),T(B)},
T is monotone. Note that for any Aq, Ao, ..., A, in C,

T (O Al-) =max{T(4;),i =1,2,...,n}
i=1

Let I ={1,2,...,n}.We need to show that

T <ﬂ Ai> < > (=pr (U Aj>

il o£JCI i€l

We may assume that T'(A4;) < T(A2) < ... < T(A,). Let I(i) be the
set of subsets of {1,2,,,7} that contain 3. Then 27 is the disjoint union
Uier(i). Note that Yg ey (=D =0 for i > 2, and = 1 for i = 1.
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Therefore,
Z (71)‘J‘+1T (U Aj) — Z Z \J\JrlT UA
@#£JCI icl i€l g£JCI( jeJ
= Y 1(4) Z (=1l
icl @£JCI(i)
= T(4)
iel
[

We will elaborate more on maxitive set-functions because possibility
measures are special cases of them.

Viewing a possibility distribution on R% as a covering function of a
canonical random closed set on R?, we see that the “uniform distribution”
on R, f(z) = 1 for x € R, which is an “improper” probability density
in Bayesian statistics, is in fact a possibility distribution since it is the
covering function of the degenerate random closed set S = R on R. In
fact, for all @ # K C K(R), T(K) = P(SN K # @) = 1. More generally,
while possibility distributions are not necessarily probability densities of
random variables, they determine distributions of random sets.

While in everyday language, we usually talk about something being
possible, it was Zadeh [170] who laid down the numerical concept of possi-
bility. We have provided a connection between possibility and probability
in which degrees of possibility can be nonzero while probabilities are zero.
Also, as set-functions, possibilities of events exhibit the maxitivity prop-
erty, as opposed to additivity of probability measures. This reminds us of
a familiar situation in analysis where we seek finer scales of measurements
for the sizes of sets which have measure zero, such as various concepts
of dimension in fractal geometry. These set-functions are maxitive and
possibility measures are special maxitive set-functions.

9.3.1 Measures of noncompactness

Kuratowski [13],[6] introduced a measure of noncompactness in topol-
ogy as follows. Let U be a metric space with metric §. Recall that the
diameter of a subset A of U is §(A) = sup{é(z,y) : =,y € A}. Let
a : 2V — R* be defined by a(A4) = inf{e > 0 : A can be covered by
a finite number of sets of diameter smaller than e}. It is well known
that this measure of noncompactness is maxitive. Note that for A C R?,
a(A) = 0 or oo according to whether A is bounded or not. But for an
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infinite dimensional Banach space, a can take any value between 0 and
00.

Here is an example that can be used to investigate the Choquet the-
orem on nonlocally compact Polish spaces. Let U be the closed unit ball
of the Hilbert space £5, where

bo = {z=(vp,n>1):]z]|* = Zx < o0}
U = {ze€by:|lz]| <1}

Let G denote the class of open sets of U, and B(z,r)={yeU:||lz—y|| <
r.For Ae G leta, =inf{r >0: AC U B(z;,7)}. Since (o, (A),n > 1)

is a decreasing sequence, we note that a(A) = limy, 00 @n(A) for all
Aegd.

Note that no «,, is maxitive. Indeed, let {B(z;,r) : r > 0, i =
1,2, ...,2n} be a family of 2n disjoint balls in U. Let A = |J B(z,7), and

i=1
2n
B = | B(zi,r). Then ay,(A) = a,(B) =r, but a,, (AU B) = 2r.
i=1
However, « is maxitive. Indeed, for A, B € G, we have ag, (AU B) <

max{ay,(4), an(B)}, n > 1. Thus a(AUB) < max{a(A),a(B)}, yielding
a(AU B) = max{a(A),a(B)}.

9.3.2 Fractal dimensions

First, we consider various concepts of dimension in the fractal geome-
try of R? [42]. For A # @ and bounded in R?, let N,(A) denote the
smallest number of sets of diameter r that cover A. Then the upper
box-dimension of A is defined to be

dimp(A) = lim sup log N (4)
—logr
A more familiar concept of dimension is that of Hausdorff, which is de-
fined in terms of measures. We say that a finite or countable collection of
subsets (Up,n > 1) is an r-cover of a set A if it covers A with diameters
0(A,) < r for all n.
For s > 0 and r > 0, let

o0

H*™ = inf {Z(é(Un)s :{U, : n > 1}) is a cover of A}

n=1

Since H:Y decreases as r decreases, we let H°(A) = lim,_,0 H:(A).
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The Hausdorff dimension of A is defined in terms of the s-Hausdorff
measures

dimpg(A) =inf{s: H°(A) = 0 =sup{s: H°(4) = oo}

Another similar concept of dimension is the packing dimension.
For r > 0, a finite or countable collection of disjoint closed balls B,, of
radii at most r with center in A is called an r-packing of A. For r > 0
and s > 0, let

P?(A) = sup {i(d(Bn))s) :{Bn,n > 1} is an r-packing of A}

n=1

Again, P? decreases as ¢ decreases, and we let P§(A) = lim, g P?(A),
and the s-packing measure be

P*(A) = inf {Z Py(En): AC | En}
n=1 i=1
The packing measure of A is
dimp(A) =inf{s: P*(A) =0} = sup{s: P*(A) = oo}

All three dimensions above, as set functions are maxitive (or finitely
stable in the terminology of fractal geometry). Moreover, the Hausdorff
and packing dimensions are countably stable, that is,

dim (U An> = sup dim(4,)
n=1

1<n<oco

(or o-maxitive), where dim denotes either the Hausdorff or packing di-
mension. This stronger property implies that countable sets of R? have
Hausdorff and packing dimensions zero. The proof of the properties above
will be given next, as a consequence of a general method for constructing
maxitive set-functions.

9.3.3 Information measures

We indicate here some limiting procedures leading to the max operation.
In the study of gemeralized information measures of Kampé de Fériet
[113], the justification of the minimum operation as a composition law
comes from the study of the convergence of a sequence of Wiener-Shannon
information measures. Specifically, let P, be a sequence of probability
measures on ({2, A), and &, > 0 with £, — 0 as n — oco. We are inter-
ested in lim,_ o0 (—€y, log P,,(A)) for A € A. The reason is this. Suppose
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this limit exists for each A. Then J(A) = lim,,,o0(—¢&x log P, (A)) can be
taken as an information measure. It turns out that J admits the idempo-
tent operation min, that is, J(AU B) = min(J(A), J(B)) if the sequence
of submeasures PS" converges pointwise to a o-maxitive set function I.

Here is an example where such a situation happens. Let (2, A, P)
be a probability space. Let f : Q — RT be measurable and such that
f € L>*(Q, A, P). Since P is a finite measure and f € L>°(Q, A, P), it
follows that f € LP(Q, A, P) for all p > 0. Here

(U1 f1l)7 = /Q FPdP < |IfIIE, / aP = ||fI1.

where
1£lee = inf{a >: P{w: [f(w) > 0} =0

Consider the sequence of probability measures defined by

Po(A) = ( / If"dP) /[ iapar

Then
- Lalln 1f-Lalloo
(Pn(A))l/n = -
[ f1]n I1.f 1o
as n — 00. (14 is the indicator function of A.) Now, the set function limit
7(A) = ||f - 14|l is maxitive, in fact is o-maxitive. This can be seen as
follows.
T(A) = inf{t>0:P(AN(f>1t)=0
= inf{t>0:A4ecW,}
where
W, = {Ae A:P(ANn(f>1t) =0}
{Aec A An(f>t) e W}
where

W={A€A:P(A) =0}

Note that W and W, are o-ideals in A, that is, W is a nonempty subset
of A, stable under countable unions, & € W, and hereditary (if A € W
and B € A with B C A, then B € W). Moreover, the family of o-
ideals W; is increasing in t. As such, 7(4) = inf{t > 0: A € W,} is
o-maxitive (inf @ = 00). Indeed, if A C B, then by properties of o-ideals,
{t: Be W} C{t:te W}, and hence 7 is monotone increasing.
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Next, let A,, € A. Then by monotonicity of 7, we have

T (U A, > stTllp T(An>>

Let s > sup,, 7(4,). For any n > 1, 7(4,) < s implies that 4, € W
since the family W; for ¢ > 0 is increasing. Thus |J A, € W, resulting
n

inTJAn | <s.

Th?s shows that if W, ¢ > 0, is an increasing family of o-ideals of
A, then the set function on A defined by V(A) = inf{t > 0 : A €
W;} is necessarily o-maxitive. As an application, if we look back at the
Hausdorff dimension, we see that, with Wy = {4 : H'(4) = 0}, the
family W, is an increasing family of o-ideals in the power set of R?, and
as such, the Hausdorff dimension is o-maxitive, and hence alternating of
infinite order.

Of course, the situation is similar for maxitive set-functions. If 7 :
A — Rt 7(2) = 0, and maxitive, then for each t > 0, M; = {A: 7(A) <
t} is an ideal in A. Moreover, we have 7(A) = inf{t > 0 : A € M;}.
Conversely, let (Wy,t > 0) be an increasing family of ideals of A. Then
the set-function on A defined by 7(A4) = inf{t > 0: A € W,} is maxitive.
Note that (Wi, t > 0) might be different from (M,, t > 0). They coincide
if and only if OV;, ¢ > 0) is right continuous, that is Wy = (| W;. Finally,

s>t

note that if the ideal W in the construction of W, = {A: AN (f > 0) €
Wt is @, then

T(A)=inf{t >0: AN f>t)=0} =sup f(x)
TCEA

Maxitive set-functions of the form 7(A) = sup 4 f(z), where f: Q@ — RT
are very special, since they are maxitive in a strong sense, namely, for
any index set I and (A;,i € I),

T (U Ai> = sup 7(4;)

icl i€l

When 7(£2) = 1, such set-functions are of course possibility measures as
defined earlier, and are also called idempotent probabilities [131].
Another way of justifying the maximum operator in possibility theory
is to study limits of set-functions. In the generalized information theory
of Kampé de Fériet [113], the operation min is justified as the composi-
tion operation of the limit of a sequence of Wiener-Shannon information
measures. The situation for possibility measure is completely dual. It
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turns out that possibility measures are formally limits, in a certain sense,
of families of probability measures.

We mention here briefly the occurrence of maxitive set-functions in
two fields of analysis, namely idempotent analysis and large devia-
tion theory [8], [24], [25].

If we look at a situation in which we have a sequence of probability
measures P, on (©,.4), and we wish to find lim,, ... (P, (A))"/" for some
set A, then this is the same as looking as lim,, ., % log P,,(A).

Recall that the purpose of the study of large deviations in probability
theory is to find the asymptotic rate of convergence of a sequence of
probability measures P, of interest. Typical situations are as follows.
For almost all sets A, P,,(A) tends to zero exponentially fast, and for
particular sets A, (—1/n)log P,,(A) has a limit, which is written as the
infimum of a rate function I over A.

The general set-up is this. Let 2 be a complete, separable metric
space, and A its Borel o-field. A family (P. : € > 0) of probability
measures on (€, A) is said to obey the large deviation principle if there
exists a lower semicontinuous function I : Q@ — [0, 00] called the rate
function such that

1. for a >0, {z € Q: I(z) < a} is compact
2. for each closed set F of 2, limsup,_,,elog P-(F) < —infp I(w)

3. for each open set G of Q, liminf._,gelog P.(G) > —infg I(w)

It is clear that the set function 7(A) = —inf,ca I(w) = sup,,c 4 d(w)
on A, where ¢(w) = —I(w), is maxitive with “density” ¢. Note that 7
takes negative values.

This large deviation principle can be expressed as a nonnegative max-
itive set-function M(A) = sup,c 4(e 1)) as

1. limsup,_,o(P.(F)) < M(F),
2. liminf. o (P:(G))¢ > M(G).

This maxitive set function M is called a deviability [131], and is viewed
as a limit of probabilities. In other words, the family (P.,e > 0) satisfying
the large deviation principle with rate function I is the same as “large de-
viation convergence of the P. to M”. Note that I is lower semicontinuous
and hence ¢(w) = e~!(“) is upper semicontinuous with values in [0, 1].
Thus M is a capacity functional of some random closed set .S on 2. The
conditions above remind us of the weak convergence of probability mea-
sures [18] in which, if P. and M are replaced by probability measures, the
conditions are equivalent. The large deviation principle can be viewed as
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a sort of generalization of weak convergence of probability measures, and
possibility measures appear as limits of large deviation convergence.

A “limit” set-function like M is not additive with respect to the ad-
dition operation on R, but it is “additive” with respective to the idem-
potent operation max . It turns out that this is precisely the framework
of idempotent analysis in which, mainly in view of optimization theory,
the algebraic structure (R™, +,-,0,1) is replaced by the idempotent semi-
ring (RT U{-oc0},V, +, —00, 1). The semiring is idempotent since V is an
idempotent operation.

9.4 Exercises

1. Let (2,4, P) be a probability space, n a positive integer, Ay, ..., A, €
A, and I = {1,2,...,n}. Prove that

(a) P(UictAi) = g yc (=D P(Nic s A).
(b) P(NicrAi) = X gpyc (=D P(Uie s 4)).

2. Let U be a finite set. Let S be a random set, defined on (92, A, P
with values in 2Y\{@}. Consider T : 2V — [0, 1] defined by T(A) =
P(SN A # ). Verify that

(a) T is monotone increasing,.
(b) T(@)=0and T(U) = 1.

(c) Let
Ao(Ag) = 1-T(A)
A1<A0, Al) = T(Ao U A1) — T(Ao)
Ag(Ap; A1, Ag) = A(Ags Ar) — A1(Ag U Az Ay)

An(AO;AlawAn) = An71<AO;A17"'7An71)
7An,1(A0 U An, Al, ...,Anfl)

Then A,, >0 for all n > 1.

3. Let S be a random set on a finite set U, and X be an almost sure
selector of S.See Definition 10.1.2. Let F(A) = P(S C A) and
Px(A) = P(X € A). Show that for all A C U, F(A) < Px(A).

4. Show that the intersection of an arbitrary family of o-fields on a
set is a o-field.
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5. Verify that the Borel o-field of R is generated by open intervals.
6. Let (Q, A, 1) be a measure space. Verify the following:

(a) p is monotone increasing.
(b) #(AU B) + (AN B) = u(A) + u(B).
(c) If A, is an increasing sequence of elements of A, then

(U] = iy
n=1

(d) Let B € A. Then the function v(A) = (AN B) is a measure
on (2, A).

7. *Let Q be a set and F the set of all finite subsets of Q. For I and
Jin F, let

M(I,J)={A: ACQICAANJ =2}

Let M be the o-field generated by the M (I, J)’s. Let 7w be a possi-
bility measure on 2. Show that there exists a unique probability
measure P on (2, M) such that for I € F

m(I)=P{A: ANI # &}
Hint: Use Mathéron’s theorem in [97].

8. *Here is another probabilistic interpretation of possibility measures.
Let f be a possibility distribution on R™. Suppose that f is upper
semicontinuous, that is, that for any real number «, {z € R" :
f(x) > a} is a closed subset of R™. Let F be the set of all closed
subsets of R™ and C the Borel o-field of F viewed as a topological
space. Let 7 be the possibility measure associated with f. Show
that there exists a unique probability measure P on (F,C) such
that for any compact set K of R™

n(K)=P{F:FeFFNK #o)}
Hint: Use Choquet’s theorem in [97].

9. *Let S be a random set, defined on a probability space (2, .4, P)
and taking values in the Borel o-field of R. Let p(S) denote the
Lebesgue measure of S. Under suitable measurability conditions,
show that for k > 1 and 7 (21,22, ...,xr) = P{w : {x1,29,...,2} C

S(w)},
E(u(S))* = /Rk‘ (L1, T2, oy Tk )dp(T1, Ty vy Tp)

Hint: See Robbins [134].
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10. Let 7 be a possibility measure on U. Show that for A C U,

r(A)vra(A)=1

11. Let 7 be a possibility measure on U. Define T : 2V — [0,1] by
T(A)=1-n(A")
(T is called a necessity measure.) Verify that
(a) T(2)=0,TU) =1.

(b) For any index set I, T'((; A;) = inf; T'(4;).

12. Let A;,i=1,2,...,n be subsets of U such that A; C A5... C A,.
For arbitrary subsets A and B of U, let i; (respectively, i3) be the
largest integer such that A;, C A (respectively, 4;,, C B). Show
that A; € AN B if and only if i < iy A is.

13. Let m be a possibility measure on U. For A, B C U, show that

(a) if A C B then n(A) < 7(B);
(b) if a(A) =1—7w(A"), then a(A) < 7(A).

14. Let w: U x V — [0,1]. Show that for (ug,v9) € U X V,

7 (ug, vp) < (\/W(’U,m’l))) A (\/ 77(“»”0))

v u
15. Let m: U x V — [0,1] be a joint possibility distribution of (X,Y").

(a) Suppose 7(u,v) = min{my (v), 7(u|v)}. Show that if X and YV’
are independent in the possibilistic sense, that is,

m(u|v) =7x(u) and w(v|u) = 7y (v)
then X and Y are noninteractive. That is, they satisfy
7(u,v) = wx(u) ATy (v)
(b) Suppose 7(u,v) = wx (u) Ay (v) and 7(u, v) = 7y (v) AT (ulv).

|
Show that 7(ulv) = 7x(u) if 7x(u) < 7y (v) and w(u|v) €
[rx(u),1] if mx(u) > 7wy (v).
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(c) Define

W(U‘IU) = Wx(u) .

Show that if 7(u,v) = wx(u) A 7y (v), then 7w(u|v) = 7x(u)
for all u and v.

16. Let (£, 4, P) be a probability space. For ¢ > 0, let I.(A) =
—clog P(A). Let

F. : [0, 00] x [0,00] — [0, 0]

be given by
F.(x,y) = 0V log(e /¢ 4 e7/°)

(a) Show that if AN B = &, then
I.(AUB) = F.(I.(A),I.(B))

(:) Ell: tllat
hIIl FC i]:, -

(c) Let I: A— [0,00]. Show that if I(AU B) = I(A) A I(B) for
AN B = @, then the same holds for arbitrary A and B.



Chapter 10

PARTIAL
KNOWLEDGE AND
BELIEF FUNCTIONS

This chapter is about mathematical tools for handling partial knowledge.
We focus on three topics: some special types of nonadditive set functions
with a special emphasis on belief functions; rough sets, which we present
in an algebraic spirit and at the most basic level; and conditional events,
where a brief survey is given.

10.1 Motivation

In the context of statistics, the complete knowledge about a random
variable is its probability distribution. Thus, by partial, or imprecise,
knowledge in a probabilistic sense, we mean the partial specification of a
probability distribution of interest. The distribution may be known only
to lie is some known class of distributions.

For example, consider a box containing 30 red balls and 60 other balls,
some of which are white and the rest are black. A ball is drawn from the
box. Suppose the payoffs for getting a red, black, and white ball are $10,
$20, and $30, respectively. What is the expected payoff? Of course there
is not enough information to answer this question in the classical way
since we do not know the probability distribution of the red, white, and
black balls. We do not know the probability of getting a white ball, for
example. We do however have a set of probability densities to which the

271
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true density must belong. It is given in the following table.

U |red black  white
fx | 30/90 k/90 (60— k)/90

There are 61 of these densities, and from the information we have, any
one of these is possible. In this example, imprecision arises since we can
only specify partially the true density. It is one of the 61 just described.
In such an imprecise model, what can be learned about the true density
from knowledge of the class of 61 possible densities to which the true
density belongs?

Partial knowledge arises often from the nature of the random exper-
iment or phenomena under study. For example, each time we perform a
random experiment, we cannot see the exact outcome, but instead, we
may be able to locate the outcome in some set containing it. This type of
data is referred to as coarse data. A mathematical description of such
a situation was given by Dempster in [26]. Let (2, .4, P) be a probability
space, a mathematical model for a random experiment with outcomes in
Q. Let S be a mapping, defined on  with values in the power set 2V
of some set U. Let U be a o-field of subsets of U. If S took values in U
and was measurable, then PS~! : U — [0, 1] is the associated probability
measure on U. But S takes values in 2V, and it is not clear how to assign
probabilities on U. Suppose that {w € 2 : S(w) C A} € A. Then we have
the function

Po:U—[0,1]:A—->PSCA)=P{we:Sw)e A}
called the lower probability induced by P, and similarly the function
P :U—10,1]:A—-PSNA#2)=P{weQ:Sw)NA#o})
called the upper probability induced by P.

Proposition 10.1.1 The following hold.

1. If for all w, S(w) # @, then P.(2) = 0.
P(U)=1
P, is monotone increasing.
P*(A)=1-P.(A).
P.(A) < P*(A).

S o o e

P* and P, are not necessarily additive.
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Although S(w) = @ is possible, this is usually excluded. When S is
viewed as a random set, the lower probability P, plays the role of the
distribution function of S.

P, has an important property, which we list now but defer proving
until the next section. We assume that U is finite. Let S C 2V. Then

Pi(UaesA) > Y (DT P(NaerA)
GATCS

This property is called monotone of infinite order. In this situ-
ation, it is a stronger property than monotonicity. If S is limited to k
or fewer elements, then it is called monotone of order k. The function
P* satisfies a dual to this called alternating of infinite order, and
alternating of order k, respectively. These concepts will be discussed
thoroughly in Section 10.3.

The lower probability P,(A) is interpreted as a lower bound on the
likelihood of an event A, or more generally, as the degree of belief in A.
The interval [P, (A), P*(A)] represents the imprecision about beliefs. It is
the work of Dempster [26] that inspired Shafer [141] to axiomatize a gen-
eral theory of belief functions in 1976. This theory is known now as the
Dempster-Shafer theory of evidence. We will present this theory in the
next sections. As pointed out by Nguyen [112], the theory of belief func-
tions, even in its abstract formulation, can be formulated in the context
of random sets. Specifically, a belief function, such as a lower probability,
is the distribution of some random set. Like probability measures, belief
functions arise in the context of perception-based information. Let S be
a coarsening of X on U. For A C U, since we cannot observe X (w), we are
uncertain about the occurrence of A. If S(w) C A, then clearly A occurs.
So from a pessimistic viewpoint, we quantify our degree of belief in the
occurrence of A by P(S C A), which is less than the actual probability
P(X € A).

To set the scene, let (€2, .4, P) be a probability space, U finite, and
S:Q — 2V If for each A € 2V, S71(A) € A, then S is called a random
set (as opposed to being called a random variable into the measurable
space (2V, 22U)). See Definition 9.2.1. This induces a density f on the
finite set 2V via f(A) = PS~!(A), and the corresponding measure on 2Y.
But the main object of interest to us is the distribution function

F:2Y - [0,1]: A— > PSS (B)=Y_ f(B)

BCA BCA

For customary reasons, it is desirable to require that F(@) = 0, and
correspondingly that f(@) = 0. So when viewed as random sets, this
requirement is that PS~1(@) = 0. As we will see, f and F uniquely de-
termine each other. Such functions F' are instances of belief functions.
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A quantitative concept of belief can also be justified in the context of
coarse data as follows. As usual, let (2, A, P) be a probability space and
U a finite set

Definition 10.1.2 Let X : 2 — U be a random variable. A coarsening
of X is a nonempty random set S on U, that is, a random variable S :
Q — 2V such that P(X € S) = 1. X is called an almost sure selector
of S.

This means that P{w € Q: X(w) € S(w)} =1, so S(w) # @. Thus
S is a nonempty random set. Let F' be the distribution function of S.
Then F is a belief function. Any possible probability law Q of X on U
satisfies F' < @, that is, is an element of the core of F. So the core of F’
is a model for the true probability of X on U. This is so because, if X is
an almost sure selector of S, then for all A C U,

{w:S(w) CA} C{w: X(w) € A}
almost surely, so that

F(A)=P(SCA) <P(XecA)=PX 4

10.2 Belief functions and incidence algebras

To give belief functions an axiomatic development and a convenient set-
ting, we study them in the context of the set of all functions 2V — R,
and develop some methods for computations with them. Such functions
arise in many contexts in reasoning under uncertainty. Some sets of such
functions of interest are belief functions, various measures, density func-
tions on 2Y, possibility functions, and many others. Our purpose is to
establish some mathematical facts of use in the study and application of
these kinds of functions.

Definition 10.2.1 Let U be a finite set, and F = { f: 2V — R}. For f
and g € F andr € R, let

(f+9)(X) = f(X)+9(X)
(rf)(X) = r(f(X))

Proposition 10.2.2 F is a vector space over R.

The proof is routine and left as an exercise. One basis for F as a vector
space over R is the set of functions {fy : Y C U} defined by fy (V) =1
and fy (X) =0 if X # Y. Thus F has dimension 2/Y! over R.
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Definition 10.2.3 Let A = A(U) be the set of functions (QU)[Z] — R,

where (QU)[2] ={(X,Y): X CY CU}. On A define addition pointwise
and multiplication by the formula

(O‘*B) (X’Y): Z O‘(X’Z)B(Zvy)

XCZCY
A with these operations is the incidence algebra of U over the field R.

The definition can be made with U replaced by any locally finite
partially ordered set. Rota [135] proposed incidence algebras as a basis
for combinatorial theory from a unified point of view. They are widely
used. A good reference is [146].

Theorem 10.2.4 A is a ring with identity. Its identity is the function
given by 0(X, X)=1and §(X,Y)=0if X £Y.

Proof. Pointwise addition is the operation, which we denote by +,
given by (a4 ) (X,Y) = a(X,Y) + 8(X,Y). Let 0 denote the mapping
given by 0(X,Y) = 0 for all X C Y. To show that A is a ring, we
must show the following for all «, 8,7 € A. Their verifications are left as
exercises.

lL.a+B8=8+«

2. (a+p)+y=a+(B+7)

3. a+0=a

4. For each a, there exists 8 such that o+ =0
5. (axf)xy=ax(f*7)

6. ax(B+7)=(axp)+(axy)

7. (a+ ) xy=(axy)+(B*7)

8. axd=dra=a

]

Properties 1-4 say that A with the operation + is an Abelian group.
The ring A has an identity J, but it is not true that every nonzero element
« has an inverse. That is, there does not necessarily exist for « an element
[ such that ax 8 = § = 8 * . The following theorem characterizes those
elements that have inverses.
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Theorem 10.2.5 In the ring A, an element « has an inverse if and only
if for all X, (X, X) # 0. Its inverse is given inductively by

. B 1
S TS 88 9
o Y(X)Y) = a();ilx) Y aX,Z)a N ZY)ifXCY

XCZCYy

Proof. If a has an inverse 3, then (a * 8) (X, X) = a (X, X) 5(X, X) =
0(X,X) =1, sothat o(X, X) # 0. Now suppose that for all X, a(X, X) #
0. We need an element (3 such that Sxa = ax*( = §. In particular, we need
(axB)(X,Y)=0for X CY and (a*8)(Y,Y) = 1. We define 3(X,Y)
inductively on the number of elements between X and Y. If that number
is 1, that is, if X =Y, let 8(X, X) = 1/a(X, X), which is possible since
a(X, X) # 0. Assume that 5(X, Z) has been defined for elements X and
Z such that the number of elements between the two is < n, and suppose
that the number of elements between X and Y is n > 1. We want

0 = (axB8)(X,Y)
= > aX,2)B(ZY)

XCZCY

= a(X,X)BX,Y)+ > a(X,2)B(2,Y)

This equation can be solved for 8 (X,Y) since a (X, X) # 0, yielding
-1
X,Y)= —— X, Z2)a(Z,Y
XCZCY
Thus a* 8 = §. Similarly, there is an element 7 such that v« = d. Then
(yxa)xB = 0x8=p
= yx(axf)=vxd=7y
The theorem follows. m

Elements in a ring that have an inverse are called units. There are
two very special units in A.

e 1u(X,Y) = (=1)V =Xl is the M&bius function.
o {(X,Y) =1 is the Zeta function.

The element £ is easy to define: it is simply 1 everywhere. The element
w is its inverse. These functions are of particular importance.
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Proposition 10.2.6 In the ring A, p+x& =&+ p= 0. That is, they are
inverses of each other.

Proof.
(ux& (X, Y) = Y ()P ¥gzy)
XCZCY
= ) (-nFX
XCZCY

Now notice that ngzgy(*l)‘zix‘ =6(X,Y). Similarly £+ u=6. m

There is a natural operation on the elements of the vector space F by
the elements of the incidence algebra A. This operation is a common one
in combinatorics, and will simplify some of the computations we must
make later with belief functions.

Definition 10.2.7 Fora € A, f € F, and X € 2V, let

(fxa)(X) =) f(Z)a(Z,X)

ZCX

Proposition 10.2.8 F is a (right) module over the ring A. That is, for
a,B8€ A, and f,g € F,

1 fx6=1

2. (fxa)*B=fx*(axp)
3. (f+g)xa=fra+tg*xa
4. frlatB)=fxat fxp

The proof of this proposition is left as an exercise. It is a straightfor-
ward calculation. Notice that for f € F, fx&xu= fxux& = f.

With the operation f * «, elements of A are linear transformations
on the real vector space F. So A is a ring of linear transformations on
F. Since U is finite, F is finite dimensional and of dimension |2U}, SO
A is isomorphic to a subring of the ring of |2V x |2Y| real matrices.
With a basis ordered properly, these matrices are upper triangular. Such
a matrix has an inverse if and only if its diagonal entries are all non-
zero. This corresponds to an element a € A having an inverse if and
only if a(X,X) # 0. Following are some observations, elementary but
significant.

e For each r € R, we identify r with the constant map r € F defined
by 7(X) = r for all X € 2Y.
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e A is an algebra over R via the embedding R — A : r — rd, where
rd (X,Y) =r(0(X,Y)). That is, A is a vector space over R and
rd x o = a*rd. Note that (rd xa) (X,Y) =r(a(X,Y)).

eForreR, feFandac A r(f+xa)=(rf)xa=fx*(ra).

e Ifaisaunitin A, then F — F: f — fxaand F — F: f — fxa~!
are one to one maps of F onto F, and are inverses of one another.

o F—>F:f— fxpand F — F: f — f*£ are one to one maps of F
onto F, and are inverses of one another. This case is of particular
interest.

e fxp is called the M6bius inverse of f, or the M6bius inversion

of f.

10.3 Monotonicity

We begin now with some facts that will be of particular interest in the
study of belief functions and certain measures. Throughout this section,
U will be a finite set. Most of the results of this section are in [21].

Definition 10.3.1 Let k be > 2. An element f € F is monotone of
order k if for every nonempty subset S of 2V with |S| < k,

r(Ux)= ¥ comer( o x)

Xes G £TCS XeT
f is monotone of infinite order if monotone of order k for all k.

This is a weakening of the Poincaré equality for probability mea-
sures. Of course, monotone of order k implies monotone of smaller order
> 2. Our first goal is to identify those f that are Mobius inversions of
maps that are monotone of order k. This is the same as identifying those
f such that f * & is monotone of order k. There is an alternate form for
the right-hand side of the inequality above which is convenient to have.

Lemma 10.3.2 Let f:2Y — R. Let S be a subset of 2V. Let T =T (S)
be the set of subsets that are contained in at least one X in S. Then

T _
S ()T (g <XQTX) Y 4(X)

PATCS Xer
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Proof.
z;;;cs (_1)‘7‘“ (f*4) (XQTX) - g;;’:cs (_1)IT|+1 YCFZ Xf(Y)

This last expression is a linear combination of f(Y)’s, for Y a subset of
some elements of S. Fix Y. We will find the coefficient of f(Y). Let 7y
be the subset of S each of whose elements contains Y. Then for Y,

ST Yy = Y (T )

PATCS GATCTy

YCnxer X
= f(Y)

The result follows. m

Of course, the result could have been stated as
> 00 x) = X (e )
GATCS XeT Xer

The set I" plays an important role in what follows.
Let X CU with |X|>2. Let S ={X — {z} : 2 € X}. Then

° UYGSY:X

e Every subset Y not X itself is uniquely the intersection of the sets
in a subset of S. In fact

Y= (X~ {x})

z¢Y
e The set I' for this S is precisely the subsets Y of X not X itself.
We will use these facts below.

Theorem 10.3.3 fx& is monotone of order k if and only if for all A,C
with2<|C| <k, > f(X)>0.
CCXCA

Proof. Suppose f * £ is monotone of order k, and 2 < |C| < k. For
CCAlet S={A—{u}:ueC} Then A=UyesV, |S|=|C|, and

(f+€)(A) = (f &) (VLEJS v) >3 )

Yel
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where I' is as in the lemma. The elements of I" are those subsets of A
that do not contain some element of C, and thus are precisely those that
do not contain C. Thus

(fON) =D f¥)= > FX)+ ) fY)

YCA CCXCA Yer

Thus > o xca f(X) 0.
Now suppose that Y. f(X) > 0 for all A,C with 2 < |C| < k.
CcCXcCA

k
Let @ # S = {A1, Aa, ..., Ai}. Then letting A= | A4,
i=1

1=

(f+OA) =D f)= > fX)+DfY)

YCA XCA,X¢r yer

We need to show that >y 4 xgr f(X) > 0. To do this, we will write it
as disjoint sums of the form f(X) with 2 < |C| < k.
CCXCA
Fori=1,2,....k, let

Ei = A—A={zi,....Tin,}

Ay = A—-UE;

Ei‘ = {Zbij, 7.’17”%}
For each B ¢ T, let m; be the smallest integer such that x;,, € B,
i=1,2, ..k Let

Cc = {xlmlvamzv“kamk}

Ac = Eim, U..UEg,, U

Then the intervals [C, A¢] consist of elements of I', and each B € T is in
exactly one of these intervals. The theorem follows. m

Again, the result could have been stated as f is monotone of order k
ifand only if >~ (f*p)(X) > 0forall A, C with 2 < |C|< k. Taking
CcCXCA

A=C, we get

Corollary 10.3.4 If f x £ is monotone of order k, then f(X) > 0 for
2 < |X| < k.

The following corollary is of special note.

Corollary 10.3.5 fx£ is monotone of infinite order if and only if f(X) >
0 for 2 <|X]|.
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Proof. Suppose that f(X) > 0 for all X such that 2 < |X|. Let S
be a nonempty set of subsets of U. We need

o Ux)z ¥ om0 x)

Xes BATCS XeT

Let I' be as in Lemma 10.3.2. Using the fact that I' contains all the
subsets Y such that f(Y) < 0, we have

79 (U,x) S )

Xes YCU, o X Yer
- ¥ o™ ( 0 x)
Py 1

So f * £ is monotone of infinite order.

Now suppose that f*¢ is monotone of infinite order. Let | X| > 2. We
need f(X) > 0. Let S = {X — {2z} : © € X}. Then using the fact that I’
is the set of all subsets of X except X itself, we have

(f#& (UyesY) = (f#§(X)

= > f(2)

ZCX

> > f(2)

zel

= > @) -fx)

ZCX
Therefore, 0 > —f(X), or f(X)>0. m
Some additional easy consequences of the theorem are these.

Corollary 10.3.6 The following hold.

1. Constants are monotone of infinite order. In fact, (ru)(X) =0
if X £, and (r*p) () =r.

2. If f and g are monotone of order k, then so is f + g.

8. If f is monotone of order k and r > 0, then rf is monotone of
order k.

4. A function f is monotone of order k if and only if forr e R, f+r
is monotone of order k.
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A connection with ordinary monotonicity is the following.

Theorem 10.3.7 If f is monotone of order 2, then f is monotone if
and only if f() is the minimum value of f.

Proof. If f is monotone, then clearly f(&) is its minimum value.
Suppose that f(@) is its minimum value. Let Y C X. Then X =Y U Z
with Y NZ = @. By 2-monotonicity, f(X) = f(YUZ) > f(Y)+ f(Z) -
f(@). Since f(Z) = f(@), f(X) = f(Y). =

Corollary 10.3.8 If f is monotone of order 2 and not monotone, then

f{z}) < f(2) for somexz € U.

Proof. Suppose that f is monotone of order 2 and not monotone.
By the theorem, there is an X € 2V with f(X) < f(9). Let X be such
an element with |X| minimum. If | X| = 1 we are done. Otherwise, X =
YU{z} with f(Y) > 0. By 2-monotonicity, f(X) > f(Y)+f ({z})—f{9).
Thus f(X) — f(Y) > f({z} — f(@), and the left side is negative. Hence
f({z}) < f(2). =

By choosing f appropriately, it is easy to get f * ¢ that are monotone
of infinite order and not monotone, for example, so that (f &) (U) is
not the biggest value of f x £. Just make f(z) very large negatively, and
f(X) of the other subsets positive. Then (f &) (U) < (f *&) (U —{z}),
so that f £ is not monotone.

One cannot state the definition of ordinary monotonicity in the form
of Definition 10.3.1. Having the |S| = 1 imposes no condition at all.
However,

Theorem 10.3.9 f x ¢ is monotone if and only if for all A,C with 1 =
Icl, > f(X)=0.

CCXCA

Proof. Tt is clear that f*¢ is monotone if and only if for A = BU{a},
(f*&)(B) < (f &) (A). This latter holds if and only if

D)<Y X)) =D 0+ > fX)

XCB XCA XCB {p}CXCA

if and only if 0 < Z{b}ngA f(X). m

10.4 Beliefs, densities, and allocations

We turn now to the study of functions that are of particular interest to
us, namely belief functions. Again, throughout this section, U will be a
finite set. Based on the work of Dempster [26], Shafer [141] axiomatized
belief function as follows.
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Definition 10.4.1 A function g : 2V — [0,1] is a belief function on
U if
1. g(2)
2. g(U)

0
1

8. g is monotone of infinite order.

Note the following.

e A belief function is monotone of order k for any k.
e A belief function is monotone by Theorem 10.3.7.

There is an intimate connection between belief functions on U and
densities on 2V. We establish that connection now.

Definition 10.4.2 A function f : 2V — [0,1] is a density on 2V if
Yoxcu f(X) =1
Theorem 10.4.3 Let f be a density on 2V with f(&) = 0. Then

1. (fx€)(2)=0

2. (fx§)U) =1

3. f =& is monotone of infinite order.

Proof. The first two items are immediate. Since densities are non-
negative, by Corollary 10.3.5, f * £ is monotone of infinite order. m

Now we get the precise correspondence between belief functions and
densities.

Theorem 10.4.4 g is a belief function if and only if g x p is a density
with value 0 at &.

Proof. If g x 1 is a density with value 0 at &, then the previous
theorem gets (g * ) * & = g to be a belief function. Assume that g is a
belief function. Then

S (g m) (X) = ((g* 1) &) (U) = g(U) = 1

XCU
We need g * p > 0.
(9+ 1) (2) = 9(2)u(2,2) = 9(2) =0
For {z},
(9% p) ({z}) = g(@)(@,{x}) + g({z})p({z}, {=}) = g({z}) = 0.

Since ¢ is monotone of infinite order, (g * 1) (X) >0 for | X| > 2. =m
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Corollary 10.4.5 Let D be the set of densities on 2V with value 0 at @,

and B let be the set of belief functions on U. Then D28 is a one-to-one
correspondence with inverse L.

Corollary 10.4.6 A belief function g is a measure if and only if g * p is
a density on U, that is, if and only if (g* p) (X) =0 for all | X| > 2.

Proof. Densities f on U give measures gon U via g(X) = >y f(x).
Any measure on U comes about this way. m

If f is a density on 2V with f(@) = 0, then there is a natural way
to construct densities on the set U. These are allocations, assignments of
nonnegative values to elements of X so that their sum is f(X). Here is
the precise definition.

Definition 10.4.7 Let f be a density on 2V with f(@) = 0. An alloca-
tion o of f is a function a: U x 2V — [0,1] such that 3,y a(u, X) =
f(X) for all X € 2V.

The following proposition is obvious.

Proposition 10.4.8 U — [0,1] : u — > .y a(u, X), where the sum is
over X, is a density on U.

Each belief function g on U gives a density f = g * € on 2Y, there
are many allocations of f, each such allocation gives a density on U,
and each density on U gives a measure on U. There are some relations
between these entities that are of interest.

Definition 10.4.9 Let g be a belief function on U. The core of g is the
set of probability measures P on the measurable space (U,2Y) such that
P>g.

Here is some notation. Let g be a belief function. (We could start
with a density f on 2V such that f(@) =0.)

o f = gxp is the density on 2V associated with the belief function g.

e D is the set of densities on U arising from allocations a of the
density f on 2Y.

e ( is the set of probability measures P on U such that P > g. That
is, C is the core of g.
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13
f 29
I
! !
D I ¢

Theorem 10.4.10 Let g be a belief function on U. In the diagram above,

let o be the map that takes a density on U to the corresponding measure
on U. Then

1. o maps D onto C.
2. g=inf{P:PeC}.

Proof. Let o be an allocation of the density f on 2V, and let P be
the probability measure that this allocation induces. First we show that
g(A) < P(A) for all A € 2Y, that is, that o maps D into C.

g(4) = (f=A)= Y f(B)

B:BCA
= > D
B:BCAwwueB
P(A) = > P{up)= > > ouB)
u€A wu€A B:ueB

Clearly g(A) < P(A).

To show that g(A) = inf{P(A) : P € C}, let A € 2V. Let a be an
allocation of f such that for u € A, for all B not contained in A, allocate
0 to u. Then g(A) = P(A), and it follows that g(A) = inf{P(A) : P € C}.

We have been unable to find an elementary proof that ¢ is onto C, or
equivalently, that every P € C is the probability measure associated with
an allocation of the density g ;1. We refer the reader to [21] and to [101].

|
There are some special cases of allocations that are of interest, espe-
cially in applications.

Example 10.4.11 Let {Uy,Us,...,U,} be a partition of U into non-
empty disjoint sets. Let P be the set of all probability measures P on
(2U,22U) that agree on U;. In particular, for all P € P, >, P(U;) = 1.
Thus defining f(U;) = P(U;) and f(X) = 0 for X not one of the U,
gives a density f on 2V, and its corresponding belief function g = f * &
on 2Y. Clearly g(U;) = f(U;) = P(U;). An allocation of f is simply a
density o on U such that Y ., a(x) = f(U;) = P(U;), so gives an ele-
ment P € P. If P € P, its corresponding density p on U clearly satisfies
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> wev, P(x) = P(U;) = f(U;), so comes from an allocation. If P > g,
then P(U;) > g(U;) for all ¢, so P(U;) = g(U;), whence P € P. So C = P,
and of course g = inf{P : P € P}.

Example 10.4.12 Let (uq,uz, ..., u,) be an ordering of the set U. For a
density f on 2V, allocate all of f(X) to the largest element of X. This is
obviously an allocation « of f, and yields a density d on U. For the belief
function g = f * ¢, define p: U — [0,1] by

p(ul) = g{U/hUQ, 7u2} - g{ulu uz, ..., ui*l}

fori=1,2,....,n. (If i = 1, then g{uy,ug,...,u;—1} = g(&) =0.) Now p is
obviously a density on U, and the calculation below shows that p = d. So
this allocation is easily described in terms of the belief function.

p(ul) = g{u17u27"'7ui}_g{u17u27"'7ui71}
= (& {ur,ug,..,ui} — (f * &) {ur,ug,...,ui_1}

= Yoo X)) - > F(X)

XC{u1,uz,...,ui} XC{u1,u2,...,ui—1}

= > X

XC{u1,uz,...,ui}
u; €EX

= Z au;, X)

XC{ui,uz,...;u;}
u; €X

= d(u;)

There are n! such orderings of U, so we get a set P of n! probability
measures on 2V in this way. (There may be some duplications.) It is easy
to check that g = min{P : P € P}.

These particular allocations are useful in proving that elements in the
core of a belief function all come from allocations (Corollary 10.4.19).

Example 10.4.13 For the Mobius inverse f = g*u of a belief function g,
an intuitively appealing allocation is a(u, A) = f(A)/|A|. This particular
allocation has an intimate connection with the allocations in the previous
example. The average of the densities p in the previous example gotten
from the n! permutations of U is called the Shapley value [142].

We have noted in Theorem 10.4.10 that each allocation of g * y gives
an element of the core. Thus the core of a belief function g is infinite
unless g is itself a probability measure, in which case g is the sole element
of its core. At the other extreme, if g(A) = 0 for A # U and ¢g(U) = 1,



10.5. BELIEF FUNCTIONS ON INFINITE SETS 287

then g is a belief function, as is easily checked, and the core of g is the
set of all probability measures on (U, 2Y). The elements of the core of g
are sometimes called measures compatible with g [26].

Let C be the core of a belief function g. If U = {uq,us, ..., u,}, then
each element P of C yields an n-tuple {z1,z2,...,2,} € [0,1]" with
Sz = 1, where z; = P({x;}). We identify the core C of g with
this subset of the simplex S of all such n-tuples.

The proofs of the following theorems may be found in [142]. The
proofs of the lemmas are easy. To show that the map D — C in Theorem
10.4.10 is onto is equivalent to showing that D = C.

Lemma 10.4.14 C is a convex subset of S.
Theorem 10.4.15 C is a closed subset of S.
Lemma 10.4.16 D is a convex subset of S and D C C.

An extreme point of C is an element x € C such that if z = ty +
(1-t)z withy,z€C,thent=0o0r1—1¢=0.

Theorem 10.4.17 The extreme points of C are those those n! densities
constructed in Example 10.4.12.

Those n! densities constructed in Example 10.4.12, but they may not
be distinct so actually there at most n! extreme points of C.

Theorem 10.4.18 The elements of C are convex combinations of its ex-
treme points.

Corollary 10.4.19 D =C.

As we know, inf{P : P € C} = g. However, it is not true that the inf
of any set of probability measures on (U,2Y) is a belief function. There
are easy examples to the contrary. It seems to be a difficult problem to
give a reasonable classification of sets of probability measures on (U, 2Y)
whose inf is a belief function.

10.5 Belief functions on infinite sets

We have restricted belief functions to be mappings g : 2V — [0, 1] where
U is finite. In discussing those probability measures P on U such that
P > g, the o-algebra of course has always been 2V itself. But for any
nonempty set U, there is no problem with defining belief functions on U as
in Definition 10.4.1. And on the practical side, subjective assignments of
degrees of belief to the subsets of any set U are possible from an intuitive
viewpoint.

In this section we will describe several mathematical constructions of
belief functions on arbitrary sets.
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10.5.1 Inner measures and belief functions

For any nonempty set U, belief functions on U are induced by probability
measures on any o-field of subsets of U [41], [79].

Definition 10.5.1 Let (U, A, P) be a probability space. Then
P,:2Y - 0,1]: B —sup{P(A): Ac A, AC B}
is the inner measure given by P.

Theorem 10.5.2 Let (U, A, P) be a probability space. Then Py is a belief
function.

It is clear that P,(@) = 0 and P,(U) = 1, so we need only that P, is
infinite monotone. We break the proof of that fact up into two lemmas,
which are of interest in themselves.

Lemma 10.5.3 Let B € 2V. Then P.(B) = P(A) for some A € A and
A C B. That is, the sup is attained.

Proof. For each positive integer n, let A, C B with A, € A and
P(A,)) > P(B) — 1/n. Tt follows readily that A = U, A, € A, A C B,
and F(B)=F(A). m

The set A in the proof above is unique up to a set of measure 0. The
set A is a measurable kernel of B. In the next lemma, A; will be a
measurable kernel for B;, i = 1,2, 3, .... If P is additive but not o-additive,
we restrict ourselves to finitely many 3.

Lemma 10.5.4 If A; is a measurable kernel for B;, then N;A; is a mea-
surable kernel for N; B;.

Proof. Let C be a measurable kernel for N;B;. Since C' U (NA;)
is measurable and contained in N;B;, we may assume that C' O N; A4;.
Letting D = (U; (C N A})), D € A, and we get

A CA;UDC B

and
P(A;) = P(A;UD) =P, (B;)
Thus P(DN AL) =0, and D C U; AL, so
P(D) = P(DN(U4)) = P(U; (DN A))
< > P(DNA)=0
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Thus P(D) = 0. Now D = (U; (C N A})) = Cn(UA]) = CN(N4;), and

P.(n;B;) = P(C)
= P(CU(N4))
= P(N4;)+ P(CN(N4))
= P(NA;)+ P(D)
P(NA4;)

[
Corollary 10.5.5 P, is infinite monotone.
Proof. Let A; be a measurable kernel of B;. We have

P.(UiL1Bi) > P(UL4)
> (DI POR, A)

@#IC{1,2,...,n}

= Y yieEen,B)

@#IC{1,2,...,n}

and this completes the proof. m

Let U be an infinite set. We remark that there are many probability
measures on the measurable space (U, 2U). Let uy,ua,..., Uy, ... be distinct
elements of U, and let a(u;) € [0,1] such that > a(w;) = 1. Then for any
subset X of U, let P(X) =", .y a(u). Then P is a probability measure
on the measurable space (U,2%). A particular case of this is the Dirac
measure at u;, that is, when «(u;) = 1. In any case, the resulting inner
measures are belief functions.

A general theory of belief functions on general spaces such as R%,
or more generally, on locally compact Hausdorff and second countable
topological spaces, requires the theory of random closed sets [97].

10.5.2 Possibility measures and belief functions

Let U be a nonempty set. Recall that a possibility measure on U (Defi-
nition 9.3.1) is a function f : 2V — [0, 1] such that

1. f(2) =

2. fU) =
3. For any set S C 2V, f(UxesX) =supyes{f(X)}.
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The following discussion should clarify the relation between possibility
measures and belief functions, while providing a bit more information.

Definition 10.5.6 A function f : 2V — R is strongly mazxitive if
f(UxesX) = supyes{f(X)} for any set S C 2V The function is strongly
minitive if f(NxesX) = inf{f(X)} for any set S C 2V.A function
f:2Y — R is mazitive if f(X UY) = sup{g(X),g(Y)}, and is mini-
tive if (X NY) =inf{g(X),g(Y)}.

Definition 10.5.7 The dual f' of a function f : 2V — [0,1] is the
function given by f'(X)=1— f(X).

Clearly f':2Y — [0,1].

Proposition 10.5.8 f — f’ is a one-to-one correspondence between
strongly mazitive functions on 2V and strongly minitive functions on 2Y,

and f" = f.
Proof. Clearly f” = f. Let f be strongly maxitive.

f(NxesX) = 1-f(NxesX)

1 - f(UxesX')

= 1—sup f(X)
Xes

= 1—sup(l— f(X))
Xes

= inf (1—(1-f(X)))

Xes

T

The rest should be clear. m

Proposition 10.5.9 Let f : 2V — [0,1], and f(XUY) = sup{f(X), f(Y)}.
Then for finite subsets F C 2V, f(UxerX) = supxer f(X), and f is
alternating of infinite order. Also f'(NxexrX) =infxcr f'(X), and [’ is
monotone of infinite order.

Proof. f is alternating of infinite order by Theorem 9.3.2. To show
that f(X UY) = sup{f(X), f(Y) implies that for finite subsets F C
2V, f(UxerX) = supxer f(X) is easy. The proof that f/(NxerX) =
inf xer f/(X) is the same as the proof in Proposition 10.5.8 for arbitrary
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S. The following calculations show that f’ is monotone of infinite order.

fUxerX) = 1- f(UxerX)
= 1—f(NxerX’)
> 1— Y (DT f(UxesX')
GATCF
= 1— > (D" - f(UxesX')
GATCF
= 1| X DT YT )T U XY
GATCF GATCF
= 1-1+ > ()" (NxerX)
GATCF
= ) )T (NxerX)
O ATCF
|

Corollary 10.5.10 f — f’ is a one-to-one correspondence between pos-
sibility measures on U and minitive belief functions on U.

Proof. f(@) =0and f(U)=11if and only if f/(&) =1 and f'(U) =
1, respectively. Proposition 10.5.8 and Proposition 10.5.9 complete the
proof. m

Belief functions on a finite set satisfying g(ANB) = min{g(A),9(B)}
correspond to densities on 2V with a special property, which is due to
Duboais.

Theorem 10.5.11 Let U be a finite set and g a belief function on U.
Then g(AN B) = min{g(A), g(B)} if and only if the support of g* 1 is a
chain, that is, if and only if the support of the Mobius inverse of g is a
chain.

Proof. Suppose that the support of g * p is a chain. Since
g(A) = D (gxm (X)
XCA

> (g#m)(X)

XCB

2,
s

N~—
[

and the support of g * u is a chain, those X in the equations above such
that (g*p) (X) # 0 must all be contained in A or all contained in B.
Thus.g(X NY) = min{g(X),g(Y)}.
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Now suppose that g(ANB) = min{g(A), g(B)}, that neither A nor B
is contained in the other, and that g(AN B) = g(A). Then AN B # A,

gANB)= > (gxp)(X)= D (gxp)
XCA

XCANB

o (g* u) (A) = 0. So if neither A nor B is contained in the other, then
either (g*u)(A)=0o0r (g*xp)(B)=0.m

Mathematically, it is easy to get possibility measures. Just let « :
U — [0,1] with sup,cpy{a(u)} = 1. Then define f(X) = sup,cx{a(u)}.

10.6 Note on Mobius transforms
of set-functions

An interesting and natural question, not only for possible applications,
but also as a mathematical problem of its independent interest is whether
there exist Mobius transforms in the nonlocally finite case. In [95], a
formulation of such a counterpart is presented. The question is this.
Suppose U is infinite, and U is an infinite algebra of subsets of U. Let
g : U — R, and denote the set of all such functions by V. With point-wise
addition and multiplication by scalars, V' is a vector space over R.

First, consider the case where U is finite. Then the M&bius transform
of g € V plays the role of coefficients in the development of g with respect
to some linear basis of V. Specifically,

g(4) = Y ay(Blup(4) (10.1)

g#BeU

where ug € V for any B € U,

1 if BCA
up(A) :{ 0 if otherwise

and

ag(B) = Y (=1)/P=Ply(D)

DCB

Now, if we view the Mobius transform oy of g as a signed measure on the
finite set U, for A = {A1,..., A} CU, and define ay(A) = >0 | ay(4i),
then the Mobius transform of a set function is a signed measure on U
satisfying 10.1.

We need another identification. For each A € U, we identify A with
the principal filter generated by A, namely p(A) = {B € U4 : A C B}.
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But, each principal filter p generated by A corresponds uniquely to an
element u, where u,(B) is equal to 1 if B € p and zero otherwise. Thus
in the case of a finite algebra U/, the Mo6bius transform a4 of a set function
g : U — R is a signed measure on the space

F = {u, : p a principal filter of U}

satisfying 10.1. Its existence is well known from combinatorial theory. As
we will see, its existence is due to the fact that the "composition norm"
of g, namely ||g|| = > 4y lag(A)], is finite.

Now consider the case where the algebra U of subsets of U is arbitrary.
From the identifications above, it seems natural to define the Mobius
transform g : Y — R by generalizing the space F and the relation 10.1
to an integral representation, as well as specifying sufficient conditions
for their existence. In other works, the Mobius transform of g, when it
exists, will be a signed measure living on some appropriate space.

The space F is generalized as follows. Observe that an element u, in
R is a special case of a set-function v, on & where p is a proper filter of
U, that is p #U, v, = 1 if A € p and 0 otherwise. Thus F is generalized
to G = {v, : p a proper filter of U}. Note that the space G can be
topologized appropriately. By a measure on G, we mean a Borel measure
on G. For a set-function ¢” : Y — R, we define its composition norm by

llgll = sup{|lg|#|| : F a finite subalgebra of U},

where g|# denotes the restriction of g to F.

The basic representation theorem of Marinacci [95] is this. If ||g|| <
00, then there is a unique regular and bounded signed measure oy on G
such that for A € U,

9(4) = /G op(A)dorg (uy)

It is clear that this is an extension of 10.1. Thus, via identifications, the
signed measure ay on G can be viewed in the infinite case as the Mobius
transform of the set-function g with bounded norm.

10.7 Reasoning with belief functions

We will restrict ourselves to some basic mathematical tools for use in
reasoning with belief functions, such as in combination of evidence and
in updating procedures.

Since the Mobius inversion f of a belief function g is a density on
2V g can be viewed as the distribution of some random set S. Thus an
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evidence is represented by a random set. Two bodies of evidence are in-
dependent if their corresponding random sets S and 1" are stochastically
independent. That is, for A, B C U,

P(S=A,T =B)=P(S=A)P(T = B)

The random set S NT represents a form of combination of evidence,
or fusion of data. The associated belief function is

F(A) = P(SNT C A)

When S and T are independent, then the Mobius inversion f of g is
expressed in terms of the Mobius inversions F' and G of the random sets

S and T by
4 =3 F(X0g(v)

where the summation is over pairs (X,Y’) such that X NY = A. In fact,

F(A) = P(SNTCA)
= Y P(SNT=B)
BCA
= > Y PES=XT=Y)
BCA XNY=B

= > >y r YP(T =Y)

BCAXNY=B

= > f(B

BCA

Although S and T are such that P(S = @) = P(T = @) = 0, the
combined random set S N7 might have positive mass at @. That is, it is
possible that P(SNT = @) > 0.

To remove this situation so that V' = SN T corresponds to F' with
F(2) = 0 proceed as follows: let the range of V be {A;, As, ..., A, T}
Then Zf 1 f(4;) = 1 — f(@). Let U have the range {A, Ay, ..., Ay}
with densfny g(A;) = a; f(A;), where the «; are chosen so that g(A;) > 0
and Zi:l a;f(4;) = 1, and hence g(&) = 0. A canonical choice is

ﬁi =1/(1 - f(2)), in Wthh case g(A;) = f(4;)/(1 — f(@)). Then we

G(4)

P(SCA):S+#2)

B 0ifA=o
a { P(@ # S C A)/P(S + @) for A+ @)
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We turn now to the formulation of updating with belief functions.
Given a belief function g on a finite set U such that g(B) > 0, one would
like to define a belief function gp representing the modification of g based
on the evidence B, in other words, a conditional belief function in
the spirit of probability theory. One way to achieve this is to call upon
the existence of the nonempty class P = {P : g < P} of compatible
probability measures.

Now

g(A) = inf{P(A) : P € P}

When ¢g(A) > 0, we have P(A) > 0 since g < P. The converse holds: if
P(A) > 0 for all P € P, then g(A) > 0. This can be seen by looking at
the density g4 constructed above.

Given B, it is natural to update all P in P and thus to change P to

Pg={P(-|B): PeP}
where P(A | B) = P(AN B)/P(B), and to consider
g =inf{P: P € Pp}

as a candidate for a conditional belief function. Fortunately, it can be
shown that gp is indeed a belief function and that it can be expressed in
terms of g and B in a simple form. For A C B,

g(4)
(A)+1-g(AuB)

95(A) = 7

For other forms of conditional beliefs, see the exercises at the end of this
chapter.

10.8 Decision making using belief functions

In the framework of incomplete probabilistic information, we will investi-
gate the following simple decision problem. A decision problem consists
of choosing an action among a collection A of relevant actions in such
a way that utility is maximized. Specifically, if © denotes the possible
“states of nature”, the true state being unknown, then a utility function

u:AxU—R

is specified, where u(a, ) is the payoff when action a is taken and na-
ture presents 6. In the Bayesian framework, the knowledge about U is
described by a probability measure () on it. Then the expected value
Equ(a,-) is used to make a choice as to which action a to choose. When
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Q@ is specified, the “optimal” action is the one that maximizes Equ(a,-)
over a € A. But suppose that @ is specified to lie in a set P of probability
measures on U, and that the lower envelope g given by

g(A) =inf{P(A) : P € P}

is a belief function and P = {P : g < P}. This is the same as assuming
that the knowledge about U is given by an “evidence” whose representa-
tion is a belief function g over U. Decision procedures based on g will be
derived by viewing g as equivalent to its class of compatible probability
measures P. Some choices of actions that can be made follow.

10.8.1 A minimax viewpoint

Choose action to maximize
N Epu(a,-) : P € P}

We will show that in the case where © is finite, the inf is attained and
is equal to a generalized integral of u(a,-) with respect to the belief
function g.

Generalizing the ordinary concept of integrals, we consider the integral
of a function u : U — R defined by

s} 0
E,(u) = /0 g(u> t)dt + / lg(u > ) — 1)dt

Since U is assumed to be finite, each P € P is characterized by a prob-
ability density function p : U — [0,1] where p(w) = P({w}). When p is
specified, we write the corresponding P as P, and the corresponding set
of densities for P is denoted D.

Theorem 10.8.1 Let U be finite, u: U — R and g be a belief function
on U. Then there exists an h € D such that

Ey(u) = Ep, (u) = inf{Ep, (u) : p € D}
Proof. Let U = {a1,az,...,a,}, with u(a1) < u(az) < ... < u(ay,).

Then

n

Er(uw) = u(a) [g({ai, a1, an}) — 9({ait1, aipya. an})]
=1

Let
h(ai) = g({ai, aiv1,...an}) — g({@iv1, Giva. an})
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If Ai = {ai, ai_,_L__.’an}, then

hai) = g(Ai) — g(Ai —{ai})

YIB - > fB

BCA; BC(A;—{a:})

> (B

6;eBCA;

where f is the Mobius inversion of g. Thus h € D. Next, for each t € R
and g € D, it can be checked that P (u > t) < P,(u > t) since (u > t) is
of the form {a;,a;41,....a,}. Thus for all p € D, Ep, (u) < Ep,(u). ®

The special density above depends on u since the ordering of U is
defined in terms of u.

Example 10.8.2 Let U = {a1, a9, a3, a4} and let g be the Mobius inver-
sion of f given by

f(a}) = 04
f({az2}) = 02
f(as}) = 02
f(as}) = 01
fU) = o1
We have
h|a1 ag as aq
[05 02 02 01
If
u|a1 a9 as [¢7}
[T 5 10 20
then

10.8.2 An expected-value approach

Since the Mobius inversion f of the belief function g is a probability den-
sity on 2V, the “true” expected value Eq(u) is replaced by the expectation
of a suitable function of the random set S, namely

Erp(S) = Y w(A)f(A)

ACO
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where ¢ : 2V — R. This is possible since for each d € D, one can find
many ¢ such that Ep,(u) = Ef(p). For example, define ¢ arbitrarily on
A for which f(A) # 0 by

p(A) = |Ep,(u) = Y o(B)f(B)| /f(4)

B£A
As an example for ¢, for p € [0,1], take

pp(A) = p\V{u(a) : a € A} + (1 = p) AM{u(a) : a € A}

Then E¢(¢,) = Ep,(u) where g is constructed as follows. Order the a;
so that u(a;) < u(az) < ... <wu(ay) and define

d(ai)=pY_ f(A)+(1=p) ) f(B)
A B

where the summations are over A and B of the form

a; €A C {al,ag,...,ai}
a; € B C {a;,ai41,...,an}

10.8.3 Maximum entropy principle

If the choice of a canonical p in D is desired, then the inference prin-
ciple known as the “maximum entropy principle” can be used. For a
probability density p on a finite set U, its entropy is

H(p)=—_ p(6)logp(6)

aclU

A common procedure for selecting a particular density from a given class
of densities is to choose one with maximum entropy. This situation arises,
for example, when the information available is given in the form of a
belief function g on a finite set U, or equivalently, as a density f on
2V Corresponding to this belief function g is the set P of all probability
measures P on U such that P > g. Each P corresponds to a density p
on U via P(A) =}, .4 p(a), yielding the set D of densities. The Mobius
inversion of g is a probability density f on 2U. The elements of D also
arise from allocations of f, as described earlier.

Two algorithms are presented in [101] for finding the p that maximizes
H. We will present the easier of the two (called Algorithm 2 in [101]).
Algorithm 2 calculates the density p in D with maximum entropy directly
from the belief function g.
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The following two lemmas are crucial in the construction of the density
in D with maximum entropy. Given a proper nonempty subset K of U,
the projection of g onto K is given by assigning to each subset H of K
the belief g (H) = g(HU K') — g(K').

Lemma 10.8.3 Let g be a belief function, and K a nonempty subset of
U. Then

o g(H)=g(HUK'") — g(K’) is a belief function on K.

e The Mébius inversion of gk is given by fx(H) = ;nx—pgy [(L)
for nonempty H C K.

e g(H) <gx(HNK)+g(HNK'), with equality when H =U.

Proof. To verify the first two claims, compute

Yo=Y > fy= Y f(L)=g(HUK') - g(K).

IcH §AICH LNK=I 0ALNKCH

The last claim follows from the monotonicity inequality
g(HUK') > g(H) + g(K') — g(H N K'),

which is clearly an equality when H =U. m

Lemma 10.8.4 Let b = maxgcy g(K)/|K|. Then the set {K C U :
9(K) = b|K|} is closed under intersections and unions. In particular,
there is a unique largest subset K such that g(K) = b|K].

Proof. Suppose K and H are two such subsets. Then

gHUK) > g(H)+g(K)-g(HNK)
b([H|+|K|) —g(HNK)
b(|H|+|K|—|HNK])
= b|HUK]
g(HUK)

vV

%

The set is not closed under relative complements: g(ab) = 1, g(a) =
1/2, B(b) = 0.

We can calculate the density associated with an optimal allocation as
follows. The procedure in the following theorem is Algorithm 2.
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Theorem 10.8.5 Define a density p on U as follows. Inductively define
a decreasing sequence of subsets U; of U, and numbers b;, as follows,
quitting when U; is empty.

L4 U0:U7

g(KuU;) —g(Uj)
K] ’

K; is the largest subset of U; such that g(K; UU]) — g(U!) = b; | K]

bi = mMaxXgcuy;

U1 = U \ K;

If x € K, then set p(x) = b;. Then p(K) > g(K) for each K, and
p(U) = g(U) (that is, p € D). p is the density in D with mazimum
entropy.

We omit the details of the proof since it is quite technical, and refer
the interested reader to [101].

The following example illustrates the construction of the required den-
sity with maximum entropy.

Example 10.8.6 Let U = {a,b,c,d} and let g and f be given as in the
following table:

2" f g

& 0 0
{a} 012 0.12
(Y 001 0.01
{c} 000 0.00
{d} 018 018
{a,b} 012 025
{a,c} 010 022
{a,d} 022 052
{bc} 008 0.09
(b,d} 004 023
{e,d} 002 020
{a,b,c} 0.03 0.46
{a,c,d}y  0.01 0.65
{a,b,d} 0.00 0.69
{b,c,d}  0.03 0.36

U 0.04 1

First we must find
g(KUU;) — B(Uy)
max

KcU; |K|
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for i = 0. That is, we need maxxy B(K)/|K|, which is .26, correspond-
ing to the set Ky = {a,d}. Next we consider the set U; = U\K, = {b, ¢},

and find
max g(K U {aa d}) _ g({aa d})
G#KC{b,c} |K|

The sets K to be considered are {b}, {c}, and {b, ¢} corresponding to the
numbers

g({a,b, d}) _g({avd}) _
o] -

g({a,c, d}) _g({a'v d}) _
0] -
g({a7b7 G, d}) 79({04’ d}) = 0.24

{6, ¢}

So the appropriate K is {b,c} and U, is empty and we are done. The
probability assignments are thus

pla) =026 pb) =024 p(c)=0.24 p(d)=0.26

This is the density on U that maximizes H(g) = — >,y p(a)logp(a)
among all those densities compatible with f, or equivalently, among all
those corresponding to probability distributions on U dominating g.

The density on any finite set that maximizes entropy is the one assign-
ing the same probability to each element. So an algorithm that maximizes
entropy will make the probability assignments as “equal as possible”. In
particular, Algorithm 2 above could end in one step—if g(U)/|U| is at
least as large as g(X)/ | X| for all the nonempty subsets X of U. It is clear
that the algorithm is easily programmed. It simply must evaluate and
compare various g(X)/ | X| at each step. The algorithm does produce the
density g in at most |U| steps.

There is exactly one density in the family D that maximizes entropy.
That is, there is exactly one probability measure in the core of a be-
lief function whose corresponding density has maximum entropy. That
probability measure is also the unique maximal element of the core with
respect to the Lorentz partial order [77], [38].

Algorithm 2 gives the required density. An allocation can be gotten
from this density using a linear programming procedure. Algorithm 1
in [101] actually produces an allocation, and from that allocation the
entropy maximizing density is readily produced. The interested reader is
encouraged to consult [101] for proofs.
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10.9 Rough sets

Rough sets were introduced by Pawlak [127] and since have been the sub-
ject of many papers. We refer to the references for the many mathemat-
ical approaches and variants of the theory [23, 49, 75, 76, 115, 130, 144].
The material we present here is in the algebraic spirit and is at the most
basic level. It follows that presented by Pawlak himself. For numerous
applications and examples, we refer to Pawlak’s book [128].

The starting point is this. Let U be a set, and let £ be the set of
equivalence classes of an equivalence relation on U. This set £ of equiva-
lence classes is, of course, a partition of U. For a subset X of U, let X=
UW{EeE:ECX}and X = U{E € £: ENX # &}. The elements X and
X are viewed as lower and upper approximations, respectively, of X. It is
clear that X C X C X. The set X is the union of all the members of the
partition contained in it, and the set X is the union of all the members
of the partition that have nonempty intersection with it. Calling X and
Y equivalent if X = Y is clearly an equivalence relation, and similarly
for X =Y. So meeting both these conditions is an equivalence relation,
being the intersection of the two. We have the following.

Proposition 10.9.1 Let £ be the equivalence classes of an equivalence
relation on a set U. For subsets X andY of U, let X ~Y if X =Y and
X =Y. Then ~ is an equivalence relation on the set of subsets 2U.

Definition 10.9.2 The equivalence classes of the equivalence relation ~
in the previous proposition are rough sets [127], and the set of rough
sets will be denoted by R.

Of course, the set of rough sets R depends on the set U and the
partition £. By its very definition, a rough set R is uniquely determined
by the pair (X, X), where X is any member of R. The pair (X, X) is
independent of the representative X chosen, and we identify rough sets
with the pairs (X, X). There is a natural partial order relation on R,
namely that given by (X, X) < (Y,Y)if X C Y and X C Y. Our
primary interest will be in this mathematical structure (R, <), and the
first job is to show that this is a lattice. There is a technical difficulty:
XUY # X UY for example. This is because an element of £ can be
contained in X UY and not be contained in either. Thus it can be in
X UY, hence in X UY, and not in X UY. The following lemma solves
most of the technical problems.

Lemma 10.9.3 For each rough set R € R, there is an element X €
R such that for every pair of rough sets R and S in R, the following
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equations hold.
XrUXs = XpUXs,

XrNXs=XrNXs,
X_RUX_S:XRUXs,
XrNXg=XrpNXg,

Proof. For each ¥ € £ containing more than one element of U,
pick a subset Ag such that @ ; Ag ; E,and let A =U{Ag: E € £}
Pick a representative X of each rough set R, and let Xp = X U (X N A).
Observe that X is a representative of the rough set R, and is independent
of which representative X of R was chosen. We have picked out exactly
one representative X of each rough set R. Now, consider the equation
XpUXg = XpUXg. If an element £ € £ is contained in Xp U Xg,
then it is contained in either X or X by their very construction. So
XrUXg D X U Xg, and the other inclusion is clear. The other equalities
follow similarly. m

In the proof above, we chose one representative from each rough set,
and we chose the sets Ag. This requires the axiom of choice, a set
theoretic axiom whose use here should be noted. This axiom says that
if S is a nonempty set of nonempty sets, then there is a set T' consisting
of an element from each of the members of S. None of this would be an
issue were U finite, but in any case we choose to use the axiom of choice.

Theorem 10.9.4 (R, <) is a bounded lattice.

Proof. We write rough sets as the upper and lower approximations
of the sets X picked out in the Lemma. So let (Xg, Xg) and (Xg, Xg)

be rough sets. Now, (Xg, Xr) < (Xs, Xs) means that Xz C Xg and
Xr C Xg. This is clearly a partial order, and is the one induced by
the lattice P(U) x P(U). In this lattice, (Xg, Xr) V (Xs, Xs) = (Xgp U
&,X_RUX_S) = (XrUXg,XrUXg), so this sup is the sup in this
induced partial order. The existence of inf is analogous. Clearly (&, @)
and (U,U) are in R, and so are the 0 and 1 of the lattice (R, <). The
theorem follows. m

The following is an easy consequence.
Corollary 10.9.5 (R,V,A,0,1) is a bounded distributive lattice.

It is perhaps useful to summarize at this point. We start with a finite
set U and a partition £ of it, or equivalently, an equivalence relation.
This partition £ of U gives an equivalence relation on the set P(U) of
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all subsets of U, namely, two elements X and Y of P(U) are equivalent
if their lower and upper approximations are equal, that is, if X = Y
and X = Y. The equivalence classes of this latter equivalence relation
are rough sets, and the set of them is denoted R. The set R is thus in
one-to-one correspondence with the set {(X,X) : X € P(U)} of pairs.
Of course, lots of X give the same pair. We identify these two sets:
R = {(X,X) : X € P(U)}. This set of pairs is a sublattice of the
bounded distributive lattice P(U) x P(U). This last fact comes from the
lemma: there is a uniform set of representatives from the equivalence
classes of rough sets such that the equations in the lemma hold.

Now R is actually a sublattice of the lattice P(U)? = {(X,Y) :
X, Y € P(U), X CY}. We know that for any Boolean algebra B, Bl is
a Stone algebra with pseudocomplement (a.b)* = (V/,b’), where ' is the
complement in B. So P(U)1? is a Stone algebra.

Theorem 10.9.6 R is a subalgebra of the Stone algebra P(U)[Q], and in
particular is a Stone algebra.

Proof. All we need is that if (X, X) € R, then so is (X , X ). But
this is very easy to see. m

The algebra P(U)P has another operation on it, namely (X,Y) =
(Y’, X").) This operation ' on this Stone algebra P(U)1?! is a duality. It
reverses inclusions and has order two. Clearly (X,Y)” = (X,Y). A Stone
algebra with a duality is called symmetric. Now on the subalgebra R,
(X, X) = (X, X'), which is still in R.

Corollary 10.9.7 R is a symmetric Stone algebra.

There is another algebraic object around that will give more insight
into rough sets. Let B be the complete Boolean subalgebra of P(U)
generated by the elements of the partition of U. Now B2 is a symmetric
Stone algebra, indeed a subalgebra of P(U)[?, and it should be clear that
R is a symmetric Stone subalgebra of B2/, So given the partition of U,
all the action is taking place in the symmetric Stone algebra B[l

One final pertinent comment. We got a uniform set of representatives
of the set of rough sets, namely the X above. Now these actually form a
sublattice of the bounded lattice P(U), and this sublattice is isomorphic
to the bounded lattice R. Of course this sublattice can be made into a
symmetric Stone algebra, but not using in a natural way the operations
of the Boolean algebra P(U).

Stone algebras have two fundamental building blocks, their centers
and their dense sets. The center of a Stone algebra is the image of its
pseudocomplement, and its dense set consists of those elements that the
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pseudocomplement takes to 0, or in our case, to &. It is easy to verify
the following.

Corollary 10.9.8 The center of R = {(X,X): X=X =X}, and the
dense set is {(X,X): X =U}.

In rough set theory, the sets X such that X = X = X are the definable
rough sets. Those X such that X = U are called externally undefinable.

10.9.1 An example

We give now the simplest nontrivial example of all this. We give a list of
the various entities and then draw some pictures.

e U = {a,b,c}. To save on notation, we write the set {a} as a, {a, b}
as ab, and so on.

& ={a,bc}.

e P(U)=1{92,a,b,c,ab,ac,bc,U}.

R = {{@},{a}, {bc}, {b, c}, {ab,ac}, {U}}.

e A =b. (The only choices for A are b and c.)

{Xr} ={9,a,bc,b,ab,U}, these corresponding in order to the list
of elements of R above.

B={@,a,bc,U}.

8[2]: {(®7®)7 (Qaa)’ (@,bC), (®7U)7 (a’7a’)’

(a,T), (be,be), (be,U), (U, U)}.

R ={(9,9),(a,a), (&, bc), (be,be), (a,U), (U,U)}, again these cor-
responding in order to the lists of elements of R above.

In the lattice P(U) pictured just below, the sublattice gotten by leav-
ing out ¢ and ac is the lattice {Xr}, and hence is isomorphic to R.
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ab be

o
The lattice P(U)

The lattice pictured below is the Boolean subalgebra of P(U) generated
by the elements of the partition £.

/ AN

a be

AN /
0

The lattice B

(U.0)
/! AN
(a,U) (be,U)
/! AN / AN
(a,a) 0,U) (be, be)
AN / AN /!
(0,a) (0, be)
AN /!
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The lattice B!

U, U)
/ AN

The lattice of rough sets R

10.9.2 The structure of R

To get at the structure of R, we will now construct the pairs [X, X] in
a different way. In the partition £ of U, let £ be the elements of £ that
have one element, and & be the elements of £ that have more than one
element. In the example above, & = a and & = bc. We identify 2 with
the two element Boolean algebra {0,1}, and 3 with the three element
chain {0,u,1}, with 0 < u < 1. For an element (f,g) € 2% x 3%,
consider the pair
(f9) =(H{Ee& : f(E)=1})U(NHE €& g(E) =1}),

and

(f,9) = ([, U(UW{E € & : g(E) =u}).

For each element E € &, let Ap C U with @ G Ap G E. (Here, the
axiom of choice is used explicitly.) Now it should be clear that if

X =(f9)U(U{Ag : g(E) =u}),

then —_ _
(X, X) = ((f,9), (f.9)).

Thus each pair ((f,9g),(f,g)) is a rough set. For a rough set (X, X), let
f € 2% be defined by f(F) = 1if E C X and f(FE) = 0 otherwise, and
let g € 3°2 be defined by g(E) =1if EC X, g(E) =uwif EC XNX/,
and g(F) = 0 otherwise. Since

X :Xﬂ(U{EZEE(‘:lUEQ}
=U{XNE:Ec&HUEE<X}IU(U{XNE:Ee€&})
=XU(UXNE:Ec& E<XnNX'},
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it follows that [X, X] = [(f,9), (f,g)]. Since different pairs (f,g) clearly

give different pairs [(f,9), (f,9)],

25 %32 SR (f,9) — ((f.9),(f.9)

is a one-to-one correspondence. Identifying the rough sets R with pairs
as we are doing, R has an order structure given coordinate-wise. Now
261 x 3%2 is a Stone algebra with ordering given by (f,g) < (h,k) if
f < h and g < k pointwise. The mapping above is order preserving by
its very definition. Thus under componentwise operations, R 2 251 x 382
as Stone algebras. Further, this tells us exactly what R is in terms of
the partition of U. On one extreme, if & = &, then for every X C U,
X = X = X. In this case, all approximations are exact, and rough
sets are just elements of U. On the other hand, if & = @, then R &
3% = (2P)& =~ (2%)P] = B2 [49]. This last object is the space of
conditional events of the Boolean algebra B, which we will see in the
next section. We have the following theorem.

Theorem 10.9.9 If £ is a partition of the set U, & is the set of ele-
ments of £ that have one element, and E; is the set of elements of £ that
have more than one element, then R = 251 x 3%2 as symmetric Stone
algebras.

One consequence of this theorem is that R is determined solely by the
number of elements in £ and in &, not by the size of U. In the example
given above, £ has two elements, the singleton a and the two element set
be. Thus in that example R is the six element Stone algebra 2 x 3.

The results just given can be generalized in various ways. That setup
is a particular instance of the following situation. Let A be a completely
distributive lattice and B be a complete sublattice of A that is atomic,
that is, every element of B is the supremum of the atoms below it. Here
A plays the role of the power set of U and B plays the role of the com-
plete Boolean subalgebra of A generated by the partition £ of U. The
scheme is to approximate elements of A by elements of B, again getting
upper and lower approximations. In this situation, rough sets are defined
analogously, as follows.

Definition 10.9.10 Let A be a completely distributive lattice, and let B
be a subalgebra of A as a complete lattice. Further, assume that B is
atomic (and hence Boolean). For an element a € A, let

a=Vv{beB:b<a},
a=N{beB:a<b}.
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The elements a and @ are the lower and upper approximations, respec-
tively, of a. Two elements x and y of A are equivalent if they have the
same upper and the same lower approximations. The resulting equiva-
lence classes are called rough sets.

The theory above goes through in this more general case [49].

10.10 Conditional events

Another form of partial knowledge surfaces when we deal with uncertain
rules. These are rules in knowledge-based systems of the form “If X is B,
then Y is A”, where X and Y are input and output variables, respectively,
and A and B are subsets, possibly fuzzy, of appropriate spaces. These
rules are uncertain in the sense that if the premise “X € B” is true, the
consequent “Y € A” might not always be true, but is only true some
percentage of the time. This is typical, for example, in rules formed by
physicians in medical diagnosis, where each uncertain rule is accompanied
by a degree of confidence or a strength of the rule, which is taken to be
the conditional probability P(a|b). To be rigorous, we let (2, A, P) be a
probability space on which the random variables X and Y are defined,
and ¢ = {w : Y(w) € A}, b = {w : X(w) € B} being events, that is,
elements of A, and with A and B being Borel sets of the appropriate
Euclidean space.

The point is this. Each uncertain rule of the form b = a, read “if
b then a”, is quantified as P(alb). Moreover, a rule base is in fact a col-
lection of such rules, and it is necessary to combine these rules in some
fashion to produce outputs from inputs. Thus, we need to model b = a
mathematically as well. Now, b = a is a conditional, having the flavor
of an implication. Can we model b = a as a material implication, that
is, as b’ V a? No, we cannot model it as such and preserve probabilities
since P(' V a) = P(a|b) + P(V')P(a’|b) > P(alb) in general. In fact,
there is no binary operation ¢ on A such that P(a ¢ b) = P(alb) for all
a and b. This is known as Lewis’ Triviality Result, which is left as
an exercise. Its implication is that one must look outside A for an ap-
propriate model. That is, A needs to be extended, with this extension
accommodating not only the elements of A, that is, the events, but also
the “conditional events” a|b. And then one must worry about an appro-
priate algebraic structure on this extension, extending the one already
on A, and respecting in some sense the probabilities of events and con-
ditional events. There are essentially two solutions to this problem, and
we present them now.

To set some notation, let (£2,.4) be a measurable space, and C(A) =
APl = {(a,b) : a,b € A,a < b}. We view A sitting inside C(A) via
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a — (a,1). An element (a,b) will be written a|b to remind us that we are
thinking of conditionals. We call C(A) the space of conditional events.
The set A has been enlarged to the set C(A), and for any probability
measure P on A, we have P defined on C(A) by P(alb) = P(a)/P(b)
as usual. (When b = 0, then ¢ = 0, and we set P(0/0) = 1.) Now
it is a matter of defining operations on C(A) that behave “properly”
with respect to P. The usual coordinatewise operations on C(A) are not
appropriate here because that would mean that for a < ¢, P(a) < P(c),
and P(d) < 1, P(a|1Ve|d) = P((aVc)|l) = P(c) < P(c|d). But we should
have P(a|l1V c|d) > P(c|d) for joins to act properly with respect to P. So
we must extend the Boolean algebra operations on A in another way. At
this point, it is not clear that there is such an extension. But there is,
and we refer the reader to [60] for the details. Here is the theorem.

Theorem 10.10.1 Let (2, A) be a measurable space and let C(A) be
the space of conditional events, with the imbedding of A into C(A) as
indicated. Let join, meet, and negation on A be denoted by V, A, and’,
respectively. Let negation on C(A) be given by (alb)’ = a’blb. Then there
is exactly one way to extend V and A to C(A) so that both these operations
are commutative and associative, have identities, De Morgan’s laws hold,
and for all probability measures P on A,

1. P(a|bV c|d) > P(alb) and
2. P(alb A c|d) < P(alb).
This extension is given by the equations

albVeld = (aVc)|(aVceVbd)
alp Aceld = (aAc)|((a" Ab)V (' Ad)V (bAA))

With these operations, C(A) is a bounded distributive lattice. But
it is more: it is a Stone algebra. The pseudocomplement * is given by
(alb)* = (a’b)|1. These facts are left as exercises. Further references on
this particular topic are [120], [152], and [153].

One unsatisfactory aspect of the construction just made is that it does
not yield a measurable space in which the events contain C(A). Here is a
construction that does so. Again, let (£2,.4) be a measurable space. Let
Q=0 xQxQx ..., the Cartesian product of infinitely many copies of
Q. Let A* be the o-field of subsets of Q* generated by sets of the form
a1 X ag X ... X ap X Q@ x Q x ..., with each a; € A, and n > 0. If P is a
probability measure on (£2,.4), let P* be the infinite product measure on
(2", A*) determined by P*(a1 X az X ... X ap X @ x Q@ x...) = [[I"; P(a;).
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Denote a1 X as X ... X ap X X Q X ... simply by a1 X az X ... X a,, and
let a: C(A) — A" be defined by

a(a,b) = (ab) V (V' x ab) vV () x b' x ab) V ...

This is a disjoint union in Q*, and hence

iP((b’)" X abx Q x Q...)

n=0

= ) Pab)(P@))"

P(a(a, b))

o

= P(ab) Y (POV)"

n=0
P(ab)
1—P)
P(ab)
P(b)
= P(alb)

Now (Q2*, A*, P*) is a probability space, and «(a,b) is an event in the
o-field A*, a much bigger o-field A* than A.

10.11 Exercises

1. Prove Proposition 10.1.1.
2. Prove Proposition 10.2.2.
3. In Proposition 10.2.2, prove that F has dimension 2!Y!.

4. Let U = {a,b}, and A the incidence algebra of U. Prove that A is
isomorphic to the ring of 4 x 4 real matrices of the form

O * ¥ *
* X X %

O O O *
O O ¥ ¥

5. Prove Theorem 10.2.4.

6. Prove Proposition 10.2.8.



312

10.
11.
12.
13.

14.

15.
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Let § = {X,Y} with X = {a,b} and Y = {a,c}. Verify Lemma
10.3.2 for this particular case.

Prove Corollary 10.3.6.
Prove Corollary 10.4.5.
Prove Lemma 10.4.14.
Prove Lemma 10.4.16.
Complete the proof of Proposition 10.5.8.

Let P be a set of probability measures on a measurable space (U, A).
For A € A, let

F(A) N P(A): P e P}
G(A) = V{P(A):PeP}

Show that

(a) G(A)=1—-F(4’) and

(b) if P is a probability measure, then F' < P if and only if P < G.
Let U = {a1, az, as, as }, and make the probability mass assignments

f|a1 as a3 ag4 U
04 02 02 01 01

(a) Write down all the numerical values of g(A) = > pc 4 f(B).
(b) Let P denote the set of probability measures P such that

P{a}) > 04
P{as}) > 02
P({as}) > 02
P(fas}) > 0.1

Verify that for A C U,
g(A) =inf{P(A): P € P}

Let @ be a probability measure on a finite set U, and let 0 < e < 1.
Let

P ={cP+ (1—¢)Q : P is a probability measure on U}

Show that
g(A) =inf{P(A): P e P}

is a belief function.
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16. Let f be a probability mass assignment, that is, a probability den-
sity function on 2V, with U finite. For @ # A € 2V and for a € A,

let
a(d,a) = f(A)/[A]
pa) = > a(4a)
a€cA

(a) Verify that p is a probability density on U.
(b) Show that if P(A) =" 4 9(a), then

> f(B) < P(4)

BCA

17. Let S be a constant random set. That is, P(S = B) = 1 for some
BCU.

(a) Determine the associated belief function g(4) = P(S C A).

(b) Let T be a random set with belief function g. Show that the
belief function of SNT is g(AU B’).

(¢) Suppose that g is additive. Show that in general, g(AU B’) #
9(A|B).

18. Let g be a belief function on a finite set U.

(a) Show that g is monotone increasing.

(b) Show that g is 2-monotone (or super modular, or convex).
That is, show that

9(AUB) +g(ANB) > g(A) + g(B)

19. Give an explicit example of a function f : 2V — R that is monotone
of infinite order and is not monotone.

20. Let U = {a1,az,as,...,ax}. Let
T(a’j) = {A taj € AC {aj,aj+1, ...,(Lk}}

Let g be a belief function on U and f its Mébius inversion. Define

g:Q — R by
plwi)= Y. [f(4)
AeT (wjy)

(a) Show that p is a probability density on €.
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(b) Let P, denote the probability measure with density p. Show

that g < B,
(c) Let F={A:g(A) >0}. For A€ Fanda € A, let a(a,A) >0
satisfy
> ala,A) = f(A)
w€eA
and define

Pa@)= Y. ala,A)

acAeF

Verify that p, is a probability density and that g < P, .

Let g be a belief function on the finite set U. Let B C U with
g(B) > 0. For A C B show that the formula

g(A)
g(A) +1-g(AUB)

gB(A) =

reduces to the definition of conditional probability if ¢ is additive.

Give an example of a density f on 2V, and two allocations of f that
give the same density on U.

Let f be monotone of infinite order. Show that

> > - Y m+ Y ) -

[Y]=|X]-1 IY]=]X]-2 [Y]=|X]-3
where the Y are subsets of X.
Prove the bullet items just before Theorem 10.3.3.
Verify the assertions in Example 10.4.12.

Prove that if a belief function ¢ is not a measure, then its core is
infinite.

Let U be a finite set, and let g(A) = 0 for A # U and g(U) = 1.
Prove that g is a belief function and that the core of g is the set of
all probability measures on 2Y.

Complete the details of the proof of Lemma 10.5.3.

Prove that the set A in the proof of Lemma 10.5.3 is unique up to
a set of measure 0.
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30. Verify that the following conditioning operators for belief functions
generalize conditional probability measures. Assume that no de-
nominator is 0.

g(AUB’) — g(B')

(a) g(A|B) = 1= 4(B)
g(AN B)
(b) 9(A|B) = B
_g(A)—g(AnB’)
(c) g(A|B) = 1= g(B)

31. Let P be a probability measure on the finite set U. Assume that
no denominator is 0.

(a) For any positive integer n, show that g(A) = [P(A)]" is a belief
function.

(b) Let g(A) = [P(A)]? and

g(A) = g(A|B)
g(ANB)
9(B)
_ [PAnB)]?
a P(B)
Verify that for each B, the Mobius inversion of the belief func-
tion g(-,|B) is
[P(A|B)]? when A = {w}
fB(A) =< 2P(w1|B)P(w2|B) when A = {w1,w2}
0 when A =@ or |A4] > 2

(c) Show that the g(-|B) in the previous part is commutative, that
is, that (9p)c = (9¢)B-

(d) Show that g(:|B) satisfies the “sandwich principle”, namely
that for A C U,

g(A) > min{g(A|B), g(A|B")}

32. Let (U, A, P) be a probability space, and X : U — R™ be a non-
negative random variable. Show the expected value [, X (w)dP(w)
of X can also be written [;° P(X > t)dt.
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Let n be a positive integer. If P is a probability measure on the
finite set U whose density f on U is the uniform one, then the
density on U which is compatible with the belief function P™ and
has maximum entropy is f.

Show that in Algorithm 2 there is a unique K such that

B(KUU;) — B(UY)
K]

1S maximuim.

If m is uniform on the nonempty subsets of 2V, how many steps
does Algorithm 2 take?

Let U be a set, £ be a partition of U, and ~ the equivalence relation
on P(U) giving rough sets. Show that ~ is not a congruence on the
partially ordered set (P(U), Q).

(Lewis’ Triviality Result) Let B be a Boolean algebra with more
than four elements. Then there is no binary operation ¢ on B such
that for all probability measures P on B, and all a,b € B with
P(b) > 0, we have P(a<b) = P(alb).

Let P : A — [0,1] be a probability measure on a Boolean algebra
A. For b € A with P(b) > 0, define P(alb) = (P(anb))/P(b). Let
(b= a) = (V/ Ua). Show that

P(b = a) = P(alb) + P(d'|b)P(b).
Thus P(b = a) > P(alb), in general.

Show that the space C(A) of conditional events as given in Theorem
10.10.1 is a Stone algebra.

Complete the proof of Lemma 10.9.3.
Write out in detail the proof of Theorem 10.9.6.

Show that the X in Lemma 10.9.3 form a sublattice of the bounded
lattice P(U) that is isomorphic to R.

Prove Corollary 10.9.8.

(Coset representation of conditional events) A Boolean ring is a
ring R with identity such that every element is idempotent, that
is, satisfies a?> = a. Let ¢/ = 1 +a,a+ Rb = {a+7rb:r € R},
aVb=a+b+ab, a <bif ab=aq, and [a,b] = {z:a <z <b}.
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(a) Show that a + RV = ¢+ Rd’ if and only if ab = ¢d and b = d.
(b) Show that a + Rb = [ab,b’ V a].
(c) Show that {[a,b] : a <b} ={a+ Rb :a,b € R}.

45. Let (U, A) be a measure space. For a,b € A, let ¢, : U — {0,u,1}
be defined by
1 if ueab
Gop(u)=4¢ 0 if ueabd
u if weld

Show that {¢,, : a,b € A} is in one-to-one correspondence with

C(A).






Chapter 11

FUZZY MEASURES

Possibility measures and belief functions are special nonadditive set func-
tions. In this chapter, we consider a more general type of nonadditive set
functions called fuzzy measures. They are used to model uncertainty in
subjective evaluations.

11.1 Motivation and definitions

The simplest situation where subjective evaluations might be called upon
is exemplified by the following: suppose €) represents the states of nature,
the unknown true state being wg. For a subset A of 2, you are asked to
guess whether A contains wp. You may answer “yes” but are not quite
sure. This situation is similar to the one in the setting of belief func-
tions, and is reminiscent of the statistical concept of confidence interval
estimation. For the latter, in the process of constructing an interval es-
timate of, say, the mean p of a population, we have a random sample
X1, Xa,..., X, from that population and a random set S(X7, Xs,..., Xp).
Before collecting the data, S is a random set, and we can talk about the
probability P(u € S) of coverage. Suppose that P(u € S) = a. We
collect the random sample 1, z3,..., 2, and form the set S(x1,za,..., Zy).
Either p € S(z1, x2,...,xy) or it is not, but we say that we are confident to
a degree that p € S(x1, 22, ...,x,). Now it is agreed that even without a
random mechanism as in statistics, humans still can express subjectively
their degrees of trust or “grades of fuzziness”, with values in [0, 1]. Thus,
to each A C 1, a value v(A) is assigned expressing a belief that wy € A.
Obviously, v(@) = 0 and v(2) = 1 and v is monotonic increasing. Since v
is assigned subjectively, one refers to v(A) as a grade of fuzziness, where
fuzziness is used in analogy with the subjectivity in assigning a member-
ship function to a fuzzy concept. In this interpretation, the set function v

319
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is called a fuzzy measure and is used to model human subjective evalu-
ations. One might argue that subjective evaluations could be subjective
probabilities. The main difference is that, as set functions, subjective
evaluations need not be additive. Thus, the general framework for mod-
eling subjective evaluations is flexible for real-world applications. Note
that one might also use the adjective “fuzzy” as opposed to “stochastic”,
as in fuzzy reasoning or fuzzy control. The concept of fuzzy measures, on
the other hand, is also backed by considerations of imprecise probability
models in which one is forced to deal with nonadditive set functions such
as lower and upper probabilities. As we will see, except for special cases,
these “imprecise” probabilities are only monotone set functions.

The terms “fuzzy measure” and “fuzzy integral” were introduced in
Sugeno’s thesis in 1974. In the context of Lebesgue abstract integration
theory, fuzzy measures surface as a weakening of the o-additivity of stan-
dard measures. If (2,.4) is a measurable space, then the original Sugeno
fuzzy measure concept is defined as follows: A set function p : A — [0, 1]
is called a fuzzy measure if u(@) = 0, u(2) = 1, and for any monotone in-
creasing sequence A,, € A, u(UA,) = lim,_,o (Ay). This last condition
is monotone continuity. The condition u(2) = 1 is not crucial, and
if it is dropped, then abstract measures are examples of fuzzy measures.
The basic additivity property of measures is dropped. For an ordinary
measure, the o-additivity property implies monotone continuity, which
is essential in establishing the Lebesgue theory. But, integration with
respect to fuzzy measures, either using Sugeno’s integral or Choquet’s
integral, does not rely on the monotone continuity property, but only on
the fact that p is monotone. Thus the axiom of monotone continuity is
also dropped. And more generally, the domain A of y can be taken as an
arbitrary class of subsets of (2.

We will elaborate on this point. In probability theory, or more gener-
ally, in measure theory, the domain of o-additive measures is taken to be
a o-field. For example, consider the experiment of selecting at random a
point in [0, 1]. For any subset A of [0,1] we can declare whether or not
the “event” A occurred—it did if the point selected was in A and did not
if it was not. However, what we are really interested in is the probability
P(A) of A before performing the experiment. Unlike the discrete case
where P(A) can be determined by specifying a probability on singletons,
the continuous case is more complicated. For any w € [0, 1], we must
specify that P({w}) = 0. Were P({w}) > 0, then since we are selecting a
point at random, each w € [0, 1] would have the same probability, and so
S P({w;)} > 1 for sufficiently large n. We can assign P(A) to be the
length of A for subintervals of [0,1] but cannot extend this assignment
to the set of all subsets of [0,1] and keep o-additivity. But it can be
extended uniquely to the o-field B generated by the subintervals, namely
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to the Borel subsets of [0, 1].

Now the essential property of a fuzzy measure p is its monotonicity.
Suppose that a fuzzy measure p is specified on an arbitrary class C of
subsets of a set . Then p can be extended in many ways to all of 2%
keeping its monotonicity. For example, u,(A) = sup{u(B) : B € C,
B C A} is one such extension and p*(A) = inf{u(B) : B € C, B D A}
is another. Thus the domain of a fuzzy measure can be an arbitrary set
of subsets of a set. The range of u can be taken to be [0, 1] or [0, 00) if
need be.

Definition 11.1.1 Let A be a family of subsets of a set 2, with & € A.
A mapping p: A — [0,00) is called a fuzzy measure if

1. (=) =0 and
2. if A, Be A and A C B, then u(A) < p(B).
The triple (Q, A, p) is a fuzzy measure space.

With this general definition, fuzzy measures are set functions that are
monotone increasing with respect to set inclusion. They appear in various
areas of mathematics. In the following two sections, we will illustrate
some basic situations.

11.2 Fuzzy measures and lower probabilities

Consider again the case of incomplete probabilistic information. Let P
be a class of probability measures on a measurable space (£2,.4). For
A€ A, let u(A) = inf{P(A) : P € P}. Obviously, p is a fuzzy measure
with p(2) = 1. In this case, p is a lower probability. It is the lower
envelope of P. The monotonicity of a fuzzy measure p is referred to as

monotonicity of order 1. More generally, i is monotone of order n if
for A; € A,

pUZA) = Y (DT (Oer A
o#£I1C{1,2,....n}

Probability measures and belief functions on finite 2 are monotone of
order n for all positive integers n. Monotone of order 2 means

W(AU B) > p(A) + u(B) — u(AN B)

These monotonicities have been discussed in Section 10.3.

For a fuzzy measure pu, the set of all probability measures P such
that P > p is denoted P(u). The elements of P(u) are those probability
measures that dominate p, or are compatible with .
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Example 11.2.1 Let 2 = {w;,w2}. Consider the fuzzy measure p de-
fined by

(@) 0
wlwi) = 0.7
wlws) = 0.7
1(92) 1

No probability measures P on {2 can dominate  in the sense that if A C Q
then pu(A) < P(A). That is, there is no probability measure compatible
with u. Indeed, for P to dominate p, P{w;} > 0.7, an impossibility. Thus
the class of probability measures compatible with p is empty. Unlike be-
lief functions, fuzzy measures do not have a probabilistic interpretation in
terms of classes of compatible probability measures. Thus fuzzy measures
can be used to model different types of uncertainty.

The fuzzy measure in this example is not monotone of order 2 since
for A= {w1} and B = {w2}, we have

wAUB) = p@)=1
wWANB) = p(@)=0

while p(A) + p(B) = 1.4. However, if a fuzzy measure is monotone of
order at least 2, then it is monotone of lower order. In this example,
P(u) = @ is due precisely to the fact that u is not monotone of order 2.

Example 11.2.2 This example shows that, even when P(u) # &, p
might not be the lower envelope of P(u). Let Q = {w1,ws,ws}. Consider
the fuzzy measure

W) 0
plwr) = 1/3
plw2) = 1/3
plws) = 1/6

pwi,wa2) = 2/3

wlwi,ws) = 2/3

pwa,ws) = 2/3
1(§2) 1
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If P € P(u), then since

plw) = 5 < Plw}
plws) = § < P{ws}
1 = Pl{wi}+ P{ws} + P{ws}
plwi,wst = % < P{w1} + P{ws}

we get P{wy} = 1. Similarly, P{w;} = %, and therefore so is P{ws}.

Thus P is the uniform distribution on 2, and clearly is not p.

Example 11.2.3 This example shows that if u = inf P, the lower en-
velope of a class of probability measures P, its class P(u) of compatible
measures might be different from P. Let Q = {w1,ws,ws, w4}, and let
probability measures P; be given by the table below.

Q | w1 W2 W3 W4
P05 02 02 0.1
. P04 03 02 0.1
P; 04 02 03 0.1
P, 04 02 02 02

If P={Py, P, Ps, Py} and u(A) = inf{P;(A)}, then P C P(u), but the
probability density P given by P{w;} = 0.425, P{ws} = P{ws} = 0.225
and P{w,s} = 0.125 dominates p.

Example 11.2.4 The discussion in this example emphasizes the fact
that, unlike belief functions, general fuzzy measures do not have the for-
mal interpretation in terms of random sets. The notion of M&bius in-
version can be defined for arbitrary set functions on finite sets. Let (2
be finite and let p : 2© — R. Now define f : 2% — R by

F(A) = (=) Plu(B)

BCA

This f is the Mobius inversion of u, and

wA) =" f(B)

BCA

In the case of a fuzzy measure p with u(Q2) = 1, we have

S SA) = u(@) =1

ACQ
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but unless f is nonnegative, we cannot view f as a density function for
some random set. Here is an example. Let Q = {w1,wq,ws}, let u be 0
except for p{w;,w;} = 0.5 for distinct pairs, and p(2) = 1. Then

) =Y (=) ud) = -5

ACQ

The Mobius inversion gives a nonnegative function only in the case of
belief functions, that is, fuzzy measures monotone of infinite order.

Example 11.2.5 A very general and useful class of fuzzy measures con-
sists of those which are monotone of order 2. These fuzzy measures are
sometimes referred to as convex fuzzy measures, a term in game the-
ory where the monotonicity of order 2 is the analog of the positivity of
the second derivative of convex functions. This type of fuzzy measure
also appears in robust Bayesian statistics.

Let Q = {w1,wa,...,wn}, and let p be a fuzzy measure monotone of
order 2. Let f be the Mobius inversion of p. Define P : 2 — R by

Py= Y smAnE

2 #£BCN

We are going to show that P is a probability measure on Q. That P(&) =
0 and P(Q2) = 1 are easy. Also it is easy to check that for AN B = &,
P(AUB) = P(A) + P(B). To finish the proof, it suffices to show that
for w e Q, P({w}) > 0.

Now Y cpcq (D U{w}) — p(D)] > 0 since p is monotone. Thus it
suffices to show that

(—1)/B-DU{w}]

>0
B

>

{w}UDCB
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For m =|Q| —|D|—1,d = |D|,

>

DU{w}CBCQ

(1)l B\PUD)
|B|

325
Zﬂl: Z (71)n7|D|71
n:‘DH_l DU(\%}\EBQQ n
i‘ <n| ~|D| - 1) )
n=Dl+1 " 1Dl -1 n
|9/ |D|-1
(QI —|D| - 1) (-n*
Z k k+ Dl +1
Zm (- (m
k=0 k+d+1\k
d!m!
CETES

All equalities are clear except the last, and that is proved in the lemma

below.

Lemma 11.2.6 For m > 0,d > 0,

zm: (-»* (m
AT

Proof. Induct on m. For m = 0, the summation reduces to

(1"
O+d+1

Assume that for some m = mg > 0
for all m < mg and consider

m—+1

The following relationship

(

m+1
k

)=

(

(-1*
d+1

d'm!
>_(m+d+D!
0y 1
0) d+1

the equality holds for all d > 0 and

(")
A

-1

m+1
k

m
k

)
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holds between binomial coefficients, and we apply it in the induction step.

=P m+1
< k+d+1\ k

_ (—1)0 (-1)" m m
= o+d+1+;k+d+1 k) T\
N (=D"™ m41
m+1+d+1\m+1
B 1 m (71)m+1
= d+l+zk+d+l() Zk+d+l< >+m+d+2

d!m! (=1)™*!
T (mtd+1) Zk+d+2< >+m+d+2
d'm! (d+1)!m! (=)™ (m (=)™t
(m+d+1)! (m+d+2)! m+d+2() m+d+2
dm! (m+d+2) (d+1)!m!
(m+d+1)!(m+d+2) (m+d+2)!
dim! (m +d +2) — (d + 1)!m!
(m+d+2)!
= L(m!(m—kl))
(m+d+2)!
d'(m+1)!
(m+d+2)!

This probability measure dominates p, so that P(u) # &. The proof
of this fact is quite lengthy and is omitted. The interested reader can
consult [21]. m

11.3 Fuzzy measures in other areas

11.3.1 Capacities

As in measure theory, classical capacities on Euclidean spaces in potential
theory are extended to an abstract setting as follows. Let 2 be a set. A
precapacity on € is a map I from the power set 2% to the extended real
line R = [~o00, 00] in such a way that

e [ is monotone increasing and

e if A, is an increasing sequence in 2, then I(UA,) = sup I(A,,).
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A simple precapacity is this: for any set 2, let I(A) = 1if A is an
uncountable subset of € and 0 otherwise. Of course, letting I(A) = 0 for
all A is a precapacity also.

Let (2, A, P) be a probability space. Define I on 2% by

I(A) = inf{P(B): Be A, AC B}

This precapacity has an important additional property. Since P is a
probability measure, for any decreasing sequence A,, in A,

P(NA,) = I(NA,) = inf P(A,) = inf I(A,)

Precapacities having this additional structure are called capacities. A
collection F of subsets of € is called a pavage if it contains the empty
set and is closed under finite unions and intersections. An F-capacity on
) is a precapacity I such that if F}, is a decreasing sequence in F, then

I(NF,) =inf I(F,)
Here are some examples.

Example 11.3.1 Let K and O denote, respectively, the set of compact
and the set of open subsets of the Euclidean space R?. Classical capacities
in potential theory have some special properties. Let I : £ — [0, 00]
satisfy the following:

1. I is increasing on .
2. I is strongly subadditive. That is, for A, B € K,

I(AUB) + I(ANB) < I(A) + I(B)

3. I is continuous on the right. That is, for A € K and ¢ > 0, there
is an open set V' containing A such that for every B € I satisfying
ACBCYV wehave I(B) < I(A) +e.

The inner capacity associated with I is defined for any subset A of
R? by
I.(A) =sup{I(K): K e K,K C A}
and the outer capacity I* by
I'(A) =inf{l.(X): X € O,AC X}

It can be verified that I* is a KC-capacity.
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Example 11.3.2 Let (Q, A, P) be a probability space. Define I : 29 —
[0,1] by

I(A) =inf{P(B): Be A AC B}
Then I is an A-capacity.

Example 11.3.3 When € is finite, every increasing set function on 2%
is a 2%-capacity. For example, let ¢ : 2 — [0, 1] satisfy 3 4o ¢(4) = 1.
Then I(A) = Y zca9(B) is a 2%-capacity. Without referring to the
pavage 22 in the finite case, fuzzy measures on finite sets are often referred
to as capacities.

11.3.2 Measures and dimensions
We give here some examples of measures and dimensions.

Example 11.3.4 An interval J in R” is the Cartesian product of inter-
vals of R. Let v(J) = [[i—, (b; —a;). For A C R", define pu(A) = inf o(J)
where the inf is over all possible coverings J ={.J; }]“;1 of A by countable
intervals of R", and o(J) = Y2, v(J;). Clearly p : 28" — [0,00) is a
fuzzy measure. Note that (U2, A;) < 3272 p(A;), so p is subadditive.
Such a set function is called an outer measure.

Example 11.3.5 Let (,d) be a metric space. The diameter of A C Q
is 6(4) = sup{d(z,y) : z,y € A}. For each @ > 0 and each ¢ > 0,
consider p5(A) = inf )", [6(Ax)]*, where the inf is taken over all count-
able collections { Ay} such that A C UA, and §(Ay) < € for each k. Let
o, (A) = lime o u5,(A). Then p,, is an outer measure, called the Haus-
dorff outer measure of dimension a. Now define y : 2 — [0, ]
by
w(A) =inf{a >0: u, (A) =0}

The quantity p(A) is called the Hausdorff dimension of A. The func-
tion p is not additive, but is monotone increasing.

Example 11.3.6 Let (2, A, P) be a probability space. Define p: A —
[0,00] by u(A) = [—clog P(A)]~!, where ¢ > 0. This fuzzy measure has
the following special property. If AN B = &, then

WAUB) = [-clog(P(A)+ P(B))™
() wmy . 1-1
= [maX{O, —clog{e L et }}]
That is, when AN B = &, u(AU B) is a function of u(A) and pu(B).
So p(AU B) = ¢(u(A), n(B)). Such fuzzy measures are called decom-
posable with decomposition operation . If x4 is additive, then it is
decomposable with operation ¢(x,y) =z + y.
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Example 11.3.7 Let (2,.4) be a measurable space. Let 1 : A — [0,1]
satisfy

1. u(©2) =1 and
2. if AN B = @, then
1(AU B) = p(A) + u(B) + Au(A)u(B)

for some A > —1. Then p is called a A-measure, or a Sugeno
measure. Since

1 = uwQuo)
= Q)+ (@) + Au(Q)u(2)
= 14 p(2) + \u(2)
we have u(@)(1 4+ A) = 0, implying that u(&) = 0. For A C B, we

have
u(B) = p(A) + p(B — A) + Au(A)u(B — A)

But
(B —A) + A(A)u(B — A) =0

since A > —1 and 0< p(A) < 1. Thus u(A) < p(B), so that p is a
fuzzy measure. Note that this A-measure can be expressed in the
form p(A) = f(P(A)) where P is a probability measure and f is a
monotone increasing function. Indeed,

1 (]
p(A) = X[el s1+An(A)] _ 1]

But observe that
OBIAR(A) = [(1 4 X)Testrex |los(1+An(4))
log (14 Au(A))
= (14 X) o0+
Thus for A > —1, we take

1 T _ i
= { X T

Then f(0) =0 and f(1) =1 and f is increasing. Next take

_ log(1+ Au(A))
PA) = =i
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It remains to verify the P is additive. For AN B = &, we have

log(1+ Au(A U B))
log(1+ A)

P(AUB) =

But

log(1+ Au(AU B)) log [1 + AM(u(A) + pu(B) + A(p(A)u(B))]
log[(1 + A(u(A)) (1 + A(u(B))]
log(1 + A(u(A)) + log(1 + A(u(B))

[P(A) + P(B)]log(1 + A)

Note that Sugeno’s A-measures are decomposable with ¢, (z,y) =
x4y + Ayz. If A =0, then p, is additive.

11.3.3 Game theory

The mathematical framework for the coalition form of game theory is as
follows [10]. Let Q be the set of players, and A be a o-field of subsets
of €, representing the collection of all possible coalitions. A game is a
map v : A — R with the interpretation that for A € A, v(A) is the worth
of A, that is, the payoff that the coalition A would get. The function v
is very general, and not necessarily additive. For example, v can be the
square of an additive measure.

Set functions in game theory are sometimes superadditive, that is,
they satisfy v(AUB) > vA)+v(B) for A and B disjoint. This is supposed
to reflect the fact that disjoint coalitions do not lose by joining forces. A
similar situation with belief functions is this: the core of a game v is the
set of all bounded, finitely additive signed measures y on A dominating
v, that is for which v(A) < p(A) for A € A and v(Q) < u(Q).

Another fundamental concept in game theory is that of a value.
Roughly speaking, it is an operator that assigns to each player of a game
a number representing the amount the player would be willing to pay
in order to participate. Thus a value is a map from games to payoff
distributions, which are bounded, finitely additive signed measures.

It is interesting to note that in the study of value and core in game
theory [10], there is a need to generalize—or idealize—the notion of set
by specifying for each point a weight between 0 and 1, which indicates
the “degree” to which that point belongs to the set. This “ideal” kind
of set is used to formalize the intuitive notion of “evenly spread” sets.
Subsets of the set 2 of players are coalitions. Evenly spread subsets are
viewed as “ideal” coalitions, which are simply fuzzy subsets of 2. The
extension of a game from A to fuzzy events plays a key role in the study.
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(For details, see [10].) The study of nonadditive set functions and their
associated linear operators is an interesting topic in game theory. Results
in Chapter 10 concerning belief functions viewed as special games can be
partially extended to arbitrary monotone games.

11.4 Conditional fuzzy measures

Let (2, A4, 1) be a fuzzy measure space. We take A to be an algebra
of subsets of Q. The function p is monotone increasing with (@) = 0
and u(Q2) € R*Y. The dual fuzzy measure of p is given by p*(A4) =
w(Q) — u(A”), where A’ is the set complement of A. By analogy with
conditional probabilities, define u(:|B) by

u(AN B)
(ANB)+p*(A'NB)

p(AIB) =

This is well defined only when the denominator # 0. So the domain D(B)
of p(-|B) is the set of those A such that u(AN B) + p*(A’'NB) > 0. In
particular, @ € D(B) if p*(B) > 0. Note that D(B) = A if, for example,
w*(B) > 0 and p is subadditive. Subadditive means that u(A; U As) <
(A1) U p(Asg) for disjoint A; and As.

We show that p(-|B) is monotone increasing on D(B). Let A; C A,.
Then since p and p* are increasing,

(A1 N B)[u(A2 N B) + p* (A5 N B)]
= (A1 N B)u(A2 N B) + p(A; N B)p* (A5 N B)
< u(A N B)u(A2 N B) + p(A2 N B)u* (A1 N B)

and so u(A1|B) < p(As|B). Thus u(-|B) is a fuzzy measure. Other forms
of conditional fuzzy measures are possible. The following are examples.

p(AN B)

o u(A|B) = 1 (B) for p(B) > 0.
e u(A4|B) = p(4 D(g§ USQ)B’_) B) for the denominator y*(B) >
0.

We discuss now the case when p(B) = 0. Without exception, fuzzy
inference is based essentially on conditional information. Probabilistic
reasoning and the use of conditional probability measures rest on a firm
mathematical foundation and are well justified. The situation for non-
additive set functions seems far from satisfactory. This is an important
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open problem and we will elaborate on it in some detail. The material is
essentially probabilistic.

Let X and Y be random variables defined on a probability space
(©, A, P). The product Borel o-field on R x R is denoted B x B and the
joint probability measure of (X,Y) on B x B is determined by

QAxB)=P(X €AY €B)
The marginal probability measures are, respectively,
Qx(4) = Q(AxR)
@x(B) = QRxB)
We now review briefly the concept of conditional probability. Setting
a=(XeA)=X1Y4
b=(Y eB)=Y"(B)
and denoting a N b by ab, we set

P(ab)
P(bla) =
(tla) = 5o
whenever P(a) # 0. For each such a, P(b|a) is a probability measure on

(©,A).

Now suppose X and Y are defined on (2, 4, R), and X is a continuous
random variable. Then for x € R, P(X = z) = 0. How do we make sense
of P(Y € B|X = z)? Suppose X is uniformly distributed on [0, 1], and
Y is a binomial random variable defined as follows. If X = z, then the
value of Y is the number of heads gotten in n tosses of a coin where
the probability of getting a head is the value x of X. The probability of
getting at most j heads is given by the formula

zj: (Z) gk (1 — z)n*

k=0

and this value is P(Y < j|X = z). The density of X is f(z) = 1jo,1)(z)
and the density of Y is

otble) = ([ )aka = oy

under the condition that X = z. If we define g by this formula for
z € [0,1] and 0 otherwise, then the variable Y, given X = x should have
g as a “conditional density”, and then

io (Z) 2k (1 — )"k

k
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can be written as
J
P(Y <jIX =x) = g(klz)

Thus, for any B € B, one might take P(Y € B|X = x) as a probability
measure, even when P(X = x) = 0. The set function B — P(Y € B|X =
x) is the conditional probability measure of ¥ when X = z.

We discuss now the existence of such conditional probability measures
in a general setting. Noting that

P(Y € B)=E(liven)) = /Q Liyvenp)(w)dP(w) < oo

the general problem becomes the existence of the “conditional expecta-
tion” of an integrable random variable Y given X = x. This conditional
expectation is denoted E (Y|X = ). Since Y is integrable, the set func-
tion on B defined by

M(B) = /( oy VP

is a signed measure, absolutely continuous with respect to () x, and hence
by the Radon-Nikodym theorem from measure theory, there exists a B-
measurable function f(z), unique to a set of () x measure zero, such that

/(XEB)Yw )dP(w /f )dQx (z

As a special case, when Y is of the form 1(ycp), we write
Q(BIX) = E[l(yep)|X = 2]
It is easy to check that the function
K:BxR—|[0,1]
defined by K(B,z) = Q(B|x) satisfies
e for each fixed B € B, K(B,-) is B-measurable and
e for each z € R, K(-, ) is a probability measure.

Such a function is called a Markov kernel. By the first property,
J4 K(B,z)dQx (x) is well defined for A, B € B, and

QA x B) = /A K(B,2)dQx (x)
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thus relating the joint measure @) on B x B with the marginal measure
Qx of X. When A =R, we have

QR x B)=Qy(B) = /RK(B,x)dQX(x) (11.1)

This is the basic relation between marginals @ x, @y and the Markov
kernel. Thus we can state that the conditional probability measure P(Y €
B|X = z) is a Markov kernel K (B, z) such that 11.1 holds. This can be
used as a guideline for defining conditional fuzzy measures.

By analogy with probability theory, one can define a conditional fuzzy
measure, denoted p(B|z), to be a “fuzzy kernel”, that is, satisfying

e for each B € B, u(B]-) is a B-measurable function;
o for each = € R (say), p(-|z) is a fuzzy measure.

The basic problem is the existence of u satisfying the counterpart of
11.1 in the fuzzy setting. “Integrals” with respect to fuzzy measures need
to be defined in such a way that they generalize abstract Lebesgue inte-
grals. We postpone this analysis until fuzzy integrals have been defined,
but will indicate the formulation.

Let (€2;,.A;) be two measurable spaces. A fuzzy kernel K from €
to Qg is a map K : Ay x Q7 — R* such that

e for each Ay € As, K(As,-) is Aj-measurable and
e for each wy € Qq, K(-,w1) is a normalized fuzzy measure on As.

If P, is a probability measure on (Q4,.4;), then

Q2(42) = | K(A2,w1)dPi(w1)
Q
is a fuzzy measure on (£,43). The same is true when P; is replaced
by a fuzzy measure Q1 on (1,.4;), where integration is in the sense of
Choquet. That is,

1
K(Ag,wl)dPl(wl) = / Ql{wl : K(Ag,wl) > t}dt
Ql 0

In the following, the product o-field on the Cartesian product space
0y x s is denoted A; ® As. If a normalized fuzzy measure @ on (€ x
03, A1 ® Ag) is such that

Q(Al X Ag) = N K(Ag,wl)dQl(wl)

1
/o Q1{w1 : 14, (w1)K(Ag,wy) > t}dt
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then @ has @7 and Q)2 as marginals. That is,

QA x ) = / Qi{wr  1ay (w1 > )}t = Qi (Ay)

and Q(Q; X Ag) = Q2(Az). The problem of defining Q(Xs € As| X = wy)
when Q(X; = wy) = 0 appeared in the context of Bayesian statistics
concerning lower and upper probabilities. There, only a partial solution
was given. An open problem is this: if @ is a joint fuzzy measure on
(21 x Q2,41 ® Az), under which conditions can a fuzzy kernel K from
Q1 to Qs be found such that

Q2(A2) :/0 Q1{w1 : K(Ag,wy) > t}dt

where @; are marginal fuzzy measures of Q7 The need for considering
conditional fuzzy measures is apparent in situations such as fuzzy regres-
sion problems, interpretation and assignments of weights to fuzzy rules
in control or expert systems, and so on.

The discussion above is concerned with the problem of existence of
conditional fuzzy measures of the form pu(Y € A: X = z) when p(X =
z) = 0. It is a mathematical problem. Of course, from a subjective
evaluation point of view, one can specify such measures for inference
purposes. A mathematically difficult problem arises if we insist on a
respectable level of the theory of fuzzy measures. In this regard, much
research needs to be done. Fuzzy kernels can be used to define conditional
fuzzy measures. (See, for example, [27, 159].)

Research in the field of fuzzy measures and integrals is currently
very active, with many papers appearing. The reader should be aware
that there is no consensus even in terminology. For example, a Radon-
Nikodym theorem for fuzzy valued measures is not a Radon-Nikodym
theorem for nonadditive set functions. While dropping o-additivity of
ordinary measures, most of the researchers add assumptions to fuzzy mea-
sures, which make the latter almost similar to the former. Perhaps one
should fix a precise case, say Choquet capacities, and see what fundamen-
tal new results will surface. The problem of conditional fuzzy measures
wY € A: X € B), where u(X € B) > 0, does not cause technical prob-
lems. As in the case of belief conditioning of Shafer, the problem with
these straightforward definitions is that it yields a whole host of choices.
Without a clear logic or application-oriented motive, various definitions
of conditional fuzzy measures look like mathematical games of extend-
ing conditional probability measures. If the root of fuzzy measures is in
subjective evaluation processes, the conditioning problem should involve
human factors, and any proposed conditioning procedure should be tested
empirically.
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11.5 Exercises
1. Verify that a fuzzy measure p is monotone of order 2 when

AU B) + (AN B) = p(A) + u(B)

2. Show that if a fuzzy measure p is monotone of order n > 2, then it
is monotone of order m for 2 < m < n.

3. Show that u in Example 11.2.3 of Section 11.2 is monotone of infi-
nite order.

4. Let p be a fuzzy measure. For A, B, X € A, define
Al(X,4) = p(X)—p(XNA)
Ay(X,A,B) = A(X,A)—-A(XNBA)

Show that p is monotone of order 2 if and only if Aq(X, A, B) >0
for all X, A, B.

5. *Show that if the Mdbius inversion of a fuzzy measure p is non-
negative, then p is a belief function, that is, is monotone of infinite
order.

6. *Let Q be finite. Let () be a probability measure on  such that
Q(A) > 0 for every subset A # &. Let pu be a fuzzy measure on 2
such that u(Q) =1, and f its Mobius inversion.

(a) Define P : 2% — R by

P(A)= > f(B)QA|B)
@#ABCQ
Q(ANB)

where Q(A|B) = Q)

measure.

Show that P is a probability

(b) Show that P dominates y if and only if y is monotone of order
2.

7. Let F be a pavage of subsets of 2 such that if F,, € F with F,
decreasing in n and # @, then NF,, # @. Define I : 2 — {0,1} by
I(A) =1if A+# @ and 0 otherwise. Show that I is an F-capacity.

8. Let C be a collection of subsets of Q. Let u : C — [0,00) be
monotone.
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12.
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(a) Verify that p, and p* defined in 11.1 are monotone.
(b) Verify that any monotone extension v of p to 2% satisfies i,
<v<pt

Let C be a collection of subsets of © such that @ € C and C is
closed under complementation. Let p : C — [0,00) be monotone.
Let v(A) = u(Q) — u(A°). Show that v is monotone.

Let (2, A, P) be a probability space. Let A > 0. Define p : A —
[0,1] by

() = [+ 07 —1)

(a) Show that limy_,g 1y (4) = P(A).

(b) Show that u, is a fuzzy measure.

~— | =

(c) Show that p, is a Sugeno A-measure.

Let (22, A, 1) be a fuzzy measure space, where A is an algebra of
subsets of Q. Assuming p(€2) < oo, consider p*(A) = p(Q) — u(A"),
where A’ = Q — A.

(a) Verify that p* is a fuzzy measure on A.

(b) Show that p is monotone of order 2 if and only if
p(AUB) +p" (AN B) < p(A) + p*(B)

This condition is called alternating of order 2, or submod-
ular.
Show that the formula

1(ANB)
(ANB)+p*(A'NB)

n(AlB) = m

for finite fuzzy measures p reduces to the usual definition of condi-
tional probability when 4 is additive and p(€2) = 1.

Let (2, A, P) be a finite fuzzy measure space. With the notation
of Section 10.1, show that D(B) =A when p*(B) > 0, and p is
subadditive.

Let X be a nonnegative random variable defined on some proba-
bility space (£2,.4, P). Consider the random set S(w) = [0, X (w)].
The random length 1(S) of S is X. Show that the expected value of
w(S) is f;° 7(x)dx, where w(z) = P({w : € S(w))} is the covering
function of S.
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16.

17.

18.
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Let S be a random closed set in R¥. Let y denote Lebesgue measure
on R*. Then E(u(S)) = [pr 7(x)dp(z), where m(z) = P(z € 5).
Let 51,5, ..., S, be a random sample from S. Define the empirical
covering function to be 7, (z) = #{j : z € S;}/n.

(a) Show that 7, (x) — 7(z) as n — oo, for each z, with proba-
bility one.

(b) Show that [p, m(x)du(xz) — E(u(S)) as n — oo, for each z,
with probability one.

Let X be a nonnegative random variable. Consider the random
closed set S(w) = [0, X (w)] on RT. Let 7(x) = P(x € S). Determine
the capacity functional of S in terms of 7.

Let 7 : R —[0,1] be upper semicontinuous. For K € K(R), let
T(K) = sup,cg 7(x). Show that if K, € K(R) with K, \, then
T(NpKy) = limy oo T(K).

Let (9, A) be a measurable space. An ideal J of A is a subset of
A such that @ € J,if A€ J and B € A with B C B, then B € 7,
and A, B € J imply that AUB € J. A o-ideal J of A is a ideal
J of A such that if A, € J, then U, A, € J.

(a) If P is a probability measure on A, verify that 7 = {A C A :
P(A) =0} is a o-ideal of A.

(b) Let J;,t > 0, be a family of o-ideals of A such that J; C J;
whenever s < ¢. Show that T(A) = inf{t > 0: A € J} is,
that is, for any sequence A, € A, T(U,A,,) =sup,, T(A,).

(¢) Suppose that Q is a metric space, and d(A) is the diam-
eter of A. An outer measure on P(2) is a function p :
P(2) — [0,00] such that u(@) = 0, is monotone increasing,
and is o-subadditive, that is, if A, € P(2), then p(U,A,) <
> (Ap). For a > 0, the Hausdorff a-measure p,, is de-
fined by

pa(A) = lim {ianu(An))a}

where the inf is taken over all countable coverings of A by
closed balls A,, such that d(A,) < e. Verify that each pu,, is an
outer measure.

(d) Show that Hausdorff dimension is strongly maxitive.

(e) Let P be a probability measure on (2, 4), and f: Q — [0, 0]
measurable and bounded. Show that T(A) = inf{t > 0 :
P(AN(f >1t)) =0} is strongly maxitive.
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19. (General construction of maxitive set functions) Let (£2,.4) be a
measurable space.

(a) Let p be a maxitive set function defined on A with u(2) = 0.
Show that for each ¢t > 0, J; = {A € A: u(A) <t} is an ideal
in A. Show also that the family of ideals {J; }+>¢ is increasing
in t. Verify that u(A4) = inf{t >0: A € J,}.

(b) Let {K;}+>0 be a family of ideals of A increasing in t. Let
w(A) =inf{t > 0: A € K;}. Show that p is maxitive.

(c) Let J be anideal of A and f : 2 — [0,00) be measurable. Let
J={Ac A: An(f >1t) € J}. Show that u(A) = inf{t >
0: A€ J;} is maxitive.






Chapter 12

THE CHOQUET
INTEGRAL

In Chapter 11, we introduced fuzzy measures in various situations in-
volving general subjective evaluations. Pursuing this investigation, we
address now the problem of integration of functions with respect to
monotone set functions, with emphasis on the Choquet integral.

12.1 The Lebesgue integral

Here we will review the elements of integration with respect to o-additive
set functions. Let (£2, A, 1) be a measure space. We are going to describe
how to construct abstract integrals for a large class of numerical func-
tions defined on Q. The set of Borel sets B(R) is the smallest o-field
containing all the open sets of R.

Definition 12.1.1 Let f : Q@ — R. The function f is measurable if
f~Y(B) € A whenever B € B(R).

For any function g : S — T, the function ¢! : 27 — 25 preserves

set operations. For example g~ 1(UA;) = Ug~1(4;). Thus po f~1: B —
[0, 0] is a measure on (R, B).

It turns out that measurability of numerical functions can be checked
by using some special classes of subsets of R. Specifically, f is measurable
if and only if for z € R, {w : f(w) < z} € A, or equivalently if {w : f(w) >
z} € A

A function f: Q2 — R can be written as
fw)=f"w) - f (W)

341
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where fT(w) = max{0, f(w)} and f~(w) = max{0,—f(w)}. Note that
fT and f~ are nonnegative. If f is measurable, then f* and f~ are also
measurable.

Let Ay, Az ..., A, be a partition of the space €2 into measurable sets.
A nonnegative simple function is a function ¢ of the form p(w) =
Yo a;la, (w). Thus ¢ has value a; on A;. It should be clear that ¢
is measurable. It turns out that nonnegative measurable function can
be approximated by simple functions. Let f be such a function and for
n > 1 define

n2"

ZinAl w) +nly, (w)

where
k—1 k

={w: <f(w>§2—n

for k=1,2,....,n2", and A, = {w: f(w) > n}. Then f, is an increasing
sequence of nonnegative functions converging pointwise to f.

With the concepts above, we can describe abstract integrals. Let f be
a nonnegative simple function, say, f(w) = Y i, a;la,(w). The integral
of f with respect to p is defined by

/f )dp(w Zazu

Now let f be nonnegative and measurable. There is an increasing se-
quence of nonnegative simple functions f, converging pointwise to f.
Since fQ w)dp(w) is an increasing sequence of numbers, it has a limit
in [0, oc], and we define

[ reddut) = tim [ fu)dute)

Of course, it remains to be verified that this limit is independent of the
choice of the simple functions f,, converging to f, but we omit those
details.

As in the case of simple functions, the map f — fQ flw)dp(w) is
monotone increasing. Moreover, the following monotone convergence the-
orem is fundamental.

Theorem 12.1.2 (Monotone convergence theorem) If f is an increasing
sequence of nonnegative measurable functions, then

tim [ fu)due) = [ lim g @)dn(e)

n—oo
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Finally, for f measurable, we write f = f* — f~ and define

/f e /f+ Jaja(w /f w)da(w

Of course this is deﬁned when both f"’ and f~ are integrable, that is
when both [, fT(w)dp(w) and [, f~ (w)dp(w) are finite. More generally,
this is defined if not both are mﬁmte

12.2 The Sugeno integral

The motivation for the definition of the Sugeno integral can be described
as follows Let (©, A, P) be a probability space. For A € A, P(A) =
E(14) = [ 1a(w)dP(w), where 14 is the indicator function of the set A.
If A is a fuzzy event, that is, its membership function is measurable,
then the probability of the fuzzy event A can be deﬁned by replacmg
14 by A in E(14) [171]. Thus P(A) = = [o A( . The
same procedure can be also applied to p0551b1hty measures. Let T Q —
[0, 1] be a possibility distribution, and let P, be its associated possibility
measure, that is, for A C Q, P:(A) = sup,,c 4 m(w). Observe that

Pr(A) = sup [m(w) A 1a(w)]

Thus we can extend possibility measures to fuzzy subsets of 2 by

P.(A) = sup [W(w) A A(w)}

weN

It turns out that

sup [W(w) /\fl(w)} = sup [a/\ Pr(A> a)} (12.1)
weN a€l0,1]
Indeed,
sup {a AP (A>a)} = sup {aA sup {A(w)Ar(w)}}
a€l0,1] a€l0,1] B(w)>a

< sup{A(w) A7(w)}
weN

Conversely, let € > 0. For « € [0,1] there is a v € (B > a) such that

sup 7(w) <7w(v)+e¢
(Aza)
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Since 7(v) > «,

(m(v) +¢e) A A(v)

IN

sup 7(w) A«
(Aza)

IN

sup{A(w) Am(w)} + ¢
Q

so that
sup {a A sup m(w)} < sup{A(w) A7r(w)}+e
a€l0,1] (A>a) Q
and the equality follows. R
In the expression sup,¢jo1j{a A Pr (A > a)} for Py(A), if we replace
P, by any normalized fuzzy measure p on (€2, A4), that is, a measure p
such that () =1, and A by f: Q — [0, 1], we get the quantity

Lu(f) = sup {aAu(f = a)}
a€l0,1]

This last quantity was proposed by Sugeno as the “fuzzy integral” of f
with respect to p. It is easily shown that

sup {a Apu(f > a)t = sup {aAp(f>a)}
a€l0,1] a€l0,1]

and this equality holds for any fuzzy measure p with values in [0, c0) and
f measurable with values in [0, 00). We use the notation I,,(f) to denote

St;%{a Ap(f za)} = Sg%{a Ap(f > a)}

This definition of Sugeno’s integral is obtained by replacing addition
and multiplication of real numbers by sup and inf, respectively, in the
formula relating abstract Lebesgue integrals to Lebesgue integrals on the
real line. That is, if p is a o-additive measure on (€2, .4), then

[ s = [ T ulf > tyt

However, I,(f) is constructed directly for any nonnegative measurable
function f without considering first nonnegative simple functions, as is
done in ordinary measure theory. The reason is that the operations of sup
and inf are well-defined and I,,(f) involves only these, while in Lebesgue
integration, the integral sign is a new operation which needs to be defined.

The functional I, is different from the Lebesgue integral functional
when p is additive. We have that f < g implies I,(f) < I,.(g). Also,
I,(14) = p(A). Thus I, is a generalization of Lebesgue measure, but is
not a generalization of Lebesgue integration.
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The quantity I,,(f) can be constructed from simple functions. If ¢ is
a nonnegative simple function with ¢ (w) = Y"1 | a;14,(w), where the A;
form a measurable partition of , then define Q(¢) = VI, (e A p(A;)),
in analogy with ordinary integrals of simple functions. However, as we
will see, Q(y) is not the fuzzy integral of ¢ as it is in the case of the
Lebesgue integral.

Theorem 12.2.1 I,(f) = supQ(y), where the sup is taken over all
simple functions ¢ < f.

Proof. Let J,(f) = supQ(p). Now J, is obviously an increasing
functional. For A € A, the simple function

o) = (i, 1(0) ) La(o)
satisfies the inequality ¢(z) < f(z), which implies that

Julf) 2 Jul9) = Q@) = a A p(A) = (inf £) A p(4)

and thus that

Ju(f) = sup [(inf f) A p(A)]
AcA

On the other hand, if ¢ (x) = >, a;14,(x) and ¢ < f, then

Qly) = Sgp{ai A p(Ai(z)} = ag A p(Ayx)

for some k € {1,2,....,n}. Since ¢ < f and p(x) = ap on Ak, we have
ay <infyu, f(z). Thus

Qe) < (glg f) A (A1) < sup (it ) A ()

Hence

Ju(f) = itela[(igf ) A p(A)]

It remains to show that this last equation holds when J,(f) is replaced
by I,(f). For A € A and o = infy f, we have A C (f > «), so that
1(A) < pu(f > o). Thus

sup (inf ) A p(A)] < 1,(f)

Conversely, for each a > 0, let A = (f > a) € A. Then

anu(f = a) < (inf f) Ap(a) < sup (inf f) A p(4)]
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so that

1,(£) < sup [(nf £) A p(4)]
AcA

The quantity
Qp) = Sul{ai A p(4;)]

1=

is not equal to I,,(x) in general. For example, let Q = [0, 1], p = dz, the
Lebesgue measure on the Borel o-field B of [0, 1], and

p(@) = (5/6) 1jg,11(2) + (7/8) 112 3y (@)

for z € [0,1]. Then Q(¢) = 3 < I.(¢) = 2, as an easy computation

shows. The reason for this phenomenon is that I,(p) = sup Q(v)) where
the sup is taken over all simple functions 1) < ¢, which is not, in general,
equal to @ (p), since Q(ip) is not an increasing functional. For example,
let ¢(z) = 3 and

p(x) = (5/6) 1jg,11(2) + (7/8) 112 3y (@)

Then ¢ < ¢, but Q(¢)) = 2 > Q(¢) = 3. Thus when computing I, ()
for ¢ a simple function, one has to use the general definition

I.(¢) = sup{a A p(p > a)}

a>0
which does not reduce in general to @ (¢). However, if
a; Sag << ay

and B; = U’_;A;, then for

p(w) = aila,()
i=1
we have
I.(p) = SEIl){Oéi A p(Bi)}
Indeed, for all i,

sup  {aAp(e > a)} =a; Ap(B;)

aglog—1,05)

The definition of I,(f) does not involve the monotone continuity of
w1 as opposed to a stronger condition of ordinary measures, namely, the
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o-additivity in the construction of the Lebesgue integral. Thus, even in
the case where quantities like 1,,(f) are to be taken as fuzzy integrals, the
monotone continuity axiom for fuzzy measures is not needed. Adding this
property to the set of axioms for fuzzy measures obscures the subjective
evaluation processes. It is difficult to justify why human subjective eval-
uations should obey the monotone continuity axiom. On the technical
side, the class of fuzzy measures with the monotone continuity property
is almost that of Choquet’s capacities. Zadeh’s possibility measures do
not possess the decreasing monotone continuity property, and yet they
are some of the most plausible set functions for quantifying subjective
evaluations.

Consider possibility measures again. If 7 : @ — [0,1], and A C ,
then

sup m(w) = sup{m(w) A 1a(w)}
weA Q

When A is a fuzzy subset of €2, sup,,c 4 m(w) is taken to be supg{m(w) A
A(w)}. However, this expression does not lend itself to a generalization
to m:  — [0,00] to represent sup 4 7 for A fuzzy or not. For such m,
supg{m(w) A A(w)} < 1 for A fuzzy, while it is not bounded by 1 if A is
not.

If we consider the fuzzy measure given by P.(A) = sup, 7 when
m:Q —[0,1], then Ip_(14) = Pr(A) for subsets A of €2, and

Ip,(A) = sup{r(w) A A{w)}

for A fuzzy. Thus we can use Ip_(A) to represent sup 4 7, whether or not
A is fuzzy. When 7 : Q — [0, 1],

Ip (A) = sup {aAP(A>a)}
«€l0,1]

and when 7 :  — [0, 00], we simply consider the fuzzy measure, still
denoted by Py, which is not a possibility measure since Py () might be
greater than 1. In that case,

Ip, (A) = sup{a A Pr(A>a)}

a>0

can be used to represent sup 4 7 for fuzzy sets A.

Thus the Sugeno integral with respect to fuzzy measures provides a
means for formulating the problem of maximizing functions over con-
straints expressed as fuzzy sets.
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12.3 The Choquet integral

Standard measure theory is a theory of integrals motivated by the need
to compute important quantities such as volumes, expected values, and
so on. Motivated by subjective probabilities, we are led to consider fuzzy
measures. Since additive measures are special cases of fuzzy measures,
fuzzy integrals should be generalizations of Lebesgue integrals. Or, per-
haps a radically different concept of integral should be developed specifi-
cally for nonadditive set functions. Whatever approach is taken, we need
to consider carefully the meaning of the quantities fuzzy integrals are
supposed to measure. Just what are those quantities of interest in rea-
soning with general knowledge that need to be measured? Guidelines and
motivation from practical applications are needed to keep the theory on
the right track.

12.3.1 Motivation

The situations that we will consider have a statistical flavor. For non-
additive set functions like capacities, the difference between a statistical
view and a subjective evaluation view is in the assignment of values to
them. After that, they possess the same mathematical properties.

We first consider the following simple problem in decision making.
Let X be a random variable with values in

O = {61,02,05,0,} CR"

and with density fy. We view X as the identity function on ©. Suppose
that fo is only known to satisfy

—_

. fo(61) > 0.4,
2. fo(62) > 0.2,
3. fo(63) > 0.2, and
L fo(0s) > 0.1,

Thus the expectation Er (X) = >, 0; fo(6;) cannot be computed. Let
F be the family of densities on © satisfying the inequalities above on its
values. We might be interested in computing inf{E;(X) : f € F}. The
situation can be described like this. Let Py denote the probability on ©
generated by f. That is, for A C ©, Py(A) = 5. 4 f(0). Now let

F:29 - [0,1]: A — inf{P;(A): f € F}

We will show that inf{E¢(X) : f € F} can be computed from the set
function F', which is clearly a fuzzy measure.
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Suppose that 6, < 05 < 03 < 04, and let
g(6h) = F{01,02,03,04} — F{02,03,04}
9(02) = F{0s,05,0,} — F{03,04}
9(03) = F{03,04} — F{04}

9(04) = F{04}

Then ¢ is a density on ©, and g € F, as is easily checked. Now

/@ 6dP, ()

_ / P,{0:: 0, > t)dt
0

Ey(X)

/ F{0;: 0, > t}dt
0

by construction of g in terms of F. This last integral is called the Cho-
quet integral of X (0) = 0 with respect to the increasing set function F.
See also Definition 12.3.2.

It remains to show that inf{E;(X) : f € F} is attained at g. Since

Er(X) = / P{6:: 0, > t}dt

0

it suffices to show that for ¢t € R,
Pq{bh 1 0; > t} < Pf{@l 1 0; > t}

forall feF. It {0:0 >t} ={01,02,05,04}, then

R0 >t} =S g(05) = 1 = Pe{6 > 1}

For {0:0 >t} = {0,03,04},

PO >t} =Y 9(0,) <3 10) = PO > 1)

4
Jj=2 Jj=2

since by construction of g, we have g(0,) < f(0;) for f € F and j = 2,3,4.

Thus the Choquet integral with respect to the nonadditivity set func-
tion F' is the inf for expected values. This situation is general. If the
fuzzy measure F' is a normalized monotone capacity of infinite order,
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and P = {P : F < P} is a class of probability measures on a measur-
able space (2, 4), and X : Q — R is a bounded random variable, then
inf{Ep(X) : P € P} is the same as the Choquet integral of X with
respect to F' (although the inf may not be attained).

Consider now another situation with imprecise information. Let X
be a random variable defined on a probability space (€2, A, P), and let g :
R — R™ be a measurable function. Let Px = PX ™! be the probability
law of X on (R, B). Then

Eg(X) = /Q 9(X (w))dP(w) = /R 9(x)dPy (z)

Now suppose that for each random experiment w we cannot observe the
exact outcome X (w), but can locate X (w) in some interval [a, b]. That
is, X(w) € [a,b]. Thus we have a mapping I' defined on Q with values
in the class of nonempty closed subsets of R such that for each w € €,
X(w) € I'(w). The computation of E,(X) in this situation is carried out
as follows: for each w,

gL (W) =A{g(x) : z € T(w)}
Since g(X (w)) € g(T'(w)), we have
inf{g(z) : z € T'(w)}
9(X(w))

sup{g(z) : x € T(w)}
= g'(w)

g+(w)

IN A

Thus the random variable g o X of interest is bounded from below and
above by the random variables g, and g¢*, respectively, which results
in E(g*) < E(9(X)) < E( ). Thus We are led to compute F(g.) =
Jq 9+(w)dP(w) and E(g*) = [, g*( (w). To remind us that these are
bounds on E(g(X)), we erte E*g(X) Eg., and E*g(X) = Eg*.

We will show that E,g(X) and E*g(X) are Choquet integrals of the
function g with respect to some appropriate fuzzy measures on (R, B).
First, we need to see when Fg, and Eg* exist. Indeed, even if g is
measurable, g, and ¢g* may not be. The following condition on the multi-
valued mapping I' will suffice.

We will say that I' is strongly measurable if for all B € B,

B,={w:T(w)CB}eA
B*={w:T(w)NnB#o}e A

This measurability reduces to ordinary measurability when I is single
valued.
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Lemma 12.3.1 The following are equivalent.

1. T is strongly measurable.

2. If g is measurable, then g, and g* are measurable.

Proof. Suppose that I' is strongly measurable and g is measurable.
To prove that g. is measurable, it suffices to prove that g;1[c,00) € A
for all ¢ € R. Now w € g; '[¢, 00) means that inf,ep(.) g(x) > ¢, so that

D(w) € {z: g(z) = ¢} = g7 "[e, 00)

and hence w € [g7t[c,0)]s. If w € [g71[e, 00)]4, then T'(w) C g~ 1[e, 00).

That is, for all 2z € I'(w), g(x) > ¢, implying that infycp,) > ¢, and

thus g.(w) € [c,00), or w € g;t[e,00). Thus g;lc,00) = [g7 ¢, 0)]-

By assumption, g~![c,00) € B, the Borel sets of R, and by the first

condition, [g71[c,00)]« € A. The measurability of g* follows similarly.
For the converse, let A € B. Then 14 = f is measurable and

1ifI'Nw)C A
f*(w):{ ()_

0 otherwise

Hence f1({1}) = A., and by hypothesis, A, € A. Similarly, A* € A. m
If we let F, : B — [0,1] be defined by

F.(B) = P{w:T'(w) C B} = P(B.)

then

Fg(X) = /Q 0. (@)dP(w) = /OOOP{w:g*<w>>t}dt
- " Plgr (1 00) i = / " Plg (1, o0)).dt

= /000 P{w:T(w) C g '(t,00)}dt

= /OOO F.(g7(t, 00))dt

Note that the multivalued mapping I' is assumed to be strongly mea-
surable, so that F is well defined on B. Clearly Fj is a fuzzy measure.
Since

Fi(g7(t,00)) = Fu{a : g(2) > t}
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we have that -
E.g= / F{z: g(x) > t}dt
0

Similarly, by setting
F*(B) = P{w:T(w)N B =@} =P(B")

we get
Erg= / F*{z:g(z) > t}dt
0

In the situation above, the set-function F is known theoretically (say,
I'is “observable” but X is not). Although F is not a probability measure,
it can be used for approximate inference processes. Choquet integrals
with respect to F, represent some practical quantities of interest. Thus
when subjective evaluations are quantified as fuzzy measures, a theory
of fuzzy integrals, that is, of integration of functions with respect to
monotone increasing set-functions, will be useful for inference purposes.

12.3.2 Foundations

Various concepts of fuzzy integrals are in the literature, resulting from
diverse mathematical investigations into ways to extend the Sugeno or
Lebesgue integrals. However, the mainstream of thought seems to be
to adopt the Choquet functional as the most reasonable way to define
fuzzy integrals. The previous section gave the meaning of the Choquet
integral in the context of capacities in some applications situations. The
fuzzy integral is defined by replacing the capacity by a fuzzy measure
in the original Choquet functional. In this process, only the monotone
increasing property of fuzzy measures is used, allowing fuzzy integrals
to be defined for the most general class of fuzzy measures. This is also
consistent with the fact that if fuzzy measures are viewed as generaliza-
tions of Lebesgue measures, then the fuzzy integral should generalize the
Lebesgue integral.

In all generality, a fuzzy measure p on a set {2 is a real-valued set
function defined on some class A of subsets of €2 containing the empty
set &, such that p(@) = 0, and for A,B € A, with A C B, we have
u(A) < p(B). When the restriction is made to nonnegative values for
u, we allow oo as a possible value in order to cover classical cases such
as Lebesgue measure on the real line. Thus p : A — [0,00], and the
structure of the collection of subsets .4 might be arbitrary. Of course, as
a special case, when p happens to be o-additive, then A should be taken
as a o-field of subsets of 2. It turns out that, in view of the integration
procedure that will follow, A can be taken to be a o-field in general.
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We are going to consider the “integral” of real-valued functions defined
on 2. Asin classical analysis, it is convenient to extend the possible values
to o0, so that the range is the interval [—oo, c0], and all sup such as
Sup,e 4 f(w) exist. (co = 400). Arithmetic operations are extended from
R to [—o0, o0] in the usual way.

1. 2(£00) = (fo0)x = oo for 0 < z < 0o, and = Foo for —oo <z <
0.

2. 24 (£o0) = (£oo)+2x = too for z € R and (+£00)+ (£00) = (£00).

3. 7z =0forz eR.

Other forms, such as 0o + (—o0) and 0(co0) are undefined.

Let p be a fuzzy measure on Q, and f : Q@ — [—00,00]. In the
following, we will consider the function

[700700] - [0700] it — :u(f > t)
which is well defined if for all ¢t € [—o0, 00], the set
(f>t)={we: f(w) >t} €A,

the domain of p. Thus if we take A to be a o-field of subsets of 2, then
this condition holds when f is A - B|_ ] measurable, where Bj_ o is
the Borel o-field of [—00, 0], defined as follows. The Borel o-field B is the
o-field generated by the open intervals of R. Now B|_ o is the o-field
on [—00, 00 generated by B and {—o0,00}. The Borel o-field Bjy o is

{AN]0,00]: A€ B[_OO’OO]} ={A: AC[0,00]N B[_OO,OO]}

In the following, when the o-fields are obvious, we will not mention them
when speaking about the measurability of functions.

In ordinary integration, to avoid meaningless expressions like —oo +
00, one started out by considering nonnegative and nonpositive measur-
able functions separately. Let (Q,.A) be a measurable space, and let
f @ — [0,00] be a measurable function. Then there exists an in-
creasing sequence f1, fa,... of simple functions f, : @ — [0, 0], that is,
functions of the form Y°7 | a;14,(w) with a; € R* and the A; pairwise
disjoint elements of A, such that for all w € Q, f (w) = lim,,—, o0 fr(w). If
f:Q — [—00, 0], then we write

flw) = fw)lrsop(w) + f(w)lrcoy(w)

= f(w)l{fzo}(w) - (—f(w)l{f<0}(w))

= ffw)-f (W)
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Then f* and f~ are maps Q — [0,00], and f is measurable if and only
if both f* and f~ are measurable. When p is a nonnegative o-additive
measure on (2, A), the Lebesgue integral of a nonnegative f with respect
to p is defined to be

/ fw)dp(w) = nlgr;o frn(w)dp(w)
Q Q

where f, is simple and converges from below to f, and

/fn )dp(w Zagu

when the A;’ s form a partition. Because of the additivity of u, the
quantity [, f(w)du(w) is well defined. It is independent of the particular
choices of the fn

For f: Q) — R measurable, we define

[ @) = [ £ @ut) = [ 1 @inte

provided that not both terms in the right-hand side are co. When pu (2) <
00,

/ fdu = / u(f > t)dt + / W >0 —p@lde (122)

—0o0

Indeed, since f™ > 0, we have

/Q frdp = /0 Tt > tydt = /O s > vt

Similarly, [, f~dp = [;°pu(f~ > t)dt. For each t > 0, (f~ > t) and
(f > —t) form a partition of Q. By the additivity of pu,

p(f™ >t =p(Q) —pu(f = -1)

and 12.2 follows.
Still in the case u () < oo, for A € A, we get in a similar way that

[ gan = [ Ganau

- /Ooou((f>t)ﬂA)dt+/ e ((F > 1) 01 A) — pu (A))de

—00
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For f >0, we have [, fdu = [, p(f >t)dt. The right-hand side is
an integral of the numerical function ¢ — p (f > t) with respect to the
Lebesgue measure dt on [0, 00]. It is well defined as long as the function
is measurable. Thus if u is a fuzzy measure on (€, A) and f is A — [0, co]
measurable, then (f >t) € Afor all t € [0, 00]. Since y is increasing, t —
p(f >1t) is Bjo,oe] — Bjo,0c]-measurable since it is a decreasing function.
This is proved as follows: for ¢ € [0, 00], let ¢(t) = pu(f > t). Then

[a, 0] if @ = inf{p < t} is attained
(p<t)=

(a, 00] if not

In either case, (¢ < t) € Bjy,o). Indeed if inf{p < ¢} is attained at a,
then for b > a, we have ¢(b) < p(a) < z so that b € (¢ < ). Conversely,
if p(c) < x, then a < x by the definition of a.

If a = inf{p < z} is not attained, then if p(b) < z, we must have
a < b. Conversely, if ¢ > a, then for € = ¢ — a > 0, there exists y such
that ¢(y) < z and a < y < ¢. But ¢ is decreasing, so ¢(c) < ¢(y) < z
Thus ¢ € (¢ < ).

Thus for f : Q@ — [0,00], one can define the fuzzy integral of f
with respect to a fuzzy measure p by the Choquet integral (C) fQ fdp =
JoT w(f > t)dt. When f: Q — [—00, 00] is measurable, one defines

© [ sau=(©) [ fran- () [ fau

Definition 12.3.2 Let (2, .A) be a measurable space. Let p be a fuzzy
measure on A with 1 () < co. Then the Choquet integral of a mea-
surable function f with respect to p is

(©) /Q fdu = / T > e+ | =0 - war

— 00

and for A € A,

(C)/Afdu=/ooou[(f>t)ﬂz4]dt+/_ ((F > £) N 4) — p (A)]dt

We also write (C) fQ fdp = C,(f). When Q is a finite set, say,
{1,2,...,n}, the discrete Choquet integral of f : Q@ — R takes the

form
n

Cu(f) Z (f(z fl 1 )/’L(A(Z))

=1
where () is a permutation of  such that f(1) < f(2) < ... < f(n),
A@) ={@G@),t+1),...,(n)}, f(0)=0,and f(i) = f;. fori =1,2,....n
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We say that f is p-integrable on A when the right side is finite. When
() < oo, say u(2) =1, and u represents subjective evaluations con-
cerning variables, then the “fuzzy” variable f has the “distribution”

o p(f>t)ift>0
“”f()_{ Wi 2 1)~ p(Q) it <0

The “expected value” of f under u is the Lebesgue integral of the distri-
bution ¢, that is [*_ ¢ (t)dt. Some remarks are in order.
When f =14 with A € Q, we have u(f >t) = u(A)lp,1)(t), so that

(©) /Q 1a(@)dp(w) = p(A)

More generally, for f(w) = >"" ; a;1a,(w) with the A;’s pairwise disjoint
subsets of Q and ag = 0< a1 < --- < a,, we have

:U(f > t) = Z:u (U;‘L:iAj) 1[%7170«1)
1=1

so that

©) / F)dp(w) = 3 (i — ai1)p (U Ay)

1=

For an arbitrary simple function of the form f = Y "  a;14,, and
with the A;’s forming a measurable partition of €2 and

ap < <ap<0<aptr < <ap
we have for t > 0
Fif t € [ay, o)
(f>t)=q UL, Aiift € [aj,aj11)
UP_ 1 Ai if £ € [0, ap41)
and for t <0
UP 1 As if £ € (ag,0)
(f=t) =1 UL;14iif t € (a;,a;41]

Q= U:-LZIAi ift € (—OO,(ll]
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Thus

/o p(f > t)dt = agyap (Upey 1 Ai)

+ ot (aj41 —aj)p (U?:jJrlAi) + ot (an — an—1) p(Ap)
Also

[ 20— @] = (2= ) [ (V) (U A0+

et (a1 = ag) [ (U0 As) = i (Ui AD)] +

et (mag) [ Uy A = p (UF A
so that

(©) [ Jau=3" 0y [ (U1 A4) — (U1 4)]
Q j=1

While the Choquet integral is monotone and positively homogeneous
of degree one, that is, f < g implies that (C) [, fdu < (C) |, gdp and
for A >0, (C) [o, Mfdp = ANC) [, fdp, its additivity fails. For example,
if f=(1/4)14 and g =(1/2)1p, and AN B = &, then

(©) /Q (f + 9)dn £ (C) /Q fdu+ (C) /Q g

as an easy calculation shows. However, if we consider two simple functions
f and g of the form

f=alga+blgwith ANB=2,0<a<b

g=als+plpwith0<a<p
then

(©) [ (¢ +a)in=(©) [ fan+(©) [ g

More generally, this equality holds for f = Z?Zl ajla; and g = Z?Zl bjla,,
with the A; pairwise disjoint and the a; and b; increasing and non-
negative. Such pairs of functions satisfy the inequality

(f (@) = fW)(g(w) = g(«)) 20

That is, the pair is comonotonic, or similarly ordered. It turns out
that the concept of comonotonicity of real-valued bounded measurable
functions is essential for the characterization of fuzzy integrals.
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Definition 12.3.3 Two real-valued functions f and g defined on Q are
comonotonic if for allw and W' € Q,

(f(w) = f(W))(g(w) —g(w) 2 0

Roughly speaking, this means that f and g have the same “tableau of
variation”. Here are a few elementary facts about comonotonic functions.

e The comonotonic relation is symmetric and reflexive, but not tran-
sitive.

e Any function is comonotonic with a constant function.

e If f and g are comonotonic and r and s are positive numbers, then
rf and sg are comonotonic.

e Aswe saw above, two functions f = Z?:1 ajly; and g = 2?21 bjla,,
with the A; pairwise disjoint and the a; and b; increasing and non-
negative are comonotonic.

Definition 12.3.4 A functional H from the space B of bounded real-
valued measurable functions on (Q,A) to R is comonotonic additive if
whenever f and g are comonotonic, H(f + g) = H(f) + H(g) .

If H(f) = |, fdp with ;i a Lebesgue measure, then H is additive,
and in particular, comonotonic additive. Fuzzy integrals, as Choquet
functionals, are comonotonic additive.

Here are some facts about comonotonic additivity.

e If H is comonotonic and additive, then H(0) = 0. This follows
since 0 is comonotonic with itself, whence H(0) = H(0 + 0) =
H(0) + H(0).

e If H is comonotonic additive and f € B, then for positive integers
n, H(nf) = nH(f). This is an easy induction. It is clearly true for
n =1, and for n > 1 and using the induction hypothesis,

H(nf) = H(f+{n-1)f)
= H(f/)+H((n—-1)f)
= H(f)+{-1DH(S)

= nH(f)
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e If H is comonotonic additive and f € B, then for positive integers
m and n, H((m/n)f) = (m/n)H(f). Indeed,

(m/n)H(f)

(m/n)H(n{)
mH(f/n)
H((m/n)f)

e If H is comonotonic additive and monotonic increasing, then H(r f)
= rH(f) for positive r and f € B. Just take an increasing sequence
of positive rational numbers r; converging to r. Then H(r;f) =
r;H(f) converges to rH(f) and r;f converges to rf. Thus H(r;f)
converges also to H(rf).

We now state the result concerning the characterization of fuzzy in-
tegrals. Consider the case where p (2) = 1. Let

o 0
Culh) = [ uts > naes [ (s =0 -1

Theorem 12.3.5 The functional C,, on B satisfies the following:
1. Cu(lg) = 1.
2. C), is monotone increasing.

3. C}, is comonotonic additive.

Conversely, if H is a functional on B satisfying these three conditions,
then H is of the form C,, for the fuzzy measure p defined on (2, A) by
() = H(La).

The first two parts are trivial. To get the third, it suffices to show that
C, is comonotonic additive on simple functions. The proof is cumbersome
and we omit the details.

For the converse, if y(A) = H(14), then by the comonotonic addi-
tivity of H, H(0) = 0, so (@) = 0. By the second condition, u is a
fuzzy measure. For the rest it is sufficient to consider nonnegative simple
functions. We refer to [137] for the details.

12.3.3 Radon-Nikodym derivatives

Let 4 and v be two o-additive set functions (measures) defined on a
o-algebra U of subsets of a set U. If there is a U-measurable function
f:U — [0,00) such that u(A) = [, fdv for all A € U, then f is called
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(a version of) the Radon-Nikodym derivative of p with respect to v,
and is written as f = du/dv.

It is well known that the situation above happens if and only if u
is absolutely continuous with respect to v, in symbols p << v, that
is, if v(A) = 0, then p(A) =0. When p and v are no longer additive,
a similar situation still exists. Here is the motivating example. Let f :
U — [0,00) be p-measurable. Consider the (maxitive) fuzzy measure
W(A) =sup, 4 f(u). Also let vg : U — [0, 00) be defined by

0 if A=0
Vg =
1 if A40

Then p can be written as the Choquet integral of f with respect to the
fuzzy measure vy. Indeed

| N 0 if fu)<tforue A
vo({u: f(u) =t} NA) = 1 if f(u) >t for some u € A

Thus

0o supyea f(u)
/ mwuﬂmzﬂHMﬁ:/ dt = u(A)
0 0
By analogy with ordinary measure theory, we say that f is the Radon-

Nikodym derivative of u with respect to vg.

Definition 12.3.6 Let p, v: U — [0, 00] be two fuzzy measures. If there
exists a U-measurable function f: U — [0,00) such that for A €U

) = | T ofus f) > 1) N A)de

then u is said to have f as its Radon-Nikodym derivative with respect to
v, and we write f = %, or du = fdv.

Here is another example. Let U = R and U = B(R), the Borel o-field
of R. Let B =[0,1), A € B(R), d(A,B) = inf{lz —y| : z € A,y € B},
and A’ be the complement of A in U. Define p and v by

0 if A=o
w(A) =< Lsup{lz|:2€ A} if A# @andd(A B)>0
1 if A#@andd(4,B')=0
0 if A=g
v(A)=< 3 if A#@andd(A,B')>0
1 if A#@andd(4,B')=0
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Then f(xz) =z if x € B and 1 otherwise is %’5.

Obviously, if du = fdv, then p << v. But unlike the situation for or-
dinary measures, the absolute continuity is only a necessary condition for
1 to admit a Radon-Nikodym derivative with respect to v. For example,
with U = R and & = B(R) as before, and N the positive integers, let

and v be defined by
(A) 0 if ANN=g
PUV1 i AnNzo

0 if ANN=g
v(A) =
sup{2:2 € ANN} if ANN#g

By construction, u << v. Suppose that dy = fdv. Then f: R — [0, 00)
is a B(R)-measurable function such that for A € B(R), u(A4) = [, fdv
(in Choquet’s sense). We then have for n € N,

j({n}) = /Ooou«fzm{n})dt
f(n)
= [ vtmpar
0
_ /f(") idt
0 n

= )

But by construction of u, u({n}

~—

=1 so that f(n) = n. Now

(M) / fdv = / S =) NNt

n

_ 2/71V((f2t)ﬁN)dt
Z/n W((f > n) A N)dt

-1

Y

n=1
o0

= > [ wth s = ar
= Z/nl v({k:k>n})dt

= isup{%:an}:i%:oo
n=1
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This contradicts the fact that p(N) = 1. Thus, even though u << v, p
does not admit a Radon-Nikodym derivative with respect to v. Depending
on additive properties of 1 and v, sufficient conditions for p to admit a
Radon-Nikodym derivative with respect to v can be found.

It is well known that probability measures (distribution of random
variables) can be defined in terms of probability density functions via
Lebesgue integration. For distributions of random sets, namely capacities
alternating of infinite order, a similar situation occurs when the Radon-
Nikodym property is satisfied. Specifically, suppose that dy = fdv. Then
1 is alternating of infinite order whenever v is. We restrict the proof
of this fact to the case where U is finite, in which case f can take only
finitely many values, say 1 < x5 < - < z,. with zg = 0, we can write

/Afdl/

Z/xk v({z e A: f(z) >t})dt
k=1YTk-1

1(A)

Il
NIER

(xk . $k71>V(Bk n A)

=

=

where By = {u € U : f(u
have

~—

>z} for k < n. Take A = N7, A;. Then we

m

M(ﬂ Ai) =) (wk — zp—1)v(By m(m A;))
i=1 k=1 i=1

Since By N (NierA;i)) = Nicr(Br N A4;) and v is alternating of infinite
order, we have

M:

m

v(Be[)([)A) > (—D)Hu(User (B N Ai))

i=1 G £IC{1,2,....m}

— > (1) (By, N (User Ai))

o#IC{1,2,...,m}

IA

=
-
£
IA
7]
2
|

Tk-1) Z (=) (By, m(m 4i))

i=1 k=1 @AIC{1,2,...;m} i€l

= > (—1)Wr1i($k —a)v(Bi[ () A1)
k=1

PAIC{1,2,...;m} iel

D Y (A PY

GAIC{1,2,...,m} i€l
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12.3.4 Multicriteria decisions with Choquet integrals

This section is devoted to an interesting application of the concept of
Choquet integral. An important problem in decision sciences is that of
ranking alternatives according to a set of criteria. For example, in the
problem of ranking houses available on the market, the criteria could be
{location, price, physical condition, ...}. Each house is evaluated accord-
ing to these criteria. Note that these criteria can take linguistic values,
that is, fuzzy subsets of appropriate spaces, such as “good location”. In
the following, we consider the simple case of numerical values for criteria.
In this context, the problem is this. Let the evaluations of a subject x,
according to the criteria be x1, xa, ..., z,. We view x as a function from
N ={1,2,...,n} to RT, or simply as a vector x = (z1,%2,...,T,) in R™.
Given k subjects, we would like to totally rank them for selection. This
boils down to defining some total, or linear, order on R™, that is, an ag-
gregation operator ¢ : R™ — R so that x is preferred to y = (Y1, Y2, -, Yn)
if p(y) < p(z). Clearly, the determination of ¢ should take into account
the semantics of the criteria as well as the interactions among criteria.
In the example of rating houses, while the criteria “physical condition”
is “independent” of the other criteria, “location” and “price” are not.
Also, the importance of each criterion is different. It is usually assumed
that “location” is priority number one. Thus an appropriate ¢ should
depend on “degrees of importance” of subsets of criteria. Viewing the
set of criteria as a set of “players” in a cooperative game, we are led to
define these degrees of importance by a fuzzy measure u : 2V — [0, 1],
with, for A C N, p(A) the degree, or weight of importance of A in the
ranking process.

A familiar situation is when the criteria are independent. In such
a case, it suffices to specify the degree of importance «; of each crite-
rion, with Z;;l a; = 1. The associated aggregation, or fusion, oper-
ator ¢, (z) = Y.I_ | a;x; is the linear weighted average. These weights
a; determine an additive measure on 2V by defining p1,, (A) = 3,2 4 @, s0
that ¢, is an integral operator [y X (¢)dp,,(i). The integral [\ X (¢)dp, ()
can be rewritten a follows. Each X = (z1,za, ..., z,) € R™ induces a per-
mutation ox on N = {1,2,...,n} satisfying 21y < z2) < ... < 2y,
where s ;) = T(;)- We have

[ Xlidnati) = >

= > aman = Y (@6 — Ta-1) ta(Awm)
1=1

i=1

Pa(X)

where z(g) = 0 and A¢y = {(i), (i +1),...,(n)}.



364 CHAPTER 12. THE CHOQUET INTEGRAL

When the criteria are interactive, that is, dependent, we replace the
additive measure y,, by a fuzzy measure u leading to the discrete Choquet

integral
n

Cu(X) = (26 — 2i-1) 1lAw)
i=1
For a fuzzy measure u on N, C), : R” — R is an aggregation opera-
tor, generalizing the linear weighted average operator. In general C), is
nonlinear. In multicriteria decision theory, appropriate aggregation op-
erators should satisfy certain desirable properties. It is left as exercises
to verify that the Choquet integral C, satisfies the following properties.

1. If <y coordinate-wise, then Cy,(z) < C,(y).

2. C}, is positively homogeneous and translation invariant. That is,
fora >0 and b € R, C,(azx +b) = aCy(x) + b.

3. Cu(1a) = u(A), where 14 is the vector with z; = 1 for i € A and

4. C}, is linear with respect to p in the sense that it is of the form
Ygracn M(A)p for v, RINISR.

Property 4 can be seen as follows. Let m be the Mobius inverse of u,
that is, m(A) = Y pc 4(—1)14~Blu(B). Then

n

Culz) = > (wa) —2(-1)(Aw)

=1
n

= ) (z@ —2u-1) Y. m(B)
i=1 BCA;

= > m(B) Y (za) —26-1)
BCN BCAg,
BCN

Thus
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In applications, the problem of identification of the fuzzy measure u
used to form the Choquet integral is essential. This is a familiar situation
in so-called expert systems. Of course, if experts are available to specify
1, then we simply use that p. Otherwise, p can be identified either in
a supervised learning or in an unsupervised learning context, depending
on available data. Here techniques in soft computing, such as neural
networks, could be called upon.

Example 12.3.7 Here is an example taken from [62]. Consider the prob-
lem of ranking students based on their scores on three subjects: mathe-
matics (M), physics (P), and literature (L). Let u be a fuzzy measure on
the set {M, P, L} with

p({M}) p({P}) = 45
p{(L}) = 3

p({M, P}) = .5

)

)

p({M, L} p({P,L}) =9
p({M,P,L}) = 1.0

The rankings of the three students A, B, C using the Choquet integral
with respect to the fuzzy measure p above is given in the table below.

M p L Choauet ok
Integral
A[18 16 10 3.9 2
B|10 12 18 13.6 3
cl14 15 18 14.9 1

12.4 Exercises

1. Prove the statements in the paragraph immediately following Defi-
nition 12.1.1.

2. Prove equation 12.1.

3. Let (©2,A) be a measurable space and f :  — R*. For n > 1 and
ke{1,2,..,n2"}, let

i 1§f(w><2£n

N O
Al ={w: 5
and let A, = {w: f(w) > n}.

(a) Show that for each n > 1, the sets AF together with A, form
a measurable partition of €.
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(b) For n > 1, let

ZQHlAk +n1A ( )

Show that f, is an increasing sequence of simple functions
which converges pointwise to f.

4. Let

flw) = Z aixa, (W)
=1

= Z 5iXBi (w)
i=1

be two representations of the simple function f. Show that
Zw Zﬂ

5. Let f and ¢ be nonnegative simple functions, and «, 5 > 0.

(a) Show that

/Q (af + B9) (@)dpu(w) = a /Q f@)du(w) + 8 /Q 9(w)du(w)

(b) If f < g then
/Q f(@)du(w) < /Q 9(w)dp(w)

6. *Let f > 0 and measurable. Show that
/ fw)du(w) = bup{/ © is simple and ¢ < f}

7. Let (2, A, P) be a probability space, and X :  — R be a random
variable. Write X = X — X~. Show that P(X~ >t) = P(X <
—t) and P(X <t)=1—-P(X >1t).

8. Let (2, A, 1) be a fuzzy measure space with u(Q) = 1. For h: Q —
[0,1], define
Su(h) = sup (a A pu(ha))

0<a<1

where A denotes minimum, and h, = {w : h(w) > a}. Show that
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(a) if a €[0,1] then S, (o) = o
(b) for A€ A, S,(1a) = p(A);
(c) for f,g: Q2 —[0,1] with f(-) < g(), one has S,,(f) < S.(g).

9. Let (Q,.A, ) be a fuzzy measure space. A set N € A is called a
p-null set if

w(NUA)=p(A), forall Ae A

(a) Verify that if u is additive then p(N) = 0.

b) Define H(A) = (0,u(A)), for A € A. Verify that p = Lo H
u 7
(i.e., u(A) = L(H(A))), where L denotes ordinary Lebesgue

measure on R.

(c) For a measurable function f : Q — RT, define

C(f)(x) = sup{t : x € H({f > t})}

for x € (0, 1(€2)). Show that

+o0 w(€2)
%U%ié NUZﬂﬁ:A C(f) (@)dz

10. Let (9, A, P) be a probability space, and (0, B) a measurable space.
Let T': Q — B such that A, = {w: T(w) C A} € A where A€ A
and P(T = o) =0.

(a) Show that u(A) = P(A,) is a fuzzy measure.
(b) Let f:© — RT, and define

fulw) = it f(0)

Show that
&) = [ £.@)P)
11. Let f,g: 2 — R. Show that the following are equivalent.

(a) f and g are comonotonic.

(b) The collection {(f > t), (g > s), s,t € R} of subsets is a chain
with respect to set inclusion.
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12. Let U = R, U = B(R), and N be the positive integers. Let p, v, and
v : B(R) — [0, 1] be defined by

0 if ANN=g
n(A) = P ) .
min{l, 5> {;:nc€ ANN} if ANN#@
0 if ANN=g
v(4) = 1 |
sup{z:n € ANN} if ANN#g@

) 0 if ANN=g
TV 1 i AnN£o
Show that

(a) p <<V <<y << p. (<< means absolutely continuous)

(b) u(R) =v(R)=~(R) =1

(c) if A, / A (respectively, A, \, A), then v(A4,) / v(A) (re-
spectively, v(A4,) \, v(A)).

(d) p is alternating of order 2.

(e) v and + are alternating of infinite order.

13. Let N = {1,2,...,n}, and let u be a fuzzy measure on 2V. Let
X : N — Rt X(i) = x;. Let (-) be a permutation of N such that
1) < T(2) < ... < (yy. Verify that

fo (X > t)dt =31 (z4) — z—1)p (Agy) » where 2y =0,
Ay ={0), (i +1),....,)n)}.

b) JoT (X = t)dt = 3w (1 (A) — 1 (Agn)

where A, 1) =9

14. For @ # B C N, let pg be the fuzzy measure on N = {1,2,...,n}
defined by

1 if BCA
“B(A)—{ 0 if BCA
Let X : N — R*. Show that the Choquet integral of X with respect
to HtpB is infieB X(Z)
15. Let N = {1,2,...,n} and let p be a fuzzy measure on 2V. Let
m : 2V — R be defined by m(4) = > pca i(B).

(a) Show that u() = > 5, acym(A)pua(-) where py(-) is the
fuzzy measure defined in exercise 12.
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(b) Let X : N — R*. Show that C,(X) = >0, ac y m(A) infa(X),
where C(X) is the Choquet integral of X with respect to p.

16. Let F be a set of functions from a set © to R. For 04,0,,...,0,,
prove that

mf{z f):fe ]—"}—inf{z f6:): feF}>inf{f(6)):fecF}

17. Carry out the calculations necessary to get the results in the table
in Example 12.3.7.

18. Ten items are to be ranked based on scores on three features {1,2,3}.
The following tables give the fuzzy measure p to be used and the
ten scores on each of three features of the items. Compute the
Choquet integrals that provide the required ranking.

w2) 0

w({1}) = .2000

u({2}) = .1000

w({3}) = .3990

w({1,2}) = .3386

n({1,3}) = .7544

w({2,3}) = 5772

w({1,2,3}) = 1.000

It Score on Score on Score on
em feature 1 feature 2 feature 3

1 .56 .78 .92
2 .05 .36 .19
3 97 .95 .84
4 .00 .62 .06
5 .22 .15 .00
6 1.00 .75 .33
7 .49 .55 .76
8 .89 37 97
9 .64 .59 1.00
10 11 .00 .03







Chapter 13

FUZZY MODELING
AND CONTROL

In this last chapter, we discuss the use of fuzzy logic in an important
area of applications, namely control engineering. It should be understood
that the term “fuzzy logic” is a general term used in the modeling and
manipulating of fuzzy concepts as modeled by fuzzy sets, as opposed to
the strict sense of “logic”. However, we focus on aspects of modeling of
domain knowledge and general principles of fuzzy control rather than on
its practical designs and implementation. For readers who are interested
in these aspects, [28] and [126] are good sources. Also, the design of
fuzzy controllers benefits from soft computing technologies such as neural
networks. For an introduction to fuzzy neural control see [121]. The
purpose here is to provide an understanding of the rationale behind fuzzy
technology. No prior knowledge is needed. Since the methodology of
fuzzy technology is general in the context of knowledge-based systems,
we choose the topic of control to illustrate it. The reader can recognize
easily that the discussions in this chapter apply to the field of expert
systems as well.

13.1 Motivation for fuzzy control

The standard approach to designing controllers of dynamical systems
relies on the availability of mathematical descriptions, that is, models,
of these systems. In many situations, differential equations of dynamical
systems can be specified from the laws of mechanics. For example, the
analytic mathematical model of the motion of a car moving on a straight
road is obtained as follows: in an ideal environment, suppose that the car

371
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is controlled by the throttle, producing an accelerating force w;(t), and
by the brake, producing a retarding force wuz(t). If we let z1(¢) denote
the distance of the car from a given initial position and z5(¢) denote its
velocity, then

.’tl = X2 (131)

Ty = Ul — U

where 21 is the derivative with respect to t. Consider the state, or input,

and the control
< ; >
U
U2

The system 13.1 of differential equations is written in the form of a time-

invariant linear system
& = Az + Bu (13.2)

where the matrices A and B are

In general, a dynamical system is represented by a nonlinear differen-
tial equation of the form
T = f(z,u,t) (13.3)

The aim of feedback control is to determine a control law v = p(z,t) in
order to achieve some specific control objective.

Let us consider a situation where a control law can be derived from
common sense reasoning. Consider the problem of controlling a pen-
dulum: the simple pendulum is fixed at one end, and is controlled by
a rotary force. In its simplified form, the mathematical model of the
motion of the pendulum, which is derived from mechanics, is

0(t) +sin0(t) = u(t)

Where 6(t) denotes the angle at time ¢, (t) is the second derivative of 6(t)
with respect to time ¢, and u(¢) is the torque applied at time ¢. Suppose
we wish to keep the pendulum upright at the unstable equilibrium, which
is the vertical position § = 7, § = 0, and u = 0. If we make a change
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of variables ¢ = 6 — 7, then the equilibrium point is ¢ = 0, ¢ =0, and
u = 0. Now, our small operation range is around the unstable equilibrium
position. As such, we have a local control problem, and we can simplify
the model by linearizing it around the equilibrium point. For ¢ small, we
keep only the first-order term in the Taylor expansion of sin, so that the
model is linearized to

(t) — o(t) = u(?)

and the control objective is manipulating u(t) to bring ¢(¢) and ¢(t) to
zero from any small nonzero initial ¢(0), ¢(0). By examining the system,
for form of the control law w(t) can be suggested by common sense or
naive physics, namely if “If...Then” rules:

e If ¢ is positive, then u should be negative.

o If ¢ is negative, then u should be positive.

Thus, u(t) should be of the form u(t) = —a¢(t) for some a > 0. To

check stability, we substitute this into ¢(t) — ¢(t) = u(t) resulting in the
closed-loop equation

o(t) — ¢(t) + ag(t) = 0

Since this is a linear system, we simply need to examine the roots of its
characteristic equation 22 +1 = 0. Clearly, u(t) = —a@(t) cannot stabilize
the pendulum. In adding damping to the system, we can take

u(t) = —ad(t) — Bo(t)

for a > 0, B > 1. Now the roots of 22+ 3z +a —1 = 0 both have negative
real parts, and hence the closed-loop system is asymptotically stable.

For more complex problems, mathematical models might be hard to
specify, or might be only partially known. On the other hand, if the
control objectives are task-oriented, such as “park a car”, then it is not
clear how standard control theory can be immediately extended to cope
with such new situations. A relevant question is whether it is possible to
control plants without explicit knowledge of their mathematical models.
A positive answer to this question will lead to a new approach to control
engineering.

In the spirit of artificial intelligence, we observe that in everyday ac-
tivities, humans through manual control strategies are quite capable of
controlling complex systems without differential equations. They park
cars and ride bicycles, for example. Doing so requires common sense rea-
soning, naive physics, or heuristic knowledge about the systems. This
type of information is weaker than precise analytic descriptions of the
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dynamics by differential equations, and yet seems to be sufficient for con-
trol tasks. It is possible to acquire this control information, either by
simulating the behavior of an expert who is capable of controlling a given
system, or by asking him to describe his control strategy. A pioneering
experiment by Mamdani and Assilian [92] showed that this is possible. In
their experiment with a steam engine, the basic fact is that human oper-
ators express their control strategies linguistically rather than in precise
mathematical terms. Thus in order to carry out a control synthesis,
it is necessary to model linguistic information as well as the inference
process. The use of fuzzy logic to achieve this goal leads to the field of
fuzzy control. The adjective “fuzzy” is used to denote the mathematical
way of modeling fuzziness in natural languages, analogous to “stochastic”
control in which “noise” is modeled as randomness by using probability
theory. Thus fuzzy control is a technique for deriving control laws when
control information is expressed in linguistic terms.

It should be emphasized that from a general view of scientific investi-
gations, each approach to a problem has its own domain of applicability.
Standard control theory is efficient when precise mathematical models are
available. The emergence of artificial intelligence technologies has sug-
gested the additional use of manual control expertise in more complex
problems. This is particularly appropriate when mathematical models
are difficult to specify due, for example, to ill-defined problems or to the
goal oriented objectives such as “park the car”. The so-called intelligent
control is born from the idea that it is possible to mimic human control
strategies in designing automatic control laws. Of course, the modeling
and synthesis of linguistic control rules of experts can be done in different
ways. Fuzzy control denotes the approach to control engineering in which
fuzzy logic is used to derive control laws.

13.2 The methodology of fuzzy control

We will use a very simple example to spell out the design methodology of
fuzzy control. Note that this is an example of a “data driven” method:
it is the data that dictates which appropriate method to use.

Suppose we wish to design an automatic device to keep the temper-
ature of a room at a fixed value Ty. Let T'(¢) denote the temperature
of the room at time ¢. The purpose of the device is to bring T'(¢) to Tp.
By switching the heater or cooler on and off, we can control the rate of
temperature changes. Let x = T — Ty be the input variable and u = &
the control variable. For an observed value z, it is required to find an
appropriate value u(x) for controlling the temperature. Now, suppose by
“naive physics” or by “expert knowledge” we have the following informa-
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tion.

1. If z is “small positive” then u should be “small negative”.

2. If x is “small negative” then u should be “small positive”.

From the form of this knowledge, we see that each piece of information
can be represented as an “If ... then ...” rule. This situation is similar to
the general framework of knowledge-based systems. For example, in sim-
ple medical diagnostic systems, the input variables like = take only two
possible values, 0 or 1. The relationships between variables are typically
of causal nature and can be expressed in terms of implications. If we
view variables as random variables and model strengths of variable rela-
tionships by conditional probabilities, then we can model the knowledge
structure entirely within the framework of probability theory, namely by
the joint probability distributions of the variables. In our actual example
of automatic control, although the global knowledge structure is similar,
there is a significant difference at the local level: the input variable z is
a linguistic. That is, it is a variable whose possible values are terms in a
natural language rather than numerical ones. The output variables are
of the same nature. This situation is general in real-world complex prob-
lems where it is difficult to describe knowledge about control strategies
in precise terms. For example, in describing car-driving strategies, an
expert driver will not be able to give a precise answer to a question such
as “how many seconds should you apply the brakes if your car is going
quite fast and there is an obstacle in front of you that seems quite near”?

Since the obvious task of a design engineer is to use these “If...then...”
rules to build an automatic device behaving in a manner similar to a hu-
man expert, he has to translate first these rules into implementable math-
ematical representations. This amounts first to modeling fuzzy concepts
in these rules, such as “positive small”’, “negative big”, and so on. For
any given control problem, after identifying input and output variables
and their ranges, in order to search for a collection of “If...then...” rules
to form a rule base defining a control law, it is necessary to cover these
ranges by appropriate fuzzy partitions. Essentially these rules deal with
linguistic variables such as “small positive”, “small negative”, and so on,
and hence need to be modeled by fuzzy sets.

Suppose the first rule R; is

“If © is Ay then v is By”

where A; and Bj stand for “positive small” and “negative small”, re-
spectively. To represent A; and B; mathematically, we use fuzzy sets.
Let X and U denote the ranges of the temperature and of the rate of
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temperature changes, respectively. Then A; and B; can be modeled as
fuzzy sets

A ¢ X —[0,1]
B, : U—]0,1]

In a more complicated rule such as “If x; is A; and ... z, is A, then
u is By”, we represent the input as a vector

T
T2

Ln

and rewrite the rule as “If z is A then w is B;” where A is the fuzzy
Cartesian product of the A; characterized by

Ay, 22, o) = N\{Ai(@i),i = 1,2,...,n}

When u is also a vector, we have a multi-input multi-output rule.

In general scientific investigations, the emphasis on qualitative mod-
els has become routine. For example in mathematical psychology where
the goal is to model behavior, one usually translates qualitative models
into quantitative models since the latter provide representations neces-
sary for testing. For this to be possible, one has to make several basic
assumptions. For example, in providing qualitative models for association
learning, one assumes, or considers, only the case that associations are in
only two possible states: present in full, or completely absent. That is,
partial associations are ignored. Furthermore, if one assumes that transi-
tions from one state to another are quantified by probabilities, then under
further plausible assumptions, Markov processes can be used as models.
Of course, these probabilistic views of “all-or-none” models should be
validated in specific situations. The modeling of knowledge using fuzzy
sets is a further step in qualitative modeling. Basically, “all-or-none”
models are extended to more flexible and realistic ones in which partial
degrees of “truth” are incorporated. In each rule, besides the modeling
of linguistic labels such as A; and Bj, we need to model the connectives
“and”, “or”, “not” and “if ... then ... 7. It is precisely here that fuzzy
logic is called upon. The standard logical connectives “and”, “or”, and
“not” are modeled using t-norms, t-conorms, and negations, respectively.
The logical connective “if ... then ...” is much more subtle. A rule in our
example such as “If x is positive small then u is negative small” does not
represent a causal relationship between x and w, nor an implication in the
usual sense. It simply conveys the idea that for every x, if = is positive
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and small, then there is a control value u that is negative and small, and
that is a “reasonable” value to use. Thus in a collection of rules of the
form

R;:“If v is Aj then uis B;”, j =1,2,...,r (13.4)

we let M (z,u) be the binary fuzzy predicate “u is a reasonable control
for z” and consider a theory consisting of logical statements of the form

Aj(z) — Fu (M(z,u) and Bj(u)), j =1,2,...,r

Thus, for every =, if x satisfies the property A; then there exists a value
u which is “reasonable” for x, and for which B; hold. It can be shown
that (z,u) satisfies the formula “A;(z) and Bj(u)” if and only if M (x,u)
belongs to a minimal model of the theory above (in the context of non-
monotonic logic instead of classical logic [94]). This observation can be
used to justify the translation of a conditional statement of the form “if
x is A then w is B” into a fuzzy binary relation M(z,u) = A(x)VB(u),
where V is a t-norm, such as min. For a collection of rules R;, the
combined fuzzy relation M given by

M(I,u) = \/{(AJ(‘T) /\Bj(u))a Jj=12 ,’Il}

is referred to as Mlamdani’s rule. The use of the t-conorm max reflects
the fact that the connection between the rules is specified by the logical
connective “or”. Of course, in general, this connection depends on the
meaning of the knowledge represented. For MIMO (multi-inputs multi-
outputs) systems, some additional symbols, or metalanguage, are needed
in the consequent part of each rule. For example, in

Rj: “If x is A then u, is B]l; R TTAS T B]’?”

the symbol “;” is used to denote the noninteraction or independent con-
trol actions u;. In this case, the rule R; can be decomposed into k rules
involving scalar control variables u; with the same antecedent part, so
that the MIMO system is equivalent to k¥ MISO (multi-inputs single out-
put) subsystems. Here, we focus only on MISO systems for simplicity.

The rule base 13.4 plays the role of a mathematical model. This is the
heuristic approach to fuzzy control. The flexibility in describing a rule
base in mathematical terms by using fuzzy logic comes from the fact that
there are different ways to model fuzzy concepts by membership functions,
as well as choices of logical connectives involved in rules. By a fuzzy
design, we will mean a specific choice of such systems of parameters.
We will elaborate on fuzzy design in the next section.

The following relational approach to deriving control laws from rule
bases is popular in practice. First, a fuzzy system is a mapping M from
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fuzzy subsets of X to fuzzy subsets of U. Such a system can be defined
by specifying a fuzzy relation on the product space X x U. Thus for A €
[0,1]%, we get B = M o A € [0,1]Y, where o denotes some composition
operation among fuzzy relations. For example, the sup-/Acomposition,
where A is a t-norm is defined by

Bu)=\ (M(z,u)AA(x)) (13.5)

zeX

When 4 is a singleton, that is, when A (z) = 1(,,}(x) for some z € X,
then by properties of t-norms, B is reduced to B(u) = M(xg,u). By a
fuzzy logic system we mean a fuzzy system in which M is constructed
from a rule base like 13.4 using fuzzy logic. If each rule R; is translated
into

M; (@, u) = Ay () AB; (u)

then
M(LL',U) = V[M](.’E,’U,),j = 1727 ,..,’I"]

where 1/ is a t-conorm.
When A(z) = 14,3 (2), the fuzzy output B becomes

B(u) = V[Mj(xau)aj = 1,2,...,7"]
= V[4;(x0) A Bj(u), j =1,2,...,7]

In the context of control, the input variable takes values in the input
space X. If the observed input value z* is accurate, we take A(x) =
L=} (z) as input to the fuzzy logic system, producing the fuzzy output
of the rule R; given by

w— A; (") AB; (u)
Note that when X = X; x X5 x ... x X,,, then

Aj(x*) = Aj(i’?faxéwwxm
= /\{A;(x;k)azzlaZan}

where A; = A} X AJQ- X ... x A7 and represents the degree to which z*
satisfies the antecedent part of R;. It can be interpreted as the firing
degree of R; when the input is z*.

If the observed input xz* contains some sort of error or imprecision,
then we can “fuzzify” z*. This amounts to building a fuzzy subset of X
around z* in a fashion appropriate to cope with the imprecision present.
For example, if the basic statistics of the stochastic processes generating
* are known, they can be used to construct a fuzzy subset A associated
with x*.
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The general relational equation B = M o A will produce the fuzzy
output B from this fuzzy input A. In this case, the firing degree of R;
with respect to the input A is generalized to the degree of matching
between A and the antecedent A; of R;, namely

V {A() A Aj(@)}

zeX

This quantity can also be interpreted as the possibility measure of A;
given A.

Now, for a crisp input A, the fuzzy logic system M produces a fuzzy
output B. Referring back to our example of controlling a thermostat,
we need a crisp value for the control action. Thus, the fuzzy output B
should be summarized to obtain such a value. This procedure is termed
defuzzification. For example, in the case where all spaces of interest
are copies of the real line R, the fuzzy set B can be summarized as

D(B) = Jg uB(u)du
Jg B(u)du

This defuzzification procedure is called the centroid method. For a

crisp input x*, if we view the quantity

B(|z")
Jg Bu|z*)du

as a conditional probability density of the control variable given the input
value z*, then D(B) has the form of a conditional mean. Other possible
defuzzification procedures will be discussed in the next section.

We mention now another approach, one due to Sugeno, to construct
fuzzy logic controllers where defuzzification is not needed. This approach
also illustrates the obvious fact that if additional information about the
dynamics of the plant under control is available, even in approximate
form, it should be incorporated into the design of the controller. This
approach is due to Sugeno and is essentially based on the possibility of
describing locally the dynamics of a plant in approximate terms, in other
words, by a fuzzy model. This is the case, for example, when for each
member of a fuzzy partition of the input space X, the difference equation
of the plant is linear to some degree. This suggests forming control rules
as follows:

”
)

o R : “If oy is Ajl- and ... m, is A} then u = fj(z1,22,..., %)
J=1,2,.0r
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Here the z; are actual observed values of the input variables and f;
is some specific linear function

n
fizr, @2, . an) = Zazjiﬂz‘
i=1

and the fuzzy subsets A; form a fuzzy partition of the input space. Note
that the consequent part in each R; is precise. The firing degree, or the
degree of applicability, of R; is T(A;'.(xi), i=1,2,..,n) = 7;, where T
is some t-norm such as T'(a,b) = ab. The rule R; will produce a crisp
output given by u; = 7; fj(1,22,...,2,). The overall output control
value is taken as a weighted average

’LL(:E] X9 x ) Jj= jflj'(l'lamz,...7ajn)
— Z 1
7 ’ 7 ! ij_ ]

The Sugeno approach, or more precisely, the Takagi-Sugeno model, is
essentially a model-based fuzzy control.
To conclude this section, we mention some basic design issues.

e The rule base plays the role of control knowledge needed to derive
control laws. As such, various factors in this knowledge base need
to be examined to achieve a sufficiency of needed information—for
example, the number of rules, the choice of parameters, membership
functions of fuzzy concepts involved, and the logical connectives. As
in standard control theory, any choice of these nominal parameters
should be done with some robustness properties in mind. Also, in
some cases, where imprecision arises in eliciting membership func-
tions, interval-valued membership functions might be required.

e The description of control knowledge in linguistic rules involves lin-
guistic variables whose values should form fuzzy partitions of asso-
ciated spaces. The fuzzy partitions of both input and output spaces
are necessary to insure that for any observed input values, some rule
in the rule base should “fire” with some positive firing degree.

e The principle of fuzzy control described in this section aims at pro-
ducing a control law u(z) from a rule base. Thus we can view a
fuzzy logic system as a mechanism for producing an approximation
to some ideal control law, or as a model-free regression type prob-
lem. The property of being a “good approximator” can be used
to justify its capability in approximating any continuous functions
defined on a compact domain. Note that such a theoretical result
is only a sort of existence theorem. Success of designs of fuzzy
controllers still depend on the skill of the knowledge engineers.
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e Controllers are judged by their performance, such as robustness
and stability. In this respect, it seems fruitful to have some form of
knowledge about the dynamics of the plants, such as fuzzy models.
Then an analysis can be done using both fuzzy models and control
rules.

13.3 Optimal fuzzy control

As stated earlier, fuzzy control seems promising when the dynamics of
systems are not known with precision. Standard control relies on the
knowledge of a differential equation & = f(x,u) with z(tg) = z¢ describ-
ing the dynamics. If such an equation is not available, then a weaker
form of knowledge might serve as a means to derive control laws. For
example, the knowledge about a plant might be expressed in the form of
a collection

R; :if (z,u) is Aj then x is By, j =1,2,...,r

of rules. The standard approach to optimal control is this. Given the
differential equation together with a set of constraints specifying the goals
such as production planning, terminal control, tracking problems and so
on, an optimal control law is the one that maximized some objective
function J(u) subject to the set of constraints. Suppose now that instead
of a differential equation with its constraints, we have a collection of rules
as above. Now instead of maximizing an objective function subject to a
differential equation, we face a maximizing problem over a set of rules.
The mathematical formulation of this optimization problem is not quite
clear. If the set of rules is combined into a single fuzzy relation on an
appropriate space then we have the problem of optimizing a function
over a fuzzy set. But what does this mean? One formulation is this. Let
J be a function defined on a set X and let A be a fuzzy subset of X.
Suppose that J takes real values in an interval [a,b]. Then we may as
well assume that J : X — [0,1]. If A is a crisp set so that A(xz) =1 for
all x € X, then maximizing J over A should simply mean maximizing
J, which can be expressed as maximizing the function J A A. So in the
fuzzy case, we could formulate the problem of maximizing a function J
over a fuzzy set A as that of maximizing the function J A A. This is
not the only reasonable formulation. In the crisp case, maximizing the
product J(x)A(z) is also the same as maximizing .J, so one could state
the problem in general as one of maximizing the J(z)A(z).
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13.4 An analysis of fuzzy control techniques

Fuzzy control is a way to transform linguistic knowledge into control laws.
A systematic way of doing so was spelled out in the previous section. It
consisted of

e modeling fuzzy concepts in rules,
e a choice of fuzzy connectives in rules or combination of rules, and

e a choice of a defuzzification procedure.

We look at these steps in more detail. Consider a rule base of a MISO
system, namely where the input variable is z = (z1,z2...,x,) € X =
X1 x Xox .... xX,,, and the output variable is v € Y. One needs first to
specify fuzzy partitions of all spaces involved. Let A;s and B;g be fuzzy
partitions of X and Y, respectively, corresponding to linguistic variables
such as “small positive”, and so on. Next linguistic “If ...then ...” rules
corresponding to these fuzzy partition can be found either from experts or
through training data. These rules form the knowledge base from which
a control law can be derived. In fact, these rules are a weaker way of
defining a function that can approximate the ideal control law. In this
regard, see Chapter 8 on universal approximation.

Step 1. R;: “If xis A; then wis B;”, j =1,2,...,r

The linguistic labels A’7 and B; are viewed as fuzzy subsets of appro-
priate spaces. The membership functions of these fuzzy concepts need to
be specified. This can be done by asking experts or by using common
sense. In asking experts to specify the membership function of a fuzzy
concept A of X, we can only obtain a finite number of degrees of belief.
For z; € X, i =1,2,...,m, we can ask N experts whether they believe
the statement “z; is A” is true. The degree of x; in A, that is, the value
A(z;), is taken to be M/N where M is the number of experts who say
yes. There are other ways to obtain a value of A(x;). Experts can use
their subjective probabilities. In any case, from a finite number of values
A(z;), one extrapolates to obtain a function A defined on all of X.

Control rules expressed in natural language might contain fuzzy mod-
ifiers such as “very”, or “almost all”. Modeling fuzzy quantifiers was
discussed in the Chapter 9.

When it is not reasonable to give experts’ degrees of belief as numbers
in the unit interval, one has to allow membership functions to take values
elsewhere, such as subintervals of [0, 1]. When this happens, we are in the
realm of interval-valued fuzzy logic. An expert may specify a degree of
belief of 8 on a scale from 0 to 10. But this means the expert’s degree of
belief is closer to 8 than to 7 or to 9, so belongs to the interval [0.75,0.85].
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Membership functions of fuzzy concepts can be chosen in some simpli-
fied forms especially easy for computations. Some of these simple forms
are parametric, that is, are determined by the choice of a finite number
of parameters. Here are some examples of such fuzzy subsets of R.

1. Triangular membership functions are those of the form

0 if r<a—borx>a+b
T—a .
Alz) = 1+ if a—b<zxz<a
l_x;a if a<zx<a-+b

where a and b are any real numbers.
2. Trapezoidal membership functions are those of the form

0 if z<aorz>d

Z:Z if a<zr<b
Alz) = 1 if b<z<ec
i:j if c<z<d

where a < b < ¢ < d.
3. Gaussian type membership functions are those of the form

A(x) = exp <M>

g

4. Piecewise polynomial functions, or splines, including piece-
wise linear ones are often used.

5. Piecewise fractionally linear functions are those with each
piece a function of the form

Ax) =

ar +b
cr+d

After the forms of the various membership functions have been de-
cided, the parameters of the functions are specified in such a way that the
fuzzy controller will behave in some optimal fashion. That part is called
tuning. Those interested in tuning procedures should consult books on
applications of fuzzy control.

Step 2. After modeling linguistic labels in rules as fuzzy subsets of

appropriate sets, the next task is to decide on the choices of logical con-
nectives involved. The theory of fuzzy logic provides classes of candidate
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function such as t-norms, t-conorms, and negations. Such choices should
be guided by the universal approximation property of fuzzy systems and
by sensitivity analysis. For example, popular t-norms are min and prod-
uct. Popular t-conorms are max and the dual of product with respect
to the negation 1 — x. When the connection between rules is expressed
as “or” (or “else”), and the combination of rules is max —7T composi-
tion, then when T" = min or product, we obtain max-min or max-product
composition (inference), respectively.

Step 3. Having obtained an overall fuzzy output B as a fuzzy subset of
the output space V, we need to summarize it into a single value u* to
be used as the actual control action. A defuzzification procedure is a
map

D:0,11Y -U

Here are some examples of defuzzification procedures.

1. Centroid (or center-of-gravity) defuzzification. Here is a
heuristic motivation of this method. Since B(u) is the degree to
which u is compatible with B, it is proportional to some probability
density function f(u). For example, B(u) is proportional to the
number of experts who believe that u is good, so that the more
experts who believe in u, the greater the chance that u is actually
good. Letting

U

we can choose u* to minimize the average deviation [(u—u*)?f(u)du.
Differentiation with respect to u* yields

_ JyuB(u)du

[y B(u)du

*

which is called the centroid value.

2. Mean-of-maxima defuzzification. Somewhat similar to mea-
sures of location in statistics, and also because of the meaning of
degrees of membership, values u* that have the highest values B(u*)
are also natural to consider. Let E be those elements of U which
maximize B. If F is finite then put u* to be the average of the
elements of E. In particular, if F consists of just one element, u*
is taken to be that element. If F is infinite, then one takes u* to
be some sort of average of the elements of E.

3. Center-of-area defuzzification. This method is the counterpart
of the concept of a median of a probability density function. The
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center of area of B is the value u* splitting the area under B into
two parts of equal size.

As for logical connectives, the choice of a defuzzification procedure
should be guided by considerations such as robustness or sensitivity to
errors in its argument B. It can be shown that the centroid defuzzifica-
tion procedure is continuous with respect to a suitable topology on the
space of membership functions, and hence tends to have good robustness
properties.

13.5 Exercises

1. Let I be a bounded interval of the real line R. Give a fuzzy partition
of I with triangular membership functions.

2. Let I and J be two bounded intervals of R. Consider a collection
of rules:

R;: “If v is A; then wis B;”, j=1,2,3

where the A; and B; are fuzzy subsets of I and J, respectively.

(a) Specify A; and B; so that (Ay, As, A3) and (B, Ba, Bs) are
fuzzy partitions of I and J, respectively.

(b) In view of the previous part, compute for a given x the fuzzy
output of each rule R; using min-inference.

(c) Suppose the connection between the rules is expressed as the
logical connective “or”. Compute the overall fuzzy output by
using the t-conorm max(a,b). Do the same for the t-conorm
T +y—xy.

(d) In each case of the previous part, compute the crisp output
value using the centroid defuzzification procedure.

3. With an example specifying membership functions of the rule base
of Exercise 2, using the t-norm product, t-conorm x + y — zy, and
center-of-area defuzzification procedure, give an explicit formula for
computing the overall crisp output.

4. Let f be a probability density function on R, that is, f > 0 and
[ f@)de = 1. Let J(u) = [ (2 — u)*f(z)dz. Show that
uw= [ xf(x)dz minimizes J.

5. Let the overall fuzzy output B of a fuzzy logic system be a trape-

zoidal function with parameters a, b, ¢,d. Compute the defuzzified
value of B by using
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(a) the centroid method,
(b) the mean-of-maxima method, and

(¢) the center-of-area method.
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Answers to Selected Exercises

The solutions to some of the exercises are given below. The exercises
are chosen for various reasons. Generally, they are the more difficult ones.
But some are chosen because they illustrate some technique or principle.
Still others present material supplementary to that in the text. Complete
details are not always given, but rather hints or an outline of the solutions
are presented.

SOLUTIONS FOR CHAPTER 1

Exercise 6. (AV B) (z) = A(z) V B(z) =1 if X > 25 and

-z, (., (2=2 2\
20 5
if 25 < x. See the plot on page 9. To determine when (40 — z) /20 is

the larger involves solving a cubic polynomial. We leave the rest to the
reader.

Exercise 9.

(AVB) (z) = 1-(AVB)(z)
= 1-A(x)V B(x)
(AAB)(x) = A(z)AB'(z)
= (1-A(@) A1 - B(x)
(

B {I—Ax) if A(xz) > B(z)
1—DB(z) if B(z)> A(x)

= 1-A(x)V B(x)
Exercise 10. (a) S;(2) ={4;:0<t <1} where Ay ={ueU: f(u) >
t}. Thus S;(Q) is totally ordered.
(b) Let A C Q.
fweQ:ACSi(w)} = {w:f(4)Cla ( ) 1]
<inff(A)}cA

{w: a(w)

since « is a random variable.

(c) The equality holds when A = &, both sides being equal to 1. P{w :
A C S¢(w)} = P{w : a(w) < inf f(A)} = inf f(A) since « is uniformly

401



402 Answers to selected exercises

distributed. Now, P{w : A C S(w)} for A € S;(2) is well defined
by the definition of a nested random set. Also P{w : A C S(w)} =
Plw:y € Sw)} forally € A} < P{w : z € S(w) for some z € A}.
Thus P{w : A C S(w)} < infyca P{w : y € S(w)} = inf f(A), since by
hypothesis f(y) = P{w:y € S(w)}.

Let A # @ and A € Sf(Q). Define D(A) = {B € S§(Q) : @ # B C
A} It D(A) = @, thenforallz € A,P{w:z € S(w)} = P{w: A C S(w)}
since we always have P{w : z € S(w)} > P{w : A C S(w)}. If the
inclusion is strict, then there exists w such that ¢ € B = S(w), so B # &,
and B C A, which is impossible.

If D(A) # &, then let x € A\B for all B € D(A). For this z, using
the fact that S¢(€2) is totally ordered, we get {w:z € S(w)} ={w: A C
S(w). From all the above, we have for A € Sp(Q2), P{w: A C S(w)} <
inf f(A) = infyea P{w :y € Sw)} < Plw:z € S(w)} = P{lw: AC
S(w)}, and therefore P{w: A C S(w)} =inf f(A) = P{w: A C Sy(w)}.

SOLUTIONS FOR CHAPTER 2

Exercise 3. (a) That < is a preorder is very easy. It is linear since <
is linear.

(b) If zy = 0, then certainly (z,y) = (x,y). If 2y # 0, then £ = £ =1,
and hence (z,y) = (z,y), and we have reflexivity. Suppose that (x,y) =<
(u,v) and (u,v) <X (s,t). If zy = 0, then (z,y) =X (s,t) by definition. If
zy # 0, then%:Z>1 and £ =1 > 1, soi:;j;:i;:;zl.
Thus (x,y) =< (s,t), and we have transitivity. This preorder is not linear

since nelther (1,2) < (1,3) nor (1,3) < (1,2) holds.

Y
Yy
Z,

(c) That the preorder in (a) is in T' is clear. For the preorder in (b),
suppose (z,y) = (u,v). If zy = 0, then axby = 0 and yx = 0, so (ax, by) =
(au,bv) and (y,z) = (v,u). If 2y # 0, then 3 = 2 > 1. If ab = 0 then
certainly (az,by) < (au,bv). If ab # 0, then &% = Z—’y’ > 1, and again
(az,by) < (au,bv). To show property (ii) is very easy. If (z,z) =< (u,u),
and zz = 0, then x = 0 whence z < u. If zz # 0, then 2 = 2 > 1, and
so z < w. If x <w, and x =0, then clearly (z,z) = (u,u). If z # 0, then
u # 0, and since * > 1, we get (z,2) < (u,u). Thus the preorder in (b)
isin I'.

It remains to show that the preorder in (a) is the only linear one
in I'. So suppose that = € I'. We must show that (z,y) =< (u,v) if
and only if zy < ww. Suppose that (z,y) =< (u,v). Then (xy,zy) =
(yu,zv), and since (y,z) =< (v,u), we have (yu,zv) < (uv,uv). By
transitivity, (zy,zy) < (uv,uv), whence xy < wv. Now suppose that
zy < wv. We need that (x,y) < (u,v). Suppose that zy # 0. Ei-

ther (z,y) < (oy,/xy) or (\/zy, \/_) (z,y). If the former, then
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(z/Z, y\/; < (V@ /%, \/_\/%,or (VZy, /Zy) < (x,y). Similarly
(VZy, /zy) < (z,y) implies that (z,y) < (\/_,\/_) so that in any
case, (z,y) < (\/_, VZy) < (x,y). Since xy # 0, uv # 0, whence
(:r,y) < (@Y, /Ty) < (\/ﬁ \/_) < (u,v). Now suppose that zy = 0.
If both = and y are 0, then(my)<(my,\/_)_( y). f £ =0 and

y > 0, then the inequalities (z,y) < (\/@, \/_) (z, y) become (0,y) <
(0,0) < (0,y). One of (0,1) < (1,0) and (1,0) < (0,1) holds. If the for-

mer, then (O y) < (0,0) and (0, ) (y,0), using property (i). Therefore,
in any case we have the inequalities (z,y) < (v/Zy,/Ty) < (z,y), and
our result follows.

Exercise 5. We prove one of the absorption identities. The other prop-
erties are completely trivial. a V (@ A b) is the sup of a and a A b. Since
a>aand a>aAb, a>aV(aAb). Clearly the other inequality holds.

Exercise 11. It is easy to see that (u,v) < (z,y) if and only if v < z
and v < y makes X[ into a lattice. Suppose ’ is an involution on L.
Then

(z,9)" = (.2") = (2,9)
If (u,v) < (z,y), then u <z and v < y, so

(u,v)" = (v, 0') <y, 2)
If X together with ’ is De Morgan, then

(unv)A(zy)) =

u,v) V (z,y)

Exercise 18. The Boolean algebra is not complete since U has a set of
finite subsets whose union and complement are both infinite. Such a set
of subsets of U has no sup in F.

Exercise 24. Let R and S be two equivalence relations on U. The sup of
these two equivalence relations is the set consisting of all pairs (u,v) € U X
U such there are elements x1, ©s,..., €, with (u,z1), (x1,22), ...(Tn_1, Tn),
(zn,v) all in RU S. Note that RU S is not an equivalence relation since
it may not be transitive. It should be clear now what the sup of a set of
equivalence relations on U is.
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Exercise 28. RS = {(u,w) : for some v € V, (u,v) € R and (v,w) € S}.
This is the definition of composition of relations. So
(RS)T = {(u,z): for some w € W, (u,w) € RS, (w,z) € T}
= {(u,z): forsomev €V, we W, (u,v) € R,
(v,w) €S, (w,x) €T}
R(ST) = {(u,z): for somev eV, (u,v) € R, (v,z) € ST}
= {(u,z): for some v €V, we W, (u,v) € R,
(v,w) € S, (w,z) €T}

Exercise 33. (a)

(AVB)y = {2€U: A
Ay UB, = {zeU: A

)V B(z) > o}

) >aor B(z) > a}l

Since for each z, either A(z) < B(z) or B(z) < A(x), A(x)VB(z) is either
A(z) or B(x), and the desired equality follows. Similarly, (A A B), =
Ay N By,

(b) No: (A)o ={x €U :1—- A(z) > a}, whereas (4,) = {z € U :
A(z) >< a}.

(c) Obviously MNacs Aa < (Ascs A)a- If infacs A(z) > «a, then A(x) >
aforall AeS.

(d) No in general. Obviously for all a, [JscsAa € (Vacs A)a- But
supges A(x) > o does not necessarily imply that there is some A € S
such that A(x) > «, unless for each « € U, sup 45 A(x) is attained.

Exercise 39. (a) If f is one-to-one, then this follows from part 3 of
Theorem 2.6.1.

(b) If C =V and f = A, then this follows from part 2 of Theorem
2.6.1.

Exercise 41. (a) For y < 0, f~'(y) = @, so that f(A)(y) = 0. For
Y= 0, F1(0) = (00,0, 50 tht f(A)(0) = sup._-.veq A(x) =L For
0<y<1 fH(y) = {y} so that f(A)(y) = A(y).

(b) For y =1, f~!(1) = [1,00), so that f(A)(1) = sup,>, e~% = 1. For
y>1, f~(y) = 9, so that f(A)(y) = 0. In summary,

0 fory<Oory>1
1 fory=0o0ry=1
e for0O<y<1

fA)(y) =
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1} = {0} Thus f(A) = {f(z) :
{v: F(A) = 1} ={0,1} #

(c) For « =1, we have Ay = {x: A(z) >
z e A} = {f(0)} = {0}. Now [f(A)] =
f(Ar).

Exercise 42. (a) f~1(0) = {z,y) : * +y = 0} = {(z,—2) : * € R}
On [—4,4], the maximum value of A(x) A B(z) is e_% < 1. And on
(—o0,—4) U (4,00), A(z) = B(—z) < 1, and sup,~, A(z) = supe~ =1

(b) We have A; = [3,4], By = [-2,—1], and hence f(A1,B;) = A1+ By =
[1,3]. Note that 0 ¢ f(A1, B1). But since A(z) AB(—z) < 1on [0,4], and
A(z) = B(z) = e~ on [0,4],

J(A, B)(0) = sup(A(2) A B(~)) =supe”* =1

Thus 0 € [f(A, B)]1, showing that [f(A, B)]1 # f(A1, B1).
SOLUTIONS FOR CHAPTER 3

Exercise 2. These are all routine. We will prove 16. It is of some
interest.

(A+(=B) () = \ (A@)A(=B)®)

(A-B)(2)

I
<
~
E
>
&
S

=\ (4@ AB(-y))

T+y=z

Exercise 4. Note that part (a) implies part (b), and part (c) implies
part (d). We consider part (a). (A—A)(0) =V, ,_,(A(x) AAy)),
and x,(0) = 1. Any constant A will serve as an example.

Exercise 11. For a fuzzy quantity A to be convex means that its a-cuts
are intervals. Equivalently, A(y) > A(z) A A(z) whenever <y < z. So
to show AB is convex, we need to show that AB(y) > AB(z) ANAB(z). If
r<y<z<0or0<z<y<z, then AB(y) > AB(z) N AB(z). A proof
of this can be modeled after the proof that A + B is convex if A and B
are convex. The other cases, for example, if t < 0 <y < z, are not clear.

Exercise 12. The only real problem is to show that two convex fuzzy
quantities have a sup in C. But the inf of any set of convex fuzzy quan-
tities is convex. This follows easily from the fact that a fuzzy quantity A
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is convex if and only if A(y) > A(z) A A(z) whenever x < y < z. The sup
of two convex fuzzy quantities is the inf of all the convex fuzzy quantities
> both. It is very easy to find two convex fuzzy quantities whose sup as
fuzzy quantities is not convex.

Exercise 13. The fuzzy quantity B is obviously convex, and it is a
straightforward calculation to check that A is convex. (A +B)(z) =
Vyirz=a{A(y) A B(z)} = VyerA(y) = 3. Now (A + B)s = @, while
A% =g, B% =R, andsoA% +B% =R.

Exercise 14. Since A is continuous, the a-cuts are closed, and hence
are closed intervals.

Exercise 15. Suppose that A is convex. Let A;, A\, A2 € [0,1] with
A <A< A Forz,y e R let 2/ = Maz+(1-A\y) and ' = Aez+(1—A2y).
Then A = aA; + (1 — a) Az for some « € [0,1]. A calculation shows that
ar' + (1 —a)y = Az + (1 — Ny = Z/. Since A is convex, we have
A(Z') > A(z") N A(Y'), or that A is quasiconcave.

Suppose that A is quasiconcave and that ¢ < y < z. Then y =
Az + (1 — N)z with A € (0,1). Since 0 < A < 1 and A is quasiconcave,
Aly) = Adz + (1 — N)z) > A(2) A Ax).

Exercise 16. By quasiconcavity of A, we have for z,y € R, A € [0,1]
and z = Az + (1 —\)y that A(z) > A(x) A A(y). We need strict inequality
when A(x) # A(y) and A € (0,1). But this is immediate from A being
one-to-one on {x € U : A(x) < 1} since A(z) can be neither A(x) nor
A(y).

SOLUTIONS FOR CHAPTER 4

Exercise 6. Using the definitions of logical equivalence and tautologies,
this problem is just a matter of checking the table for <= in Section
4.2. In Lukasiewicz’ three-valued logic, implication is not material impli-
cation.

Exercise 11. t(aV a') = t(a) Vt(a') = t(a) V (1 — t(a)), which cannot
be 1 unless t(a) € {0,1}.

Exercise 13. In ([0,1],V,A,/,0,1), 2 Az’ =z A (1 —z) < 1/2, while
yVy' >1/2. It is easy to find examples in ([0, 1B v, A0, 1) where the
inequality does not hold.

Exercise 14. See the discussion in Section 4.5. Letting A(z) = w,
B(z) = v, and C(z) = 0 shows the equality does not hold.
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SOLUTIONS FOR CHAPTER 5

Exercise 2. zAgy=0unlesszVy=1.NowzAy=xAyifzVy=1,
so Ng < A.SincezAy<zAl=zandzAy<1Ay=y,xAy<zAy,
so A < As.

Exercise 8. Induct on n, starting at n = 2. For n = 2, the assertion is
true by definition of generator. Assume true for n — 1. So for n, we get
a A fHf(a) v f(0)) = £ [f(a)(f(a)" "V £(0)) V f(0)] . There are
two cases: f(a)" 1V f(0) = £(0) and f(a)"~*V £(0) = f(a)"!. Both

are easy to check.
n times

Y et
If £(0) > 0, then for sufficiently large n, f(a)™ < f(0),s0a A - - ANa=
f7H(f(@)"vf(0)) = 0.If £(0) = 0, then f~1(f(a)"Vf(0)) = f~1(f(a)") >

0 for a > 0.

Exercise 13. If f(xAy) = f(2)Af(y), thenz Ay = f~ 1 (f(2) A f(y)) =
FTHF@)A ) =2 Ay

Exercise 15. We need f to be monotone increasing. Let x < y. Then
x = yoz for some z, and so f(z) = f(yoz) = f(y) o f(2). Therefore

f(@) < fly).

Exercise 20. The function (f(z) + g(x)) /2 is one-to-one since f and g
are one-to-one and monotone increasing. The rest is clear.

Exercise 25. (a)

s—(s—1)z

s—(s—1)z

[r(fs(x) = fiu( )

T—(T—l)@
B r(s—(s—1z)—(r—1)x

rs—rsr+rrx—rx+x
x

rs—(rs—1)x

so frfs = frs Since f,.f.—1 = f1 is the identity automorphism, and so G
is a subgroup.

(b) This follows from the proof of the first part.
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(0) vy = (fo(@) + foly) = )V 0 = (7= + 7 — 1) VO,
which may be written in various ways.

(d)

x

frrafe(z) = fia( *W)
_ (r;_rxT—i—_xl— ac)
: ( 11r—;x1 >
- <1 >

(7 1)z
o) ST

z—1
2

—x 4 ar? —r?
which may be written in various forms.

Exercise 26. It is easy to check that f(z) = 5% is an automorphism of

[0,1]. Thus Ay = f~1(f(z)f(y)) is a strict t-norm. Now f~!(z) = 2%

14z’
so that
> (3 2%)
TNy = _\fTT Y

1+3255
_ 2zy
420 —2y+2zy
ry

2+xy — (T +y)

This shows that z Ay = —2——
2+zy—(z+y)
generator of it. Finally, for part (c) just check that f(x) = e 9(*),

is a strict t-norm and that f is a

Exercise 37. ¢ !f is an isomorphism from (I, Af) to (I, Ag). Were h
another such isomorphism, then h~'¢g~! f would be a nontrivial automor-
phism of (I, A¢). Corollary 5.3.11 prevents that.

Exercise 39. If n(z) = v < y =n(y), then x = n(x) > n(y) = y.

Exercise 50. They are clearly continuous. The associative law for A
is a bit tedious, but follows readily using the distributive law z(y V z) =
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2y V xz). The t-norm is not Archimedean since a A a = a. The natural
dual of A is v.

Exercise 53. We need f~'rf > f~!rf whenever r < s. Suppose that
r <s. Now for z € [0,1], zf ™/ =f~Irf(z) = f1f(2)" < f1f(2)® =
2! 7's) since f(z)” > f(z)* and f~! is an antiautomorphism. Thus

forf =it

Exercise 56. If v/ is a conorm on I, then z v y = n(n(z) A n(y)) for
some t-norm A and negation n on I, Let z = (a,b) and y = (¢, d).
Then

vy = nnx) An(y))
= n(n(a,d) An(c,d))
= n((n(®),n(a) A n(d),n(c)))
= n((n®)on(d),(n(a)on(c))
= ((n(n(a)on(e)),n(n(b)on(d)))

and (n(n (a)on (c)) is a conorm ¢ on [0, 1], being dual to the norm o with
respect to 7. The symbol 7 is used to denote both a negation on [0, 1]
and the negation it induces on I[2!

SOLUTIONS FOR CHAPTER 6

Exercise 4. We do part (a). (1-z)vay=1—z+zy— (1 —x)zy =
1—2+2%y

Exercise 8. (z = y) = \/{z € [0,1] : z A z < y}, which we need to be
nale Byl

aleAnay)] = V{z:z4(xAnaly) =0}
= V{z:(zA2) Analy) =0}
Now (z A z) Ana(y) = 0if and only if z Az <y, which is what we want.

Exercise 11. Part (a) is easy. For example,

0=1) = nAz:2v1=0}=n(0)=

1
(1=0) = nAz:2v0>1}=n(1)=0

For the first part of (b), if  # 0 # y, then (z = y) = 1. If x = 0, then
(r=y)=1 Ifx #0and y =0, then (x = y) = n(x). A computation
shows that for the second part of (b), (z = y)=1-0V (x —y).
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In part (c), (1=0)= f! (f(o)f(o) v f(0 )) = f71£(0) = 0. The rest is

similar.

Exercise 14. f~1(z) = log,((a — 1)y + 1). The function f generates
the averaging operator
)

<a1 av1
()
o (5

a71+a971 >
+1

= log <a +ay>
= u 5

Exercise 18. We do the verification for the first two averaging oper-
ators. The negation of the averaging operator “t¥ is the solution to

2
%(x) = %, which is n(z) = 1 — . The negation of the averaging op-

ety = f7

erator (”” i ) is the solution to (%) =0+1 = (3 )1/ ,

which a simple calculation shows is n(z) = (1 — x“)l/a .

Exercise 22. This follows immediately from Exercise 21, which in turn
is a simple induction on n.

Exercise 24.

py(0) = sup{l(zvy) — (@ vy)l:|z—2'|,|y—y] <3}
= sup{[l-(1-2)v(1-y)-(1-1-2)v1-y))
l—z—-(1-2")],1-y—(1-y) <3}
= sup{|[(z Ay) — (@' Ay)|: e 2], |y —y| <}
= Pa(é)

Exercise 26. (a) If |zt —2/| and |y — ¢/| < 4, then it is easy to check
that |zy — 2'y/| < 26 — 6%, whileif z =y =1 and 2/ =y = 1 — 4, then
lzy — 'y = 26 — 6.
(b) If § < %, then min{1,26} = 26, and for |2’ — 2/| and |y’ —y/| < & we
have

(@+y) =@ +y) =z —a'+y—y[<25 <1
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Taking x=y=0and 2’ =y =0, we get [(x+y)— (2’ +¢)] =2. If
§ >4 min{26,1} = 1, and taking 2 = y = 0 and 2’ =y = §, we have
p(6) = 1.

(c) This one is dual to f(z,y) = zy, so has the same extreme sensitivity,
namely 20 — §°.

(d) Since max is dual to min, their extreme sensitivities are the same,
and the sensitivity for min is calculated in Example 6.4.2. p,(d) = 4.

Exercise 27. (a) If f(z,y) = min{z,y}, and z < y, then % =1 and

2 2
%5 = 0. Thus (%ﬁ) + (%5) = 1, and similarly for z > y. It follows
that S(f) =

2 2
(b) In either case, (%5) + (%5) — 22 +y* and S(f) = 2.

2 2
(c) For f(x,y) = min{l, z+y}, we have (gﬁ) —&—(%5) = 2 or 0 according
to whether x +y < 1 or not.

d) 5 —-‘1 _of0-zloy) 2 1-y) and = —af(l_é,fjl_y). Thus

I

Now changing variables by letting ' =1 —x and ¢y’ = 1 —y gets S(f) =
5(g)-

Exercise 29. (a) Since z(,) is the min of the x; and z(;) is the max, we

have
Ln) = (Z wj) T(n) S (Z szc(j)) < (ij) T =)

(b) These choices of w give the max, the min, and the ordinary average,
respectively.

Exercise 35. Let x < 2’ and y € [0,1]. The rectangle with ver-
tices (z,), (z,0),(0,y), (z',y) has volume C(z',y) — C(z,y), using the
grounded property of C.

Exercise 36. (a) Let « = (21,22, ...,2,) € {0,1}". Then for B = {u; :
z; =1}, P(X1 = z1,..., X, = @,) = F(B). Conversely, let B C U. Then
f(B)=Pw:Sw)=B)=Pw:uj € Sw) forall u; € B) = P(X; =
Z1,...,Xn = Tp) where z; =1 if u; € B and 0 otherwise.
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(b) Note that if S € S(A), then

0 it x<0
Fij(z)= 1-A(z) if 0<z<1
1 if z>1

Thus the membership function A determines all one-dimensional CDF’s
F; of the X;. By Sklar’s Theorem, the joint CDF F of X = (z1, 2, ..., Zp)
is of the form F(zq,22,....,xn) = C([Fi(z1), ..., Fn(zy)]. In view of (a),
each such F' determines a distribution for an S in S(A4).

Exercise 37. (a) From k =1 and A = (z,y], we have Ay(A) = F(y) —
(b) It is obvious that F satisfies (i), (ii),
(3,1], we have Ay(A4) = F(1,1) — F(,
that F' does not satisfy (iv).

(c) For a; = (z1,11) < a = (x,y), we have, applying the hypothesis to
the case n = 1, that F'(a) > F(ay). Next, for A = (z1,y1] X ... X (zk, yi]
arbitrary, Ay(A) > 0 since it is a consequence of the hypothesis when
a = (y1,Y2, .., Yx), and the n(= 2% — 1) a; being the vertices of A.

(d) If (z,y) < («/,y') then max(z,y) < max(z’,y’), and hence F(z,y) <
F(z',y). For a = (x,y), a1 = (21,91), a2 = (2,92), with 0 < 21 <1<
r<zgand 0 <yo <1<y <y, wehave Flaha,) = F(aAaz) =1, and
F(aAa, Nag) = F(z1,y2) = 0. Thus

S )T FP(Aeqaanienb=1+1-0=2> 1= F(a)
@#IC{1,1}

and hence F does not satisfy the desired inequality.

Exercise 39. A t-norm is a 2-copula if and only if for a < ¢, cAb—a/Ab <
¢ — a. To check that (a+b—1) <a AD, take c = 1.

Exercise 41. The proof is by induction on #8S. The equations hold if the
field of real numbers is replaced by any commutative ring with identity.

SOLUTIONS FOR CHAPTER 7

Exercise 1. Reflexivity and symmetry of W are clear. For A-transitivity,
we have for all z € U,

W(u,v) = R(u,v)AS(u,v)
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Exercise 4. Suppose R is transitive. Then R(u,v) A R(v,w) < R(u,w),
and so
\/ (R(u,v) A R(v,w)) < R(u,w)

vel

so that Ro R < R.
Conversely, suppose that R o R < R. Then certainly

\/ (B(u,v) A R(v,w)) < R(u,w)

velU
so that for all v, R(u,v) A R(v,w) < R(u,w), whence R is transitive.
Exercise 5. Part (a) is trivial.

For part (b), suppose that R is transitive. For R(u,v) > « and
R(v,w) > «, we have

R(v,w) > \/ (R(u,z) A R(z,w)) < R(u,w)
zeU
> R(u,v) A R(v,w)
>«

Conversely, suppose that R, is transitive for all a. Let @ = R(u,v) A
R(v,w). Then R(u,w) > «, and this for any v. Thus

R(u,w) > \/ (R(u,v) A R(v,w))

velU

Exercise 6. No. It is easy to get an example with U a three-element set
and R and S equivalence relations, and in particular fuzzy equivalence
relations.

Exercise 8. Suppose that each R, is an equivalence relation. We show
that R is transitive, which means that R(u,w) > R(u,v) A R(v,w). If
R(u,v) A R(v,w) = a, then (u,v) and (v,w) € R,, and since R, is an
equivalence relation and hence transitive, (v,w) € Ry, so R(v,w) > a =
R(u,v) A R(v,w).

Exercise 10. Suppose that each R, is a partial order. To show that R
is transitive, see the proof of transitivity in Exercise 8.
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Exercise 14. R is A-transitive, so R(u,v) > sup,, (R(u, w) A R(w,v)) =
Ro R(u,v). Now

Ro R(u,v) = sup (R(u,w) A R(w,v))

> sup( (u,u) A R(w,v))

- sup(l A R(w,v))
= sup(R(w,v))
R(u,v)

Y%

Exercise 23. Let

(f1,f2) + C1—Co
(91,92) : Co—C3
(hl, hg) : Cg — C4
be morphisms between the Chu spaces Cy, ...,C4. Then

(h1,he) o ((g1,92) © (f1, f2)) (h1,h2) o (g1 0 f1, fa0g2)

= (hio(g10f1), (f2092) 0 h2)
((h1og1)o fi, f20(g20h2))
((h1,h2) 0 (g91,92)) o (f1, fa)

That the appropriate identity exists is obvious.

SOLUTIONS FOR CHAPTER 8

Exercise 2. Polynomials are continuous, so F CC([a,b]). Addition and
multiplication of polynomials result in polynomials, so F is a subalgebra.
Let ¢,d € [a,b] with ¢ # d. The polynomial z is ¢ at ¢ and d at d. The
polynomial x — ¢+ 1 is nonzero at c.

Exercise 3. F does not separate points on [—2,2] since for any z €
[-2,2] and f € F, we have f(z) = f(—=x).

Exercise 4. (a) There are functions g and h in F such that g(z) #
g(y) and h(x) # 0. Let ¢ = g + Ah with A chosen as indicated. Then
p(z) = g(z) if g(x) # 0 and p(x) = Ah(z) if g(x) = 0. Thus p(z) # 0,
and obviously ¢ € F. Now () — p(y) = g(z) — g(y) + Ah(x) — h(y) # 0.

(b) Let a = ¢*(z) — p(z)p(y), and fi(z) = £ [¢*(2) — ¢()p(y)] - Then
! 75 ?c s(in)ce p(z) # ¢(y) and p(x) # 0. Obviously f1 € F. Now f1(y) =
an 1\r) =
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(c)The construction of f; is similar, and f1+ f2 clearly has the desired
properties. Note that if 1 € F, then one could let fo(w) =1 — f1(w) for
all w.

Exercise 8. (a) f+g, fg, and af are continuous.

(b) Let F be a subalgebra of C([a,b]) containing 1 and z. Then any
polynomial Y a;z® is in F, and certainly is a subalgebra.

(c) The closure P of P in C([a,b]) consists of those functions on [a, b]

that are uniform limits of sequences of elements of P. According to the
Weierstrass theorem, P = C([a,b]). But |z| € P but not in P, so P# P.

SOLUTIONS FOR CHAPTER 9

Exercise 2. (a) If AC B, then (SNA# @) C (SNB +# 2).

(b) Clearly we always have {w : S(w) N @ # @} = &. Next, since for
w € Q, S(w) # @ by hypothesis, {w: S(w) # @} = Q.

(c) Observe that A, (Ag, A1,...,A4,) = P(SNAy =@, SNA # 2,
i=1,2,..,n).

Exercise 3. Since Px(A4) < T(A) = P(SN A # @), and F(A) =
1 —T(A"), we have that Px(A) < 1 — F(A’) implies that F(A) < 1—
Px(A") = Px(A).

Exercise 6. (a) For A C B, we have B = AU (B\A), so that
1(B) = pn(A) + u(B\A) = p(A)
(b) For A, B € A, we have

AUB = AU(B\A)
B = (B\A)U(ANB)

Thus

wAUB) = p(A)+p(B\A)
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(c) Let A, /", n>1. Let Ag = &. We have

(52 - (e
= i (Ap\Ap_1)

= lim Zu(An\An_l)

= mlgnoo'u (U An\An 1)

n=1

= lim p (Am)

(d) Let B € A, and define v : A — RT by v(A) = u(AN B). The details
are routine.

Exercise 7. Let 7 : 2 — [0,1]. The associated possibility measure on
2 is defined by 7(A) = sup{m(w) : w € A}. Since

sup{r(w) :w € A;} = sgp{sup{ﬂ'(w) tw e At}

it follows that the restriction of m to F is a space law, and hence the
result follows from Matheron’s theorem.

Exercise 8. Let f: R™ — [0, 1] be upper semicontinuous. It suffices to
verify that w(A) = sup{f(z) : * € A} is a Choquet capacity, alternating
of infinite order. The fact that 7 is alternating of infinite order is proved
as in Exercise 7. Let 7 :  — [0,1]. The associated possibility measure
on 2% is defined by 7(A) = sup{m(w) : w € A}. Since 4, it remains to
show that 7 ¢s upper semicontinuous on the set IC of compact sets of R"™,
that is, if Ky, \, K in K, then 7(K,,) \, 7(K). Let @ = inf{mw(K,,)} and
B =n(K). Clearly f < a. Let € > 0 and take § = o — ¢ < a. We then
have 7(K,,) > ¢ for all m, that is, sup{f(z) : x € K,;,} > ¢ for all m > 1.
Hence for
A7,l:{$if($)25}ﬂKm7é®

we have that A,, C K,, C K, which is compact, and the A,,’s are
closed since f is upper semicontinuous. Therefore, A = ﬂfnozl A, # 2.
Since A C K, we have 7(A) < n(K) =5. But by the construction of A,
m(A) > ¢, and thus § < 3.

Exercise 9. We verify the formula in a special case. Let X be a non-
negative random variable. Let S(w) = [0, X(w)]. We have po S = X,



Answers to selected exercises 417

and 7(z ) P{w cz € S(w)} = P(X > z). Now it is well known
that E(X I X > z)dz. But E(X) = (F o u)(S), so that

(B e (8 = o (erin
Exercise 10. We have n(AUA’) = n(U) = n(A) Vv r(A") =

Exercise 11. Let 7 be a possibility measure on U. Let T': 2V — [0,1] :
A — 1 —m(A"). Then for part (a), T(@) =1 —n(U) =0 and T(U) =
1—n(@)=1.

For part (b),

T(4) = 1-7 (UAZ)

i€l il

- -y ()

i€l

= A(-7(40))

el

= AT(4)

icl

Exercise 16. Part (a) is a direct calculation, and for part (b), use
I'Hospital’s rule. For part (c), suppose that I(A U B) = min{(A4), (B)}
for A, B with AB = @. For arbitrary A and B we have

I(AuB) = I(ABUAB UAB)
= min{I(A'B),1(AB'),I(AB)}

But

I(A) = min{I(AB'),I(AB)}
I(B) = min{I(A'B),I(AB)}

Hence I(AU B) = min{I(A),I(B)}.
SOLUTIONS FOR CHAPTER 10

Exercise 15. Let @@ be a probability measure on a finite set U and let
0<e<1. Let

P ={eP+ (1—¢)Q : P is a probability measure on Q}
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Define F(A) = inf{P(A) : P € P}. Obviously, F is increasing, F(&) =0
and F'(Q2) = 1. It remains to show that for all n > 1,

F(J4) = > =R 4))
i=1 o#£JC{1,2,...,n} J

If UA; # 2 then there is a probability measure P such that P(UA;) =0,
so that

FlJAa) = a-90J4)
> > = a -9 4))
o#JC{1,2,....,n} J
= > =) a—oF(N)4))
o#JC{1,2,....,n} J

If JA; = Q, then F(|JA;) =1 and

Yo WM -gr(4) = 1-91J4A)

@AJC{1,2,....,n} J

Exercise 16. (a)

(]
Q
€
[
20
= i
~ Q
e
S
=

ACQ
(b) Let Py(A) =3 c49(w). We have
Py = Y 4B)
BCA
= Z Z a(w, B)
BCAweB

< Z Z aw, B)

w€A {B:weB}
= Fy(4)

Exercise 20. (a) g(w;) = D AeT(w;) f(A), where

T(ewj) ={A: w; € AC{wjwyin, e}
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Then 377, 9(w;) = Y aca /(4) =1
(b) F(B) =3 acp f(4) < ijeBg(wj) since {A: ACB}C{A:A¢c
T(w;) for some w; € B}

(c) See Exercise 16.
Exercise 31. (a) Let F(A) = [P(A)]" and define f : 2% — [0, 1] by

0if |[A] >n

f(A) = > 11 Hn—n!![P(a)]"“ otherwise
Sazg acA ¢

Since

L=[P@)]" =Y PW)" = f(4)

wEA ACQ
the function f is a probability mass assignment. It is easy to check that
F(A) =3 pca f(B), so that A — [P(A)]" is a belief function.

(b) Let Fp(A) = [P(A|B)]?. Then Fp is a belief function from part (a),
and hence its Mobius inversion is given by fp.

(c)

Fp(A) = Fp(A|C)

= [Pp(AlO)
AC .,

[PB(m)]

_ [P(AC\B)]

- ' P(C)|B)

_ (P(ABCO),,

= 5mo) )

= (Fc)p(4)

(d) The “sandwich principle” holds. If F'(A) < F(A|B) then

P(A) = P(ABJ)+ P(AB)
P(AB') + P(A|B)P(B)
P(AB') + P(A)P(B)

v

from which it follows that

P(A)[1 — P(B) > P(ABB')
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and
Pl = S — P
Hence
F(4) = [P
> [P(A|B")?
= F(A|B)

and so F(A) > min{F(A|B), F(A|B’)}.

Exercise 36. It is easy to get examples such that A ~ B and C ~ D,
yet AU C is not equivalent to BU D, in fact so that AUC # BU D. Let
C = D, and pick A and B so that AU C contains an element of £ that
B U C does not.

Exercise 38.
Pb=a) = POl Va)
— P(V Vab)
PV + P(ab)
— P(b) + P(ab)
P(a|b) + P(a’|b)] — P(b) + P(ab)

|
—

= P(alb) + P(d/|b) — P(b) + P(a|b)P(b)
—  P(alb) + P(d|b) — P(b) + [1 — P(a'|b)\P(b)
= P(alp) + P(d|b)P(V)

Exercise 43. The center of R consists of the elements (X, X)* =
(7/,71) of R. Any Y is of the form X

Exercise 44. (a) If ab=cd and b = d, then a+ RV =a+ab + R =
a(l +b') 4+ RV = ab+ RV Similarly ¢+ Rd’ = ¢d + Rd’ = ¢d + RV, .so
a+ RV = c+ RbV. Conversely, if a + RV = ¢+ Rd’, then a = ¢+ rd’, and
hence ad = cd. Also, a + b = ¢+ sd’, and so ad + b'd = c¢d = ad, which
gets b'd = 0. Similarly, bd’ = 0, and we have (1 +b)d =d+bd =0 =
bd' =b(1+d)=b+bd, so b=d.

(b) (a+7rb) > (a+7rd)ANab = (a+rb)ab = ab. Now (' Va) (a+rb) =
(a+b +ab)(a+rbd)=a+rt,s0ab <a+rd <V Va.Ifab <z <V Va,
then abx = ab, and (' Va) = z(a+ b 4+ ab') = x(a+ V' +a(l +b)) =
(b +ab) =ab +abr =2t/ +ab=xbt' +a+ab €a+rl.

(c) [a,b] = [a(b' Va),(b Va)Va] =a+ R Va), using part b.
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SOLUTIONS FOR CHAPTER 11

Exercise 4. Suppose that p is monotone of order 2, that is, u(AUB) >
1w(A) + pu(B) — p(AN B). Then for all X € A,

wX) = pwXn(AuB)
= pu((XNA)UXNB)
p(XNA)+u(XNB)—u(XNANDB)
so that Ao(X, A, B) = u(X) — (X NA)—w(XNB)+u(XNANB) > 0.

Conversely, suppose that Aq(X,A,B) > 0. Take X = AU B. Then
0< As(X,A,B) = n(AU B) — u(A) — p(B) + n(AN B).

Exercise 5. This problem is lengthy. See [21].

Exercise 11. (a) p*(@) = p(Q) — pu(Q2) = 0. If A C B, then p(A4") >
u(B'), and p*(A) = p(Q2) — p(A') < p(Q) — u(B') = p*(B).

(b) This is the same as exercise 4.

Exercise 14. E(u(5)) = E(X) = [ P(X > z)dz = [; w(z)dz by
observing that {w: X(w) >z} ={w:z € S(w)}.

Exercise 16. Recall that the capacity functional T" of the random closed
set S on RT is T(K) = P{w : S(w) N K # @} for compact subsets K
of RT. When we have K = {z}, then n(z) = T({z}) = P(z € S). Here,
when S(w) = [0, X (w)], it turns out that T can be determined from .
Indeed, T(K) = P([0,2] N K # &) = P(AK < ) = n(AK).

SOLUTIONS FOR CHAPTER 12

Exercise 3. (a) Clearly for each n > 1, the sets A% k = 1,2,....,n2"
and A, are pairwise disjoint and A,, | J( Zil ARy = Q.

(b) If f(w) > n+1 then f(w) > n, so that fr,(w) =n<n+1= frri1(w).
Suppose that n < f(w) <n -+ 1. Then

n2ntl (n+ 1)2”"’1
o <fW) S T
and
n2ntl  pontl 4 (n+ 1)2"+1
2n+1 < 2n+1 2n+1
If
nontl n2ntt 41

o < fW) = 5
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ntl 41
then f,(w) =n and fr41(w) = TLQT;F >n. If
n2"tt 41 (n+ 1)2ntt
o W s T
1)2n+1
then f,(w) =n, and f,11(w) = M > n. Finally, if f,(w) < n,
2n+1
then for k = n2"*tt 4+ 1,
k—1 k
5 = fw) <5

for some k =1,2,...,n2". So either

2(k—1) 2% — 1
o S fw) < 5o

or

on+1 = f(UJ) < W
Reasoning as before, we get f,(w) < fr+1(w).

It remains to show that lim, . fn(w) = f(w). If f(w) = oo, then
flw )>nforalln so that fp(w) =n. I
such that f(w) < ng and |f(w) — fn(w)
case, limy o0 fn(w) = f(w).

f f(w) < oo, then there is an ng
| < 2% for all n > ng. In either

Exercise 4. With Q = Uj_, A; = Uj_, Bj, we have 4; = 4;NQ =
Uz(AJmBl) and Bz:BzmQ:U (A DB) Also f( )_Oéj—,@Z when
w € Aj N Bl

ZajM(A Za]u (UA ﬂB))
- Yo

= Zza]uAjﬂB
ZZﬂiﬂA]’mBi

Z B; Z N(Aj N B;)

= > fin | JA4;nB)

J

= Z Biu(B;)
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Exercise 8. (a) Let h : Q — [0,1] be h(w) = « for all w € Q. Then
hg = @ for all § > a. Thus S, () = supy<g<, (B A () = a.

(b) For h = x4, ha = Aforall @ > 0. Thus S, (x 4) = sup,~o(aAu(A)) =
1(A).

(c) Let f,g: 2 — [0,1] with f < g. Then for « € [0,1], fo C g and so
1 fa) < pu(ga), implying that S, (f) < Sy.(9)-

Exercise 10. Part (a) is trivial. For part (b), let f.(w) = infgep() f(0).
Then

/Q fo@)dP(w) =

S

Pw: fi(w) > t)dt

o0

P(w: f(D(w)) C (¢, 00))dt

oo

p(fH(t, 00))dt

o—

oo

=, pf0 - f(0) >t}
(f)

|
t(“')

Exercise 11. Assume (a) and suppose that there exists A = (f > t)
and B = (g > s) such that A ¢ B and B ¢ A. Take w € A — B and
w' € B—A. Then f(w) >t > f(w'). Similarly, g(w') > s > g(w), so that
(f(w) = f(W)(g(w) — g(w")) < 0, contradicting (b). Thus (a) implies (b).

Suppose f and g are not comonotonic. Then there exist a and b such
that f(a) — f(b) > 0 and g(a) —g(b) < 0. Let A = {w: f(w) > g(b)} and
B ={w:g(w:> g(a)}. Since f(b) < f(a), we have a € A and a ¢ B, so
that a € A — B. Similarly, g(a)g(b) implies that b € B— A. Thus A ¢ B
and B ¢ A. Thus (b) implies (a).

Exercise 12. Parts (a), (b), and (c) are easy to check. For (d) let

0 if ANN=g
S(A)—{ 1SV At :ne ANN} if ANN#£o

Observe that S is additive. There are four cases.
1. (AU B) < 1. In this case, we have

w(ANB) = S(ANB)
= S(A)+S(B)— S(AUB)
= w(A)+u(B) - AU B)
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2. p(AUB)=1,u(A) < 1,u(B) < 1. In this case, we have
wAnNB) < S(ANB)
= S(A4)+S(B)-S(AUB)
< p(A)+ u(B) — p(AU B)
3. wW(AUB) =1,u(A) =1,u(B) < 1. In this case, we have
wANB) < u(B)
— W(A) + u(B) — p(AUB)
4. p(AU B) = pu(A) = u(B) = 1. In this case, we have

wANB) < u(B)
= p(A)+u(B) — p(AU B)

For part (e), it can be checked that both v and ~ are maxitive, and
hence alternating of infinite order.

SOLUTIONS FOR CHAPTER 13

Exercise 1.

There are two fuzzy sets here, A and 1 — A.
Exercise 4. Let p= [~ af(z)dz. Since

(@—uw)?® = (@—p+p—u)?
e W ) 12— ) ()
and [ f(z)dx =1, we have

| w0 @ (-

o0 — 00

Hence u = p minimizes J(u) = [~ (z — u)? f(z)dz.
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